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ABSTRACT

We propose a novel type of neural networks known as “attention-based sequence-to-sequence architecture” for a model-free prediction of
spatiotemporal systems. This architecture is composed of an encoder and a decoder in which the encoder acts upon a given input sequence
and then the decoder yields another output sequence to make a multistep prediction at a time. In order to demonstrate the potential of this
approach, we train the neural network using data numerically sampled from the Korteweg-de Vries equation—which describes the interaction
between solitary waves—and then predict its future evolution. Furthermore, we validate the applicability of the approach on datasets sampled
from the chaotic Lorenz system and three other partial differential equations. The results show that the proposed method can achieve good
performance in predicting the evolutionary behavior of studied spatiotemporal dynamics. To the best of our knowledge, this work is the first
attempt at applying attention-based sequence-to-sequence architecture to the prediction task of solitary waves.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5133405

Prediction of spatiotemporal systems is important for many
scientific and industrial fields, which, however, is often a chal-
lenging task due to the spatial correlation and temporal depen-
dency within data. Within the machine learning community,
there is an explosive number of successful applications of neural
networks, from image recognition to neural language processing.
In this article, we use the attention-based sequence-to-sequence
architecture—a novel type of deep neural networks originally
designed for sequential tasks—to deal with high-dimensional
spatiotemporal data.

I. INTRODUCTION

Spatiotemporal systems refer to systems whose state evolution
involves both spatial and temporal information. It is a very impor-
tant concept in areas such as reaction diffusion,"” heat conduction,’
and fluid dynamics.’ The modeling of spatiotemporal systems allows
us to better understand the essence of natural phenomena and,

therefore, is of great importance. To model spatiotemporal systems,
a traditional theoretical method is to derive an analytical form,
a partial differential equation (PDE), for example, which governs
the evolutionary behavior of the system. However, this only works
fine for limited situations, since it relies on a series of restriction
assumptions that are sometimes unrealistic to meet. For the remain-
ing many complex systems, which are hard to have an analytical
description, forecasting their future states is still of great interest
and practical value. Hence, in this article, we consider the modeling
of spatiotemporal dynamics in which a history of high-dimensional
series data is accessible, while an equation-based description of how
these data are generated is not accessible. Prediction approaches
focusing on dealing with such data have been extensively studied.
To illustrate, classical methods such as regression over local states
are well established in Refs. 5 and 6. Kernel methods” and Gaussian
process regression (GPR)” have been successfully applied to predic-
tion tasks since they are capable of capturing nonlinearity from true
dynamics. However, their success depends on a subjectively defined
nonlinear function. Recurrent neural networks (RNNs), a class of
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deep neural networks, have drawn a large amount of attention
from the machine learning community due to their excellent per-
formance in dealing with sequential modeling tasks.” Their success
has inspired some efforts at utilizing RNNs to the modeling of spa-
tiotemporal systems. In particular, Refs. 10 and 11 use a novel type
of RNN known as reservoir computing to predict the chaotic KS sys-
tem and achieve great success. In recent years, sequence-to-sequence
(seq2seq) learning and attention-based seq2seq learning, a more
prominent type of RNN, have been proposed for sequential model-
ing. Therefore, it is natural to explore the feasibility of applying these
state-of-art variants of RNNs to the prediction of spatiotemporal
systems.

The rest of this article is organized as follows. Section I outlines
the details about both attention-free and attention-based seq2seq
architectures and how do they work for prediction tasks. Section 111
presents seven demonstrative examples—including three demon-
strations on solitary waves, one on the chaotic Lorenz system and
the remaining three on Fisher, Burger, and sine-Gordon equations,
respectively. Last, the conclusion and future problems are given in
Sec. IV.

1. PREDICTION METHODOLOGY

Seq2seq architecture was first proposed by Refs. 12-14 for
sequential modeling, such as image captioning,'>'° sentiment
classification,” and language translation problems.'’ Later, it was
further developed by Refs. 9, 18, and 19 in which the attention mech-
anism was added to help enhance its performance on large-scale
sequential tasks. In this paper, we explore the feasibility of using the
attention-based seq2seq method, the version outlined in the paper,"”
to predict some interesting physical phenomena. In particular, the
collision of Korteweg-de Vries (KdV) solitary waves is thoroughly
studied here. We begin with elaborating the basic idea inside the raw
seq2seq architecture and then point out its main drawback, based on
which the attention mechanism is introduced to improve its capac-
ity. After that, we formulate the attention-based seq2seq model to
suit the prediction purpose for spatiotemporal systems.

A. Seq2seq architecture

The seq2seq architecture is also termed as the encoder—decoder
model due to its two important components, an encoder cascaded
after by a decoder, as shown in Fig. 1. The encoder converts a
given input sequence (xy, . . ., xs) into a sequence of the same length
of hidden states (hy,...,hs). The concerned computation is com-
pleted by repeatedly unrolling a RNN cell for S times. At time
step s, the current input x; and the previous hidden state h,_; are
used as known information to compute the current hidden state h;,
abstractly written as

h; = fu(x, hs—1), s=1,...5, (1)
where f, defines a RNN cell that advances the hidden state one-step
forward. The hidden state h; is referred to as a source hidden state.
Popular choices of such RNN cells vary from a simple vanilla RNN
unit to complicated long short-term memory (LSTM)* and a gated
recurrent unit (GRU)."” Take GRU, for example, Eq. (1) is expanded
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FIG. 1. The seq2seq architecture illustrates transforming a sequence
(%1, %2, %3,%4) into another sequence (yy,y,,y;)- The blue circle represents
an encoder, @ RNN cell unrolling for S = 4 times. The red circle represents
a decoder, another RNN cell unrolling for T = 3 times. “Dense” marks a fully
connected dense layer.

as(fors=1,...,9)
z,=0(Wx;+ Uh,1 +b,), g =0(Wgx,+ U, +by),
h = (1 —z,) o h_y + 2z o tanh(Wyx, + Up(g, © he_1) + by),

where o denotes the sigmoid function, W, U,, W,, U, Wy, U, are
weight matrices, b,, bg, by, are bias vectors, and h, is random initial-
ization. After S steps of unrolling, hy, . . ., hs are produced according
to Eq. (2). Thus, a context vector ¢ can be yielded by executing a
predefined function on those source hidden states, such as the mean
value function ¢ = (h; + - - - + hs)/S, or the final hidden state func-
tion ¢ = hs. The resulted context vector is always seen as a summary
of the entire input sequence and will be used to initialize the decoder
during the next stage. In the seq2seq architecture, the decoder is
another RNN characterized by its hidden state r; and output y,. To
distinguish from the encoder time step s, here, we use f to keep the
time step for the decoder. At each time step ¢, the decoder receives as
input the output produced by itself at time t — 1 to update its present
target hidden state, which, in contrast to the source hidden state, is
referred to as a target hidden state. The present hidden state will next
be fed through a dense layer to generate an output that approximates
the target label. Mathematically, these processes are calculated as

e =fd(rt—1,)’t,1: <),

3
t=1,..,T,

Y= Wyrs,
where the target hidden state is initialized via r, = ¢ and the initial
input y, is treated as a trigger starting the decoding phase. During
this phase, f;, denoting the decoder cell, is also chosen as a GRU,
the same type as the case used in the encoder but with a different
unrolling times T. It is noteworthy that for the encoder, its input
sequence Xi, . . ., Xs is manually provided, while the input sequence
Y- - »Yp_, for the decoder is self-generated according to Eq. (3),
given the initial input y,.

B. Attention-based seq2seq architecture

Up to now, we have illustrated the basic idea inside the orig-
inal seq2seq architecture. Before stepping into the attention-based
architecture, one should notice that in the seq2seq model above,
the context vector ¢ is used only one time to initialize the target
hidden state, which sometimes is rough because the information
contained within those source hidden states may not be efficiently
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FIG. 2. Based upon the seq2seq architecture, as illustrated in Fig. 1, the atten-
tion-based seq2seq model adds an attention layer to right after the decoder. The
green circle denotes the context vector, and the purple circle denotes the state of
an attentional layer. The dashed lines indicate that ¢, is drawing attention from all
source hidden states. To be clear, dashed lines for ¢; and c; are dropped out.

exploited, and that is where the attention mechanism comes in to
overcome this weakness. In an attentional architecture, the source
hidden states are selectively focused on throughout the entire decod-
ing course, making the most relevant information concentrated. The
attention-based seq2seq model, as shown in Fig. 2, is much more
complicated than the normal one. Based upon the normal seq2seq
model, in Ref. 19, a global attention layer is added to right after the
decoder in order to make full use of all source hidden states. To be
clear, an attention-based seq2seq architecture calculates a so-called
attentional hidden state n, via

n, = tanh(W,[c; 1)), (4)

where ¢, is now referred to as the context vector at time t. Details
for how to compute ¢; will be discussed later. Through a dense layer,
the attentional hidden state will then be fed to produce the predicted
result,

¥y, = Wyn. (5)

Equation (5) is implemented for T times to make the T-step forward
prediction, based on the given input sequence x;, . . ., Xs.

We now begin to work out the details of computing the con-
text vector. In most literature studies, a context vector is defined as
a weighted summation over all source hidden states, implying selec-
tively taking advantage of all information from the input sequence
at each time step t. The key point now remains how to design rea-
sonable weights for each ¢;. One simple way of determining which
source hidden state should receive more or less attention is to mea-
sure the similarity between the current target hidden state r, and
every single source hidden state h, by their inner product,

exp(rtT hy)
22:1 exp(rlh,)’

where softmax is carried out to ensure that two requirements are
satisfied: (i) each component of the resulted weight vector lies in
the interval (0,1) and (ii) all elements will add up to one. The vec-

(6)

a;; = softmax(ry, hy) =

T, . . .
tora, = (atl uts) is named the attentional alignment weight
vector. By each alignment weight vector, the context vector can then
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be expressed as a linear combination of all source hidden states,
s
¢ = Zatshs- (7)
s=1

C. Attention-based seq2seq for spatiotemporal
prediction

Next, we apply the attention-based seq2seq architecture to
the prediction task. The data collected for training the model
are a history of time series, u(f),t=1,2,...,L, where u(t)
= [ul(t),...,uQ(t)]T € R denotes the system’s states captured
at time t. For spatiotemporal data, Q represents the number of
points sampled along the spatial axis. Both the input and out-
put dimension of the decoder are set to g, such that Q is an
integer multiple of it, i.e, d = Q/q, which allows us to parti-
tion the entire states u(f) into d groups with each group of the
form w;(t) = [u(,-_l).q+1(t), .. .,u,-.q(t)]T,iz 1,...,d. To construct
the input sequence for the encoder, we also define another vector
vi() as vi(8) = [ty qs11Ds s thigu(®] i =2,....d — 1. Here,
in general, [ is a positive number less than g, ensuring that the ith
group of states has some overlapping areas with that of other groups
on its both sides. As shown in Fig. 3, v;(=3), vi(—2), vi(—1), v;(0)
are used as a source input sequence to make a three-step prediction
for the target sequence w;(1), w;(2), w;(3). In this case, the model
parameters are configured as $ = 4, T = 3,9 = 3,1 = 2. The recipe
for constructing v;(f),i = 1,d, requires more consideration, since
some states are missing. To alleviate this dilemma, we put an extra
restriction on the boundary near-by states. More concretely, for sys-
tems with periodic boundary conditions, v; (f) and v,4(t) use periodic

indexes, namely, v () = [uQH,l(t), s ug(), ul(t),...,uﬁl(t)]T

Collected data

spac.e R R R . wi(.l) wi.(z) U’z.(3) .
L] L] L] L] L] tilr:e L] L] L]

FIG. 3. Anillustration of constructing input sequence and output sequence from
collected spatiotemporal data. The length of input and output sequences are
S =4and T = 3, and the dimension of each single input and output are 7 and
3, respectively. In our attention-based architecture, the encoder receives input
sequence v;(—3), vi(—2), vi(—1), v;(0), and next, the decoder generates the
output sequence w;(1), w;(2), w;(3), with w;(0) triggering the decoding phase.

Chaos 30, 023102 (2020); doi: 10.1063/1.5133405
Published under license by AIP Publishing.

30, 023102-3


https://aip.scitation.org/journal/cha

Chaos

and v;(t) = [uQ,qH,;(t), o), ur (), .. .,ul(t)]T. For nonperi-
odic systems, v;(t) and v,(f) are designated as v,(¢) = [ (8),. ..,
uq+21(t)]T and v;(t) = [uQ_qH_ZI(t),...,uQ(t)]T. After doing so,
each single input maintains their dimension of g+2I to
match the encoder accurately. With all of the above train-
ing sequences collected: {v;(t+1),...,v:(t+S),w;(t+S+1),...,
wi(t+ S+ T)}f’ilfti_oT, the unknown parameters can be determined
by minimizing the mean squared error (MSE).

5359

ST
i=1 =0 j=1

W (t+S+j) —wit+S+ I3 (8)

where N=d- (L — S — T+ 1) represents the number of training

examples and the superscript “p” denotes predicted values. Besides,

Single-soliton

Two-soliton:greater speed ratio
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we also define another MSE,
1
Hmdﬂ=6mﬁﬂ—umﬁJ=L+Luq ©)

to measure the difference between the predicted values and the
actual ones at time step t.

I1l. DEMONSTRATION ON EXAMPLES

In this section, we demonstrate the effectiveness of the
attention-based seq2seq architecture to predict the evolutionary
behavior of spatiotemporal dynamic systems. Specifically, in the first
part of this section, the simulated propagation of a single solitary
wave and the collision of two solitary waves under two different
speed ratios are studied by means of our approach. In the second
part, we compare the performance of our method with another type
of neural networks known as “reservoir computing” on the Lorenz

Two-soliton:smaller speed ratio

i i 0.25
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——=- Predicted 0404 """ Predicted 0.20 4 —=- Predicted
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FIG. 4. In the leftmost column, the prediction for a single solitary wave is exhibited in which the upper, middle, and lower parts represent the 1st, 30th, and 50th-step forward
prediction, respectively. The same applies to the middle column where the 1st, 20th, and 40th-step forward predictions are made for two solitary waves when the speed ratio
is greater than three. On the rightmost column, the 1st, 30th, and 50th-step forward predictions are exhibited for two solitary waves when the speed ratio is set to less than

three.
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system, which is hard to predict due to its chaotic behavior. What
is more in the third part, we further testify the capability of our
approach by applying it to the prediction task of three more PDEs.

A. Solitary waves

It has been found that solitary waves exist in a wide
range of scientific fields such as geomorphology,” optics,”>*
telecommunication,”* and geographic magnetics.”” Current litera-
ture studies about the soliton theory mainly focus on deriving and
solving an equation-based description of the original system either
from a pure mathematical perspective’” or from a numerical sim-
ulation angle.”” This work, by contrast, avoids the requirement of
a mathematical equation and resorts to from a data-driven angle to

Single-soliton

—100

Two-soliton:greater speed ratio

ARTICLE scitation.org/journal/cha

predict the future evolution of interested solitary phenomena. It only
needs historical time series data to train an encoder—-decoder model,
offering a new perspective to the study of solitary waves.

A solitary wave, also termed as a soliton, is a wave that main-
tains its shape when it moves at a constant speed. The first solitary
wave was observed and recorded by the engineer John Scott Russell”®
in 1834. Later, in 1895, it was further studied in a rigorous way by the
two physicists Korteweg and de Vries.”” They established the famous
Korteweg-de Vries (KdV) equation,

Up + Upgy — 61U =0, (10)
and argued that it could describe the phenomenon observed by
Russell. Besides continuous systems, solitary waves also appear in

Two-soliton:smaller speed ratio

-75
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x x « —25
0& 0
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1 20 40 60 80
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FIG. 5. In the leftmost column, the actual and predicted states and the absolute values of their difference are exhibited, respectively. The same applies to the middle and
rightmost column, where the future evolution of two-soliton waves under two distinct speed ratios are exhibited.

Chaos 30, 023102 (2020); doi: 10.1063/1.5133405

Published under license by AIP Publishing.

30, 023102-5


https://aip.scitation.org/journal/cha

Chaos ARTICLE scitation.org/journalicha
le—4 le—4 le-4
0.8 6 -
5 4 1.5 1
0.6
4 -
5 S S 1.0
5 0.4 &4 3 5
2 -
021 0.5
1 -
0.0 A 0 A 0.0 -
1 20 40 60 80 1 20 40 1 20 40 60

Step

Step Step

FIG. 6. Prediction error vs time step. From left to right are the plots for a single solitary wave, the collision of two solitary waves under a larger and smaller speed ratio,
respectively. In general, the prediction error shows an increasing tendency along with the increase of the prediction time step.

discrete systems, such as the Toda lattice.”* One beautiful feature in
the interaction process of two or more solitary waves is that they
can cross each other without change of any property. That means,
their magnitude, shape, and velocity are well conserved after mutual
interaction. As the main demonstrative example, we would con-
sider in this section to replicate this interesting feature by using the
attention-based seq2seq approach.

1. Single solitary wave

The KdV equation (10) is particularly notable because it is one
of the earliest models known to have soliton solutions. By means of
the inverse scattering transform, one can explicitly write down the
single soliton solution to (10),

u(x, t) = %c - sech? [%(x — ct)] , (11)

where ¢, assigned with the value of 1, represents the phase speed.
One can also verify this solution by simply taking it back to Eq. (10).
For the single solitary wave, the position of its peak at time ¢ is
x=c-t

From Eq. (11), the synthetic data for a solitary wave can be
sampled equally on the time domain [—60, 50] with an interval of
At = 0.5. The spatial domain [—85,65] is also equally discretized
with a grid step of Ax = 0.5. With all of training sequences designed
and collected from the synthetic data, our attention-based model, as
described in Sec. 11, is trained to simulate the evolution of the single
solitary wave. As shown in the leftmost column of both Figs. 4 and 5,
the model achieves fairly accurate even a 40-step ahead prediction.
Furthermore, we also calculated the prediction error, according to
Eq. (9), and found that it grows exponentially with the increase of
the prediction time step, as shown in the first picture of Fig. 6. More
details about the model parameters are summarized in Table 1.

2. The collision of two solitary waves

Besides the single-soliton solution, the KdV equation also
admits multiple-soliton solutions; see Ref. 29 for the explicit form of
the two-soliton solution and Ref. 30 for the n-soliton solution. In this
section, we consider the interaction between two right-moving soli-
tary waves. The entire interaction process includes three phases. In
the first phase, a fast solitary wave with speed ¢; chases after another
slow solitary wave with speed c,. After a finite duration of time, they
enter the second phase during which the two waves are expected to
collide with each other and merge as a parent entity. Finally, in the
third phase, the parent entity divides into two solitary waves. After
the interaction, the two solitary waves keep their original speeds and
shapes unchanged, but their orders are exchanged in a way that the
slow wave now chases after the fast wave with an increasing distance
between them. Even more interesting is, when the speed ratio ¢;/c,
is greater than the critical value of three, the parent entity has only
one single peak. While for ¢; /¢, < 3, there will be two peaks, which
are equal in height for the parent entity.

TABLE I. Summary of model parameters of all systems: q represents the dimension
of input and output of the decoder, / helps control the input dimension of the encoder
(namely, the input dimension of the encoder is g + 2/), and S and T are the unrolling
times of the encoder and decoder, respectively.

Chaos 30, 023102 (2020); doi: 10.1063/1.5133405
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System q ) S T
Single-soliton 9 4 10 4
Two-soliton: greater speed ratio 7 4 7 2
Two-soliton: smaller speed ratio 8 5 14 6
Lorenz 3 0 10 4
Fisher 9 4 10 4
Burger 9 4 12 4
Sine-Gordon 9 4 10 4
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As the main demonstrative example, the aim here is to make
prediction for the interesting phenomenon occurring in the sec-
ond phase but based on the data sampled from the first phase. In
the first case, we set ¢, = 1 and ¢, = 0.3 so that ¢;/c; > 3. The
numerical solution to Eq. (10) is constructed by discretizing its exact
two-soliton solution on the domain (x, t) € [—120,60] x [—100, 50]
at a grid resolution of 360 x 200. While in the second case, the
wave speeds are set to ¢; = 0.5 and ¢, = 0.3 so that ¢;/c; < 3. The
data are sampled on the domain (x,t) € [—95,60] x [—100, 50] at
a grid resolution of 310 x 200. Compared with the single solitary
wave, the evolutionary behavior of two solitary waves is much more
complicated due to their mutual interaction and, therefore, pose a
special challenge to the forecasting task. However, as vividly shown
in the middle column of both Figs. 4 and 5, our approach suc-
ceeds in capturing the occurrence of the single-peak parent entity
for the case ¢;/c, > 3. Likewise, under the speed ratio ¢;/c, < 3,
the happening of the merged double-peak entity is predicted and
exhibited in the rightmost panel of Figs. 4 and 5. To evaluate the
forecasting performance of our approach, we use the MSE, defined
in Eq. (9), as the prediction error measure. As plotted in Fig. 6,
the prediction error increases as the prediction horizon increases,
generally. The successful application of prediction for such intrigu-
ing phenomena further testifies the higher potential of our method
in boosting interdisciplinary research between engineering and
physics. The configuration of the model parameters can be found
in Table I.

B. Chaotic Lorenz system

To examine the effectiveness of the attention-based seq2seq
model, we compare it with another kind of technique known as
“reservoir computing” on a canonical model for dynamics, the
Lorenz system. We compare with the previous best result of using
the reservoir computing approach to this prediction task, which was
published in Ref. 31. To ensure these two methods are comparable,
we train the attention-based seq2seq network on the same training
set and evaluated on the same test set as theirs.

The evolution of the Lorenz system is given by three differential
equations,

x=o0(y—x),
y=x(p—2)— (12)
z=xy — Bz,

where the parameters are chosen as certain values o = 10,
p =28, and B =8/3 to produce chaotic solutions that evolve
around the so-called Lorenz attractor. Starting from the initial value
[x(0), (0),2(0)] = [2,1,1], the numerical solution to Eq. (12) is
collected from the interval ¢ € [0,225] with a sampling time of
At = 0.25. However, the data sampled on ¢ € [0, 100] are discarded
to avoid a transient evolution process but take only data sampled
from [100, 200] to train the model, and the remaining data are used
for validation. This procedure for picking up data is exactly the same
as used in Ref. 31. For the Lorenz system, u(t) = [x(t),y(t),z(t)]T,
and thus, Q = 3. Since Q is quite small, we simply choose g =3
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and I = 0, which results in v(f) = u(f) and w(t) = v(t). In Fig. 7,
the upper three panels display the comparison between the pre-
dicted and true trajectories, while in the lower panel, the prediction
error vs time span is shown. From the upper three panels of Fig. 7,
we can find that, after t = 9.5, the predicted trajectories begin to
deviate from the original trajectories significantly. In the meantime,
there is an obvious error peak occurred around this moment. There-
fore, we use an error threshold, plotted with a horizontal dashed
line that goes right across this peak, to help distinguish the diver-
gent moment. Using the same training data, our method is capable
of closely tracking the actual trajectories for about a time span of
9.5, better than that reported in Ref. 31 where they use reservoir
computing to successfully predict the Lorenz system over a time
span of 7.
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FIG.7. Inthe upper three panels, the prediction of three trajectories of the Lorenz
system is exhibited. The blue solid line is plotted with actual values, and the
red dashed line is plotted with predicted values. In the lower panel, prediction
error, calculated according to Eq. (9), vs time span is displayed. Besides, an error
threshold is plotted with a black dashed line to help distinguish the moment, which
is around t = 9.5, indicating significant deviation between predicted trajectories
and original trajectories.
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TABLE Il. Summary of predicted results for three canonical models of mathematical physics. In each example, their equation, collected data, and multistep prediction are
exhibited.

PDE Collected data Predicted vs actual values

Fisher: " 061  Actual: step 1

Up = Uy +U— U, —=—- Predicted: step 1
X e [— 6, 6], Ax=0.937, 05— Actual: step 35

—=—- Predicted: step 35
te [0, 10], At=0.05. —— Actual: step 66

—=—- Predicted: step 66

0.4

0.2

0.1

0.0 A

Burger' 0.5 — Actual: step 1
U + Uty = €Uy, —=—- Predicted: step 1
xe [_ 8, 8], Ax:0.125, —— Actual: step 20

0.4{ ——- Predicted: step 20
—— Actual: step 35
—=—- Predicted: step 35

te [0, 10], At=0.1.

0.3

0.2 1

0.1

0.0

Sine-Gordon:
34 —— Actual: step 1

Uy = Uy, — sin(u), -~ Predicted: step 1
xXE [_ 10, 10], Ax= 0.2, —— Actual: step 25
_ 24 —-- Predicted: step 25
te [0> 14]> At=0.1. —— Actual: step 47
—=—- Predicted: step 47 4

-10.0 -75 =50 -25 0.0 25 5.0 7.5 10.0
X
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C. Other PDEs

Apart from the examples presented above, we further test the
applicability of our approach on three more prototypical PDEs
appeared in various scientific subjects, including Burger’s equation,
Fisher’s equation, and sine-Gordon equation. Among them, Fisher’s
equation has a long-standing history in the context of population
dynamics to describe the spatial spread of an advantageous allele.”
Burger’s equation is a model for a nonlinear wave propagation, espe-
cially in fluid mechanics. The sine-Gordon equation governs the
propagation of a slip in an infinite chain of elastically bound atoms
lying over a fixed lower chain of similar atoms.” To be short, their
equations, domains of definition as well as sampling intervals are
listed in Table II. All of these dynamics generate high-dimensional
data evolving across space as well as time, making it difficult to pre-
dict the future evolution. For both Fisher’s and Burger’s equations,
we use the original datasets, which are available in Ref. 34, to train
the models and then make a prediction. As for the sine-Gordon
equation, it admits a breather solution of the form

sin(t/+v/2)
cosh(x/+/2)

from which the data needed are directly created. In the case of
Fisher’s equation, we predict up to 66 steps ahead given S = 10 steps
of states. For Burger’s equation, we predict up to 35 steps ahead with
S = 12 steps of states as inputs. For the sine-Gordon equation, we
predict up to 47 steps ahead using S = 10 steps of states. As reported
in Table II, the attention-based seq2seq model can predict the future
evolution of all these dynamics with great precision.

u(x,t) = 4 - arctan (13)

IV. CONCLUSIONS

In summary, we have presented a novel attention-based
seq2seq architecture for spatiotemporal system prediction. By
encoding the given input sequence into a series of source hidden
states, this neural network forms a sort of memory, where accumu-
lated information is stored. Later, during the decoding phase, the
output sequence is generated to make a multistep forward predic-
tion. In particular, we have demonstrated the potential application
value of this approach by applying it to forecast the evolution of a
single solitary wave and the interesting interaction behavior between
two solitary waves. In addition, we have also tested its effectiveness
on a chaotic system and three further spatiotemporal systems. In the
future work, we will focus on combining a convolutional neural net-
work, which is believed to be an excellent feature extractor, with the
attention-based seq2seq architecture to achieve better performance
in spatiotemporal data prediction. In addition, more experiments
shall be conducted, especially using real-world datasets.
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