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Universal gap scaling in percolation

Jingfang Fan©™, Jun Meng', Yang Liu'?, Abbas Ali Saberi**, Jiirgen Kurths'>¢ and Jan Nagler®7*

Universality is a principle that fundamentally underlies many critical phenomena, ranging from epidemic spreading to the
emergence or breakdown of global connectivity in networks. Percolation, the transition to global connectedness on gradual
addition of links, may exhibit substantial gaps in the size of the largest connected network component. We uncover that the
largest gap statistics is governed by extreme-value theory. This allows us to unify continuous and discontinuous percolation by
virtue of universal critical scaling functions, obtained from normal and extreme-value statistics. Specifically, we show that the
universal scaling function of the size of the largest gap is given by the extreme-value Gumbel distribution. This links extreme-

value statistics to universality and criticality in percolation.

ritical phenomena are associated with physical and socioeco-

nomic systems that undergo a phase transition at a critical

point, such as the critical temperature, pressure or population
density’. A phase transition is characterized by scaling functions that
govern the finite-size behaviours and a set of critical exponents that
determine the system’s universality class”. The concept of finite-size
scaling provides a versatile tool to study critical phenomena from
both theoretical®’ and experimental® perspectives. A prime example
of critical dynamics is percolation—the transition from small-scale
connectivity to extensive connectedness. Percolation fundamentally
underlies the function, structure and robustness of networks’. Thus,
the theory of percolation provides a theoretical foundation on which
to assess the statistical characteristics of many complex systems"*-*.
For lattices, percolation denotes the spontaneous emergence of an
interconnecting path from one side to the other. In networks, per-
colation is characterized by the emergence of a giant cluster of size
O(N), announcing a long-range connectivity, with N being the total
number of nodes in the network’.

Universality in percolation has been studied extensively over the
past decade'*-'2. However, previous studies could not utilize a uni-
versal framework of continuous and discontinuous percolation by
virtue of finite-size scaling functions. Our theoretical framework
developed here fills this gap.

Instead of performing a finite-size scaling analysis at the critical
phase transition point, ., we base the finite-size scaling analysis on
the statistics and critical scaling of the size of the largest gap in the
order parameter. Since the size of the largest gap can be regarded as
an extreme value of the percolation process, the corresponding scal-
ing function is governed by extreme-value statistics. This trick allows
us to develop a surprisingly simple but universal scaling approach.

Theory

In percolation, system properties are studied as a function of the
control parameter. We denote the control parameter by r, the link
density. This choice makes sense for bond and network percolation
and is used throughout this paper, except for site percolation, where
r denotes the site occupation density. Starting with a network with N
isolated nodes, r is increased gradually by single links that are added
randomly one by one'. The order parameter is the size of the larg-
est cluster, given by the largest connected component in the entire

system. During the evolution of the system, the order parameter is
monitored, S(T) at time step T, and its relative largest one-step gap
A is calculated:

1
EﬁmaxT(S(T+ 1)=8(T)) (1)

Following ref. ', we define the step with the largest jump as T, and
the reduced transition point as r.=T./N, where N stands for the
total number of nodes (in bond percolation on the lattice, r.=T./M,
with M denoting the maximal number of bonds). The percolation
strength is defined as the size (number of sites or nodes) of the larg-
est cluster at T, that is, S.=S(T.). To study the statistics of growth
and fluctuations, we run 10* realizations for a given system size.
Each independent run results in one value of A, r. and S.. The finite-
size scaling behaviours are studied for d-dimensional lattices as a
function of the linear dimension L, where N=L¢, which is replaced
by N in network percolation (Supplementary Information).

Gap exponents. Critical phenomena such as percolation exhibit
scale-free behaviours that are quantified by scaling relations.
Likewise, the averages 4, 7. and S_ are anticipated to exhibit the fol-
lowing scaling relations, as a function of L

A(L)~L )
7(L) = r(00)~L 7" 3)
S.(L)~L% (4)

where f;, v, and d; are three critical exponents characterizing the
universality class of the percolation problem, and () is the per-
colation threshold in the thermodynamic limit. We also investigate
the fluctuations 64 =4 —A(L), §r.=r.—7.(L) and §S.=S.— S (L),
whose standard deviations are defined by

1= ([64T") ®)
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X, =+ (6r.]*) (6)

= J([65.]%) ?)

with the following proposed scaling behaviours

K ~L7 (8)

X, ~L ©)
d,

xg ~L% (10)

c

where f,, v, and dy, comprise another set of critical exponents. In
general, different percolatlon models with the same critical expo-
nents belong to the same universality class.

In the past decade, special attention has been paid to f3, (ref. '*).
This is because f,=0 immediately implies a discontinuous per-
colation transition, where models in the domain 0<f, <1 can be
continuous or discontinuous'®. However, typically, f,>0 implies
continuity of the phase transition, although values close to zero gen-
erate ‘explosive percolation, characterized by substantial gaps in the
order parameter for large finite systems'®'.

Universal scaling function. The distributions of the fluctuations
OA, 6r. and 88, are expected to take the following finite-size scaling
forms™"’

P,(8A,L)=L"f  (sAX L") (11)
B(01,L)=L"""f (8r.x L'/*) (12)
Py(8S, L) = L™"af (55, X L™%) (13)

where f,( - ), f,( - ) and fi( - ) are three universal scaling functions.
The values of the cr1t1ca1 exponents f,, v, and dy, can be obtained
from equations (8)-(10) numerically.

Thus far, we have introduced six critical (henceforth referred to
as) gap exponents. It is easy to see and not surprising that they are
neither independent nor totally distinct from the standard percola-
tion exponents. In the Supplementary Information, we show that
they partially coincide, namely, #, =§, and d; =d; . In addition, we
derive relationships between the gap eXponents and the standard
percolation critical exponents as

p=B,=P/v, v=v,d; =d; =d; (14)

where £ is the critical exponent of the order parameter P, ~ |r—r,|’,
v=v, describes the divergence of the correlation length &~ |r—r|™
and d; is the fractal dimensions in standard percolation’, but in
general, v, #v,. In contrast to v,, the exponent v, can be used to
determine the percolation threshold in the thermodynamic limit.
From the scaling law, #/v=d—d of standard percolation theory”,
a similar law follows for the gap exponents, §, =d —d; (for more
details, see Supplementary Information). Please note that the gap
critical exponents proposed here are different from the so-called
gap exponent A (ref. ).

In the following, we postulate the universal scaling functions,
f:(- ), f(- ) and fi( - ). We regard the size of the largest gap of
the order parameter as the maximum of random variables drawn
from independent realizations of the entire percolation process.
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This stands in contrast to conventional critical finite-size scaling,
where the critical percolation threshold, r,, is obtained from inde-
pendent realizations, and the scaling analysis is performed relative
to this averaged observable'>"*~*".

For linking our framework to extreme-value theory, we make
two observations. For a finite system of size N, close to r,, the distri-
bution of cluster sizes n(s) typically exhibits a power law for cluster
sizes up to a certain cut-off, related to the correlation length &. For
some models of continuous percolation, the cluster size distribu-
tion is given by n(s) ~s"e =3/% (refs. 5°%% 7 is the Fisher exponent),
whereas, in general, the dlstrlbutlon may take a more complicated
form'®. In either case, for clusters much larger than this cut-off,
that is for s> s,, the distribution n(s) decays rapidly. The size of the
largest gap is exactly given by the size of the largest second larg-
est cluster in the entire range of r (ref. '*). Since the second largest
cluster is, however, much larger than the cut-off size s,, the largest
gap size is necessarily characterized by the light-tailed part of the
critical cluster size distribution. (1) This means that the distribu-
tion of largest gaps becomes necessarily sharp for large systems. (2)
The largest gaps are maxima obtained from independent ensemble
realizations. Thus, extreme-value theory"* predicts equation (11)
to follow the Gumbel distribution (even for non-convergent (non-
self-averaging) percolation processes, where the order parameter
does not converge to a non-random function, the gap distribution
must take well-defined values with exponential-type tail behaviour

n [0, 1], see refs. '>**) and the universal function in equation (11)
can be expressed as

f,BAXL)=f +Ae™ %, with z=(8AxL"”~B)/w  (15)

where f,, A, B and w are four constants and f, can be obtained
numerically by fitting the data for y, according to equation (5).

In contrast, r, is a non-extremal variable, drawn and averaged
from independent realizations, and thus the central limit theorem

suggests a Gaussian distribution. Hence, we expect that the univer-
sal function in equation (12) can be written as

(z—2.)*

fr((Srchl/”Z)=f1 +Ae 200, with z=6r xL"

(16)

where f, and A, are constants, z. is the mean value and @ is the vari-
ance. Note that v, can also be obtained from equation (6).
The percolation strength and largest gap are related through
S.=NA +0(N) (17)
and become equal in the thermodynamic limit'*. Hence, for N>>1,
we predict the distribution of 8S, to follow the Gumbel extreme-
value distribution (equation (15)), although with different critical
exponents

£ @S xL™%)=f, + A,e™ %, with z=(6S,x L™~ B,)/w, (18)

where f,, A,, B, and w, are constants.

Renormalization group theory for critical phenomena® dictates
that universal scaling functions must be homogeneous functions.
Therefore, we assume the additive constants in equations (15), (16)
and (18) to be zero, f,=f,=f,=0. In addition, since the parameters
B (equation (15)) and B, (equation (18)) are the modes of unimodal
distributions, we can determine them without fitting. This is rel-
evant for determining the amplitude A and the scale parameter @ in
equation (15). In particular, if the Gumbel distribution is normal-
ized, that s, /fA (A X LP)d(5A x LP2) = 1, then we have A=1/w and
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Fig. 1| Critical scaling for 2D percolation. Fits of critical exponents for bond percolation on a 2D square lattice. a,b, The average size of the largest gap
A(L) (a) and its fluctuation g, (b) as functions of L. ¢,d, Log-log plot of the percolation threshold 7.(L) (¢) and its fluctuation X, (d) versus L. e f, The power-
law relations of §C(L) (e) and Xs (f) with L. The inset in € shows the log-log plot of r.(ee) — (L) as a function of L. The dashed lines in each figure are the
best-fit lines for the data with RZ>0.99 and error bars refer to the standard error. Numbers in parentheses indicate the uncertainty in the final digits.

Results obtained from 10,000 independent realizations.

A,=1/w,, which requires only a one-parameter fit of the scales (see
Supplementary Information for details).

To verify the proposed theoretical framework, we apply it to a
number of continuous percolation processes and underlying struc-
ture, that is, two- and three-dimensional lattices, Erd6s-Rényi (ER)
networks, random regular (RR) graphs and explosive percolation
(EP)™. In addition, we demonstrate its applicability for models with
a wide range of critical behaviours, namely, discontinuous cluster
aggregation (DCA)*?, the restricted Erd6s-Rényi (r-ER) model*
and fractional Brownian motion (fBm) surfaces with a long-range
correlated topography*>*°.

Numerical results

Continuous percolation. We first analyse prototypical bond perco-
lation on an L X L lattice with periodic boundary conditions. Bonds
are added one by one randomly, until all initially open bonds have
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been closed. In Fig. 1a,b, we study 4 and y, as a function of L, and
find that 8, = §,~0.104. The exponents are in agreement with equa-
tion (14) and agree well with the ratio #/v known from percolation
theory, predicting f=5/36 and v=4/3 (ref. *'). The percolation
threshold p and its fluctuation y, are shown in Fig. lc,d. We obtain
1/v,=1/v,%1/v, and r () ~ 0.5, which are in agreement with the
known values™. In addition, we find that d, = d, ~ 1.895, which is
close to the fractal dimension d,=91/48 of standard percolation®
(see S and its fluctuation y_ plotted as a function of L in Fig. le,f).

The distributions of the ﬁuctuations 84, 6r.and 58, as a function
of L are studied in Fig. 2. We find a pronounced finite-size depen-
dence. Combining the proposed finite-size scaling forms, equations
(11)-(13), with the gap scaling exponents as shown in Fig. 1, yields
collapses onto the respective universal scaling function (Fig. 2).
In particular, we find that f,( - ) is well described by the Gumbel
function, equation (15) (see the solid green line in Fig. 2d, with
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Fig. 2 | Universal gap scaling functions for 2D percolation. Universal scaling functions for bond percolation on a 2D square lattice. a-¢, The distributions
of the fluctuations 84 (a), r. (b) and &S, (¢) with different L, respectively. d-f, The corresponding universal scaling functions for 54 (d), ér. (e) and §S.

(). The green solid line in d is obtained from the Gumbel distribution, equation (15) with R?>0.99; in e is obtained from the Gaussian function, equation
(16) with R2> 0.99; in f is obtained from equation (18) with R?> 0.90. The values of critical exponents, f3,, v, and df2 are from Fig. 1. Results obtained from

10,000 independent realizations.

Table 1| Table of critical exponents

Model b 1/v, ds, B, 1/v, ds, p v d; Type of PT
2D lattice 0.104(1) 0.75(1) 1.895(2)  0.103(2) 0.75(1) 1.90(1) 5/36 4/3 91/48 Continuous
3D lattice 0.47(1) 1.14(1) 2.53(2) 0.47(1) 112(4) 2.53(1) 0.417(3) 0.875(8) 2.52(2) Continuous
ER 0.333(5) 0.33(D) 0.67(1) 0.33(D) 0.33(D) 0.67(1) 1 3 2/3 Continuous
RR 0.333(5) 0.33(D 0.67(1) 0.33(D 0.33(D 0.67(1) 1 3 2/3 Continuous
EP 0.065(1) 0.75(1) 0.935(1)  0.064(1) 0.500(1) 0.935(1)  0.086(1) 2 — Continuous
DCA 0.0 0.75(1) 1.0(1) 0.0 0.50(1) 1.0(1) 0 2 - Discontinuous
r-ER 0.0 0.75(1) 1.0(1) 0.0 0.50(1) 1.0(1) 0 2 - Discontinuous
fBm 0.0(1) 0.0(2) 2.0M 0.0(D 0.0(2) 2.0(M 0 - - Discontinuous

The numerical values of the standard percolation critical exponents (or exact ones, if known) for 8, v and d; for the 2D lattice model are taken from ref. *'; for the 3D lattice from ref. “%; for the ER network
from ref. “%; for the RR graph from ref. *; for EP from ref. '?; for the DCA model from refs. %%’; for the r-ER model from ref. ?%; and for the 2D fBm surfaces with Hurst exponent H from refs. 2**°. Type of
percolation transition (PT) is specified for each case. Note that the value of v and d; in network systems contains the upper critical dimension d,, that is, v=v'd, and d¢ = df' /d,, where " is the critical
exponent for the correlation length and df* is the fractal dimension. For instance, the ER (RR) process is a mean-field case of percolation with f=1,0'=1/2, df = 4 and d,=6 (refs. *°*%). We thus obtain v=3

and d;=2/3. Numbers in parentheses indicate the uncertainty in the final digits.

R*>0.99), f( - ) is well fitted by the Gaussian function, equation
(16) (see the solid green line in Fig. 2e, with R*>0.99] and f( - )
is also described by the Gumbel function, equation (18) (see the
solid green line in Fig. 2f, with R*>0.90), yet with larger deviations
compared with Fig. 2d,e. The deviations may result from finite-size
effects from the relation equation (17). In particular, we expect S,
to become an independent extremal variable only in the thermo-
dynamic limit.

Overall, the universality class of two-dimensional (2D) percola-
tion is well characterized by the gap exponents and the proposed
universal scaling functions.

In the Supplementary Information, we apply our framework to
a 3D lattice, random network ER percolation, RR graphs and EP
model. The critical exponents and fitting values for each model
are summarized in Table 1 and Supplementary Table 1, whereas
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universal scaling is studied as shown in Supplementary Figs. 1-8.
The performed scaling analysis and the goodness-of-fit results as
shown in Table 2 are an excellent support of our framework.

In short, the simulation results suggest that the proposed scaling
theory based on extreme-value statistics provides a firm theoretical
foundation for universal scaling in continuous percolation.

Discontinuous percolation. Traditionally, a network or lattice
is expected to undergo a continuous percolation phase transition
during a gradual random occupation process™. Explosive (yet con-
tinuous) and genuinely discontinuous percolation for not entirely
random but competitive link-addition processes has attracted much
attention in recent years'®!»! 415263535,

Can our framework be successfully applied to percolation
models showing an unusual finite-size scaling and to models of
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Fig. 3 | Critical scaling for DCA. a-f, Analogous to Fig. 1a-f, critical exponents for DCA, for which v, #v,. The dashed lines in each figure are the best-fitting

lines for the data with R?>0.99.

genuinely discontinuous percolation? To test this, first we perform
our scaling analysis for a model of DCA™.

The evolution of the cluster size distribution is traditionally
described by the Smoluchowski coagulation equation*

dnk
? = Z K,.jninj—2nk Z Kkjnj
j

i+j=k

(19)

where n, is the density of k-size clusters and Kj; is called the colli-
sion kernel that accounts for the adhesion of two clusters”. Here
we study the size-independent kernel K;=1, which coincides with
Smoluchowski’s original choice but also with a particular case of the
network model proposed and studied in refs. %, except that we
allow for links in the same cluster. This model leads to a maximal
delay of the discontinuous transition to global connectivity, yet fea-
turing non-trivial finite-size behaviours®>”. For more details of the
algorithm, see Supplementary Information.

The critical exponents, ff,=/43,=0, and df1=df2= 1, as shown
in Fig. 3, confirm the genuinely discontinuous percolation
featured by the DCA model. We find that the critical exponent

NATURE PHYSICS | VOL 16 | APRIL 2020 | 455-461| www.nature.com/naturephysics

Table 2 | Goodness of fit and significance

Model f.¢-) fC) fsC-)

2D lattice R?> 0.99 R?> 0.99 R?z> 0.90
3D lattice R? > 0.99 R? > 0.99 R? > 0.97
ER R?> 0.99 R?> 0.99 R?> 0.99
RR R?> 0.99 R?> 0.99 R?> 0.99
EP R? > 0.98 R? > 0.99 R?>0.88
DCA R?> 0.98 R?> 0.99 R?> 0.98
r-ER R?> 0.95 R?> 0.99 R?> 0.88
fBm R?> 0.96 R?> 0.95 R?> 0.96

R? values for the best-fitting curves of the universal scaling functions. f,( - ) is the Gumbel function,
with parameters of equation (15), f.( - ) is a Gaussian, equation (16), and fs( - ) is a Gumbel function,
with parameters of equation (18).

v, #Vy in particular, 1/v,=0.5, which, according to ref. '2, may
describe the divergence of the correlation length for a large class,
including EP.
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For the DCA model, as shown in Fig. 4, we find that the distribu-
tions of 84, dr,, 8S. also collapse onto universal scaling functions of
Gumbel and Gaussian type as for continuous percolation. In par-
ticular, Fig. 4 suggests that the distributions of 4, for both Fig. 4a,d,
are size independent, which results from f,=0.

We also perform the scaling analysis for two other percolation
models, the r-ER model that features a hybrid continuous-discon-
tinuous transition’*** and 2D fractional Brownian motion surfaces
with long-range correlated topography”****’. Details are presented
in Supplementary Figs. 9-12.

In addition, the robustness of the numerical results regarding
binning, fitting and collapse of cumulative distribution functions is
demonstrated in the Supplementary Information.

Taken together, the results consistently demonstrate that
our proposed scaling theory based on extreme-value statistics
provides a unifying framework for continuous and discontinuous
percolation.

Application to real networks. Many real networks are only
available in one size. However, for a given stochastic network per-

colation process, our framework predicts the largest gap statistics to
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be of Gumbel type. Thus, we investigate the gap distribution of the
size of the largest connected component of network instances
induced by repeated random-link pruning of the original
network. This also allows us to study the percolation threshold r,
and the largest cluster size S, of the percolation process. Specifically,
we study (1) the human protein-protein interactions network,
(2) the DBLP collaboration network and (3) the Wikipedia Talk
network. As shown in Figs. 5 and Supplementary Figs. 19 and 20,
we find the respective distributions in excellent agreement with
our theory.

Discussion
Conventional percolation theory could not provide a consis-
tent framework that unifies continuous, discontinuous, explosive
and hybrid percolation. Our theoretical framework unifies these
domains by means of universal scaling functions based on finite-
size scaling and extreme-value statistics regarding the size of the
largest one-step gap in the order parameter.

The connection to traditional finite-size scaling is given by the
relation of the proposed six critical exponents to the traditional
ones: whereas 5, =f3,, v, and de =dj serve as the analogues of /v
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(ratio of percolation strength and correlation length exponent), v
(correlation exponent) and d; (fractal dimension), respectively,
we also find that, in general, v, #v,, except for random network
percolation.

Phase transitions underlie critical phenomena in general. The
universality of extreme values may be successfully applied in other
critical phenomena as well, which may lead to a deeper understand-
ing. This perspective may be helpful, in particular, for critical sys-
tems that lack a theoretical foundation, yet show some degree of
universality. Our framework may help develop powerful tools for a
universal formulation of various relevant problems in related areas
ranging from synchronization’ and epidemic spreading®' to other
critical phenomena''c.

Online content

Any methods, additional references, Nature Research reporting
summaries, source data, extended data, supplementary informa-
tion, acknowledgements, peer review information; details of author
contributions and competing interests; and statements of data and
code availability are available at https://doi.org/10.1038/s41567-
019-0783-2.
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Methods

Details on numerics and fitting. In the first step, we use an efficient Monte Carlo
algorithm, that is, the Newman-Ziff algorithm", to calculate 4, r. and S.. By
subtracting the respective mean values, we obtain the fluctuations that are studied in
the next step. For a given L, we compute the distributions by using a fixed number of
bins (if not stated otherwise, we chose n=20). In the third step, we rescale the data
with the factors L”2, I'/*2 and L™, respectively. We then compute the distributions
of the scaled data by using a fixed number of bins (also n=20, if not stated
otherwise). Please note that we do not use exponential binning. In the last step, we
use the Levenberg-Marquardt iteration algorithm to fit our numerical data.

Fitting with Levenberg—Marquardt. Since the mode of a unimodal continuous
probability distribution is the value at which the probability density function
attains its maximum value, the parameter B in equation (15) can be identified as
the mode of data. The parameter B is thus determined from the empirical data. As
explained in the main text, from theory, we have f,=f,=f,=0. This leaves a simple
parameter space spanned by A and w for fitting. However, the parameter A is an
amplitude—a pre-factor of the homogenous (scaling) function—while w also has
a simple physical interpretation as well, that is, it is a simple scaling parameter.
This allows a simple numerical method to be used for fitting, which is explained
in the Supplementary Information and is used also for the parameter fitting of
scaling functions defined in equations (16) and (18) in the main text. Specifically,
we use the Levenberg—Marquardt**” algorithm as a standard tool for nonlinear
fitting. It combines two minimization methods, namely gradient-descent and the
Gauss-Newton method. In the gradient-descent method, the sum of the squared
errors is reduced by updating the parameters in the steepest-descent direction. In
the Gauss-Newton method, the sum of the squared errors is reduced by assuming
the least squares function behaves locally quadratic. The Levenberg-Marquardt
algorithm acts more like a gradient-descent method when the parameters are far
from their optimal value, and acts more like the Gauss-Newton method when the
parameters are close to their optimal value. The iterative process completes when
the difference between reduced chi-squared values of two successive iterations is
less than a certain tolerance value (throughout this paper, we set this threshold to
107°). In Supplementary Table 2, following reduced chi-squared statistics, standard
errors were scaled with the square root of the reduced chi-squared.

Data availability

The data represented in Figs. 1-5 are available as Source Data. All other data that
support the plots within this paper and other findings of this study are available
from the corresponding author upon reasonable request.

Code availability

The C++ and Python codes used for the analysis is available on GitHub (https://
github.com/fanjingfang/Universal-gap-scaling-in-percolation). All figures are
plotted by Origin 2018.
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