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Abstract. A stochastic nonlinear ray propagation model is proposed to carry out
an exploration of themnonlinear ray theory in underwater signal propagation. The
recurrence plot method is,proposed to quantify the ray chaos and stochastics to
optimize the model. Based om this method, the distribution function of the control
parameter ¢ is deri«@d . Experiments and simulations indicate that this stochastic
nonlinear ray/propagation model provides a good explanation and description on the
stochastic frequency shift in underwater signal propagation.
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Figure 1. The ocean ambient noise is composed of .thermal current, hydrodynamics,
marine traffic, marine organism, sea quake, internal waves, etc. A sent signal is affected
by this noise as well as by the Multi-path_effectyin its propagation. Hence, the signal
might be damaged by nonlinearities and noises afteza long range propagation.

1. Introduction

Our oceans play an important role.in daily life and future development of technology
and economy|[1, 2, 3]. However, indiseriminate:and high-risk exploration is placing great
pressure on the ocean ecosystem, leading to pollution, biodiversity declining, and even
climate change[4, 5, 6, 7, 8]. Therefore, we can not precisely and efficiently detect and
track a specific signal after a dong range underwater transformation, especially in the
deep ocean. Ome of the primary difficulty to solve this problem is that underwater
propagation principles in compTEX marine environments are unknown. During resource
detection and exploration, the initial signal might be seriously ”damaged” in propagation
(as depicted in the upper sidesof Fig.1) leading to wrong decision-making, resource
location deviation. Therefore, it is significant to have a precise and effective model of
underwater signal propagation.

The compléxity of an underwater signal propagation channel is mainly relevant to
multi-paths and multi-effects, as depicted in Fig.1. The description can be as follows,
1) an acoustic signal has @weak directivity feature, the direction angle raises with the
increasing of thedistance and the signal transforms like multi-path, see the ” propagation
paths” lin Fig.1.[9]. 2) The ocean ambient noise is affected by multiple elements,
suchs@as thermal current, marine traffic, marine organism, etc., which contain many
nonlinear éomponents. 3) The propagation trajectories are affected by internal waves
and turbulence(IWaT), which can lead to chaos and stochasticity [10].

There have been many ways to model underwater signal propagation in both
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statistic and nonlinear theories. The underwater signal is primarily modelled as,

s(t) = / b(t, X)s1(t — x)dx. )

where b(t,x) represents the propagation channel, s;(t — x) is the propagating signal,
s(t) the received signal and the x is one or two dimensional vector.“The statistical
theory considers the propagation channel b(¢, z) as a stochastic distribution[113,12]. The
corresponding kinds of models can roughly represent the propagating signal. However,
they can barely depict and interpret the time-varying, frequency shiftimg, and nonlinear
features during the propagation. Some studies use multiple hydrophone arrays to
strengthen the s;(t — z) or to reduce the complex ambient noisesb(#,%) [13, 14], which
is costly and hard launching in the ocean. Time frequency/operators (b(t,z) varies
in both ¢t and z) and nonlinear filters (b(¢,x) varies nonlinearly) were also used to
enhance the signal-to-noise ratio [15, 16]. However, these studies meglect the multi-paths
feature, which may lead to false-alarm and wrong calculatiomof the detection probability.
The multi-path effect has also been widely studied basedyon the linear ray theory for
underwater communication, signal detection and channel estimation(the x in b(t,x) is
two-dimensional)[17, 18, 19, 20]. The propagatientchammel can be estimated precisely
under relatively ideal circumstances using Green’s fusiction With the assumption of multi-
paths effect, and the propagating signal can be enhanced combining the multi-path effect
with the time-reversal method. However, these. multi-path-based methods are all linear,
which neglect the IWaT, which is ubiquitous imnthe ocean, and can strongly affect
the propagation trajectories. Furthermore, nenlinear features can severely affect the
intensity and frequency of the propagating signal. To sum up, the propagation channel
b(t,x) in (1) is relevant to bothyt-x nonlineary(temporal nonlinear) and two-dimensional
x nonlinear(spatial nonlinear).

The temporal nonlinearity has been widely studied in underwater acoustic
propagation in multiple subjeets, including relaxing fluids, bubbly liquids, fluids in
saturate porous solids, efc. [21, 22]. They mostly built extended nonlinear acoustic
equations based on,a fundamental wave equation by adding nonlinear terms to model
the temporal nonlinearity. However, the spatial nonlinearity has been comparatively
rarely included infthesunderwater signal processing. The main reason is 1) IWaT
are assumed not, strong and general enough to affect the propagation channel; 2)the
influence of IWal on, thé propagation channels is hard to quantify; 3) the generation
and variation of/IWaT have no regularities. It is important to emphasise that, the
hydrological “environment is changing along with the increase of human maritime
activities, such as marine traffic. Different kinds of IWaT are found in many areas using
new techmiques'and equipment [23, 24, 25]. TWaT model opposes to the assumption
that TWaT ‘are not strong and ubiquitous enough to affect the propagation channel.
The, underwater propagation theory demonstrates that chaos and stochastic occur
in underwater propagation channels[26, 27]. To apply the spatial nonlinearity into
underwater propagation, we should, on the one hand, find a way to quantify the
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nonlinear influence of IWaT; and, on the other hand, provide a description of the
irregular appearance by a new ray theory propagation model.

In this paper, we focus on two principles to explore the application of the
nonlinear ray theory to underwater signal processing. First, to quantify the chaetic and
stochastic features of ray trajectories, the nonlinear features of the nonlinear ray theory:
under different parameters are analyzed by Poincare sections and maximum Lyapunoy
exponents. Then, based on the recurrence plot analysis, a quantitative method is
proposed. Second, for the generation and variation of the irregularity of IWa©T, we
introduce a stochastic control parameter 6. We get the distribution ofs#d»whieh is related
with two other stochastic parameters’ distributions by the recurrence plot quantitative
method, and the stochastic control parameter is optimized basedromreal/data by the
least square method. Then, the stochastic nonlinear ray propagation\(SNRP) model
is proposed. Finally, we use the SNRP model to interprety,the frequency transform
phenomenon in a lake experiment.

This paper is organised as follows: Section 2 introduees the fundamental theory of
the wave equation and derivative process of the ray/theory. The stochastic nonlinear
ray propagation model is built in section 3. A nonlinear behavier analysis is proposed in
section 3.1 by using Poincare section and maximum Liyapunov exponent. The recurrence
plot quantitative method is proposed in section 3.2. Usiflg this quantitative method,
the control parameter ¢ distribution function in the model is proposed in section 3.3. In
section 4, we provide an application of the stochastic nonlinear ray propagation model
in underwater single-frequency signal propagation:

2. Basic Theory: Wave Equation and Ray theory

The propagation of an underwater acoustic signal follows the wave equation derived
by the features of the underwater circumstances. If the parameters are constant, the
wave equation is stable to express the ideal propagation circumstances. If part of the
parameters are not constant,/the-wave equation can be chaotic or stochastic with a
variation of the parameters/to express a more realistic underwater environment. The
wave equation can be transformed into the ray equation to express the propagation
channel geometricallyanThisiseéction introduces the fundamental wave equations and the
ray theory.

2.1. Frequency Domain Plane Wave Equation

The wave'equationdn an "ideal fluid” is based on the following basics, the equation for
conservation offmass, Euler’s equation, and the adiabatic equation of state, respectively
28].

- =V PV, (2)
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and define,

where ¢ is the speed of underwater acoustics, p the density, v the particle veloeity, p
the pressure, and the subscript S denotes that the thermodynamigipartial derivatives
are taken at constant entropy. The subscript 0 of py in (4) denotes a quiescent(time
independent) medium, and, then, the pressure and density/can Q} expressed as,
p=po+p,p=po+p, with small perturbations p’ and p'.

To get the fundamental wave equation, (2)(3)(4) are linearized as;

8 /
S ==V, (6)
5 =~ V¥ ok @
L
W24y R ©)

ot ot
As the changes of the oceanographic timesscale is much longer than the acoustic
signal propagation, both pg and ¢? can be assumed’of the independent of time, and the
density p is assumed constant in space|[28].“Then the standard wave equation of pressure
is derived,
2 1 &p
Vip.— EF i 0. (9)
Equation (9) can be redueed. tothree dimensions by the Fourier transformation,
called frequency domain wave'equation, or Helmholtz equation.

(V2 + k2 (r)] p(r,w) = 0, (10)
where k(r) is the/medium wavenumber,
k(r) = —. (11)

where wds'frequeney and c(r) is the geometry-dependent sound speed.

Under the{Cartesian coordinate (x,y, z), the y-axis can be neglected, because the
underwater. acoustic is a spherical or a cylindrical wave. Hence, the z-axis is equal to
the y-axis,as depicted in Fig. 1. The two dimensional Helmholtz equation is,

=5 T 87 + K (2)| p(x, 2) = 0. (12)
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There are several ways to model the underwater propagation based on eq.(12),
such as normal mode, parabolic approximation, ray theory, etc. The ray theory has
no frequency limitation compared to other approximation methods and can acquire the
propagation time as the ray theory is on the geometry perspective[28].

2.2. Nonlinear Ray Theory Equation

The ray propagation model expresses the underwater acoustic signal propagation in
geometric mode by range and angle. The reliability and performance of such systems
depend on the environmental conditions, noises, depth, internal wages, etc.[28; 29].

The nonlinear ray theory equation is based on the Helmholtz equation; a standard
parabolic equation, and a parabolic approximation[26]. The sélution-of:équation (12)
can be expressed as,

P, z,w) = 27 pl(x, 2, w)etE, (13)

where k = w/cy is the wave number with a constantseund speed ¢y and p'(x, z,w) is
the complex-valued field amplitude.
Substituting (13) into (12) we get the standard,parabolic equation,

L
_op | 0% 2 r_
ik + == — 28U (=) U ()l =0, (14)
where S
U(z) = oz, z) — 00)7‘/(1_,2,) _ c(:z:,z).
Co Co

If the wavelength A\ = 27/k is small compared with the propagation range, the
solution of (14) can be assumedsas,

Pz, 2) = Alx, 2)explikS(x, 2)], (15)

where A(z, z) is the amplitude\and S(z, z) is the ray eikonal.

Az, z) and S(z, z) cande expressed via the Hamilton’s formalism to describe the
trajectories. Fach trajectory atidistance x can be characterized by the depth z and the
generalized momentum g,»where g = tanf, and 6 is the ray grazing angle. Then, the
fundamental ray theory equations can be formalized by,

d_ on ¢z _on
de 0z dx Og’

where H(&yyg, z)visthe Hamiltonian of the ray system with the form,

(16)

2

); (17)

Co

where ko = w/cy, w is the acoustic frequency. As the purpose of this paper is analyzing
the characteristics of the ray chaos, it is reasonable to set the frequency equals to ¢, i.e
ko =130].
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System (16) and (17) is the geometric expression of system (12) and can be solved
to model the propagation of the underwater wave. As the circumstance features change
in the process of propagation, the propagation channels might be disturbed by IWaT er
noises. The disturbance is modelled by the sound speed ¢(z, z) nonlinear variation.

The underwater sound speed c is affected by temperature, salinity, andspressure.
The water is layered by different temperature, salinity, and pressure in‘different depth
so the gradient of ¢ varies with depth [30]. On the one hand, the underwater sound
profile, especially in the ocean, exhibits different kinds of gradients in different areas or
seasons. On the other hand, the variation of the sound speed profiledsyrelatively small
in a specific area, and the profiles can be calculated according to experimental data and
gradient approximation[29, 31]. So, the sound speed equation inhis paper/is presented
by the canonical sound speed profile (Munk profile). -
According to (14), the canonical sound speed profile cambe expressed as,

c(x,2) =co+U(2) + V(z,2) (18)
where
U(z) =ecole "+n—1),V(x,z) = (5(2‘;)61’])(_?32)008(%%).

with the depth z defined positive downwards andm =»2(z — z,)/B, z, is the sound
channel axis depth, B the depth scale, ¢y the reference sound speed, ¢ dimensionless
magnitude, and A the wavelength [32, 33].

V(x,z) describes the vibration contributed by:the variation of temperature, salinity,
and pressure, and can be regarded as aminternal-wave-induced sound speed perturbation
(the 0 can be seen as the strength of theiinternal wave in this sense) which is one of the
main contributions of ray cha@s.

3. Stochastic Nonlinear Ray Propagation Model

Nonlinear ray theory equations\(16)—(18) represent the ray eikonal in (15) to model the
geometry aspect of the acoustic underwater propagation, and V' (z, z) in (18) provides a
description of chaos orstochastics. According to (16)-(18), the fundamental ray theory
equations can be expressed:by;

dg“aw 2cp€ 2 4z —2z 2mx
- (20— _ = iiied it
i/,

. & 09

where 4§ is the dimensionless magnitude.

The monlinear part V(z,z) in (18) drives the ray theory equation (19) to fit for
nonlinear properties caused by IWaT. The main parameters in V(x, z) to control the
nonlinearity are ¢ and A, which can be interpreted as internal wave intensity and wave
length, respectively. In the meantime, the different initial inputs gy and 2, can also lead
to ardistinct nonlinear output because of the nonlinear part. In a specific detection or
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monitoring situation, each target having comparatively the same g as the underwater
acoustic wave is spherical; however, the initial depth is different and stochastic ameng
each targets. So, the three parameters 6, A\, and zy primarily affect the nonlinear
property of the nonlinear ray theory equation (19) output.

As we illustrated above, the appearance of IWaT has no regulation or pattern, i.e.
the appearance of nonlinearity or chaos is random in the time and spatial domainy The
values of the nonlinear control parameters § and A are varying in different circumstances:
So, there are three stochastic parameters in the SNRP model,

dg w ,2cye 2 4z —2z 2mx

i CQ(F((l —exp(—n)) + A(E - ﬁ)%p(F)COS(T)))
% = kog

where A is the sample space of the stochastic variable §, A is'the séample space of the
stochastic variable A\, and Z; is the sample space of the stechastic variable z, which we
can not see in the equation.

The three stochastic parameters can model the random appearance of nonlinearity
or chaos. First, to demonstrate the stochastic variables;we should provide definitions of
the probability triple: sample space, set of events, and assignment probabilities to the
events. Based on the weak nonlinear property of underwater propagation[34], § belongs
to a bounded interval A = [0, d,,], which represent the sample space. A large A leads
to relatively fast nonlinear variations and viee versa, and the IWaT varies in a bounded
speed. To model the propagation cliamnel variation caused by IWaT[35], the wavelength
A should also be bounded, A = [Ain, Njiaz |, Where A, and A4, are distinet in different
hydrological environments. The initial depth is also bounded as the depth of ocean is
limited, Z = [Zmin, Zmaz|. Secondly, the set of events are § € A, A € A, and z € Z,
respectively. Thirdly, the prgbabilitymeasures P, : A — [0,1], P, : A — [0,1], and
Ps: Z — [0,1], which are Cour@bly additive and P;(A) = P(A) = P3(Z) = 1. So, we
should get three effectivedistribution functions of three parameters not only conform
the features of the pr obability measure, but also fit for real propagation characters.

There are several methods'to get optimal parameters of distribution functions, such
as least square methods and imachine learning methods. However, on the one hand, to
optimize the three distribution functions in the same time need tedious computation.
On the other handy the three parameters are interacted among themselves leading to
different kinds of‘nonlinear outputs. We choose some typical values of each parameter
to analyze nonlinear output features using Poincare slices and the maximum Lyapunov
exponents to identify the relationship among the parameters.

3. 14 Nonlimear Behavior Analysis

Nonlinear features of the ray theory equation (20) are mainly represented as chaotic
and/or stochastic behavior in phase space. Poincare sections can reveal the non-
normal,behaviors and depict them visually. On the other hand, non-normal and normal
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trajectories diverge exponentially or according to a power law, respectively. Lyapunov
exponent quantifies the divergence to verify chaotic or stochastic properties[27]. 4In
this section, we analyze the nonlinear behavior of the ray theory equation (20) by the
Poincare sections and the maximum Lyapunov exponents.

According to the canonical sound profile (18), we set z, = 1.3km, B = 1.3km,
€ = 7.4 x 1073 in our simulation. The initial angles are set from 5° to 50°, and thestep
length is 1°. If the initial angle was larger than a threshold, the propagating, acoustie
signal reflected many times that the corresponding ray energy decreased quicklyy The
angle threshold increases with depth, and under the canonical soundsprofile, we set a
relatively large angle scope, from 5° to 50°.

The representative parameters are selected to show and@analyze chaotic and
stochastic behaviors in different circumstances. The wavelength \ areé set as 1km, 4km,
Tkm, and 10km. It is related with the sound profile. Under the canoni¢al sound profile,
the center wavelength which can lead to chaos is from 4km to Tkmi.  We select a larger
range in the simulations from 1km to 10km. The initial depths z(0) are set as 0.01km,
0.1km, 1km, and 2km. The underwater targets are mostlyactive from 0.01km to 2km,
where 0.01km represents the water surface, 0.1km the shallow water, 1km the depth of
the eigen-ray, and 2km the deep water. The internal wave strengths are set as 0.001,
0.005, 0.01, and 0.05. It is also related with thé sound profile and the reason to choose
these values is the same as the wavelength.

3.1.1. Poincare Section The ray trajectories lie'in, a bounded three-dimensional space
(g,2,x). If the system is integrable, 4hereis.a two-dimensional slice which all trajectories
lie on as a constant. The slice becomes ehangeable when the system is non-integrable.
It is called the Poincare section which ‘ean distinguish the chaotic from periodic
behavior of ray trajectories. Poincare sections are extracted by stroboscopically viewing
trajectories[36].
N
gg=g(nA), z, = g(nA) (21)

where n = 0, 1,2, .."pand Xisythe wavelength.

Fig. 2 shows a_set of Poincare sections of four wavelength values A\ = 1km, 4km,
Tkm, 10km, with initial'depth 2y = 1km, and internal wave strength 6 = 0.01. For these
parameter circumstances, the ray trajectories fill more speckled regions (non-normal
islands) as X'increases: Different wavelengths of the internal waves lead to different
non-normal behaviors. With the increase of A the normal regions in the center (curves
without dslands)yaré shrinking. Furthermore, with the rise of the angle, the Poincare
Sections in Fig{ 2 b), ¢) and d) depict no islands, called stochastic region, and with the
raisesof A,nthesstochastic region becoming larger. That is, with the increasing of the
interference, the ray trajectories express increasing non-normal features.

Fig.3 shows a set of Poincare sections for four initial depth values, z(0) = 0.01km,
0.1km, 1km, 2km. As the variation of the initial depth value, both the number of
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Figure 2. Poincare Sections with different
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Q Figure 3. Poincare Sections with different initial depths, with the initial conditions
0(0) = 5°,6°,...50° and internal wave strength § = 0.01, internal wavelength A =5 ;
a)z(

2(0) = 2km, b)z(0) = 1km, ¢), z(0) = 0.1km, d) z(0) = 0.01km
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Figure 4. Poincare Sections with differentinternal, strengths, with the initial
conditions z(0) = 1lkm, 6(0) = 5°,6°,..50° and internal wavelength A = 5 ;a)
§ = 0.001, b) § = 0.005, ¢) § = 0.01, d) § =0:05

Fig.4 shows a set of Poincare sections for four fternal wave strength values,
0 = 0.001, 0.005, 0.01, 0.05, as the strengths in this region behave mostly non-normal
with the internal wavelength A\ = 5km. The noermal region becomes dominating as the
wave strength decrease, and with the rise of the wave strength, the non-normal region
(the chaotic area and stochastic region) isigetting bigger.

These Poincare sections illustratesthe appearance of normal and non-normal
trajectories relatively related with the three parameters in eq.(19), and depict the
changing trend for different parameters. However in some circumstances, the variation
is not very clear. Here, we should quantify these islands and stochastic regions to verify
its chaotic and stochastic nature.

3.1.2. Maximum Lyapunov Ezponent Chaotic trajectories stretch, fold and squeeze
toward one another"with the growth of range(or time). The uncertainty of these
variations causes/two manifolds to squeeze closer to one another with uncertainty
fluctuations. The maximum Lyapunov exponent expresses the exponential variation
of different trajectories-quantitatively[37].

1d(x)

L=l lim ———= 22
200 d{0) 30 T d(0) (22)

Here d(%).is a measure of a pair neighbor trajectories in phase space. The measure
expresses the separation of two chosen trajectories,

d(z) = {[21(2) = z2(2)* + [pr(2) — pa(a)]*}'/ (23)
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A =T7km in Fig. 2 ¢), z =1 in Fig. 3 b), and 6 = 0.001 in Fig. 4 a), are chosen
to show the maximum Lyapunov exponents. Fig. 2 ¢) shows the transformation, frem
a normal region to a stochastic one; Fig. 3 b) shows the transformation from a nermal
region to a chaotic one and then to a stochastic one; Fig. 4 a) shows a normaliregion.
The Lyapunov exponent (22) should be calculated in a sufficiently long-rangesto reflect
structures of the system, the data length expands to 20000 points. Six angles are chosen
to represent the maximum Lyapunov exponents’ variation with the increase ofithe angle
under each circumstance, and two of them are picked to analyze.

The Lyapunov Exponent Estimation The Lyapunov Exponent Estimation
0.04 0.04 U -
0.035 (@) 0.035 ] ‘ (b).
Il
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Figure 5. Maximum Lyapunov exponents with’ Wavelength A = 7km, initial

conditions z(0) = lkm, 0(0) =.5°,11°,17°,239,29° 35° and internal wave strength
d = 0.01. b) is the spectrum of @(0)= 5° and'35°

The Lyapunov Exponent Estimation
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Figure 6. Maximum Lyapunov exponents with initial depth z(0) = 1km, internal
wavelength A= 5, 0(0) = 5°,11°,17°,23°,29°, 35° and internal wave strength § = 0.01.
b) is the spéctrum of (0) = 5° and 35°

According to Figs. 5 to 7, all the maximum Lyapunov exponents of different
trajectories aretpositive. From the Lyapunov exponent point of view, the normal
trajectories are/not "real periodic”, as the value is not zero. The maximum Lyapunov
exponents’wvalue decrease with periodic vibration illustrates that each distance in phase
space. is not constant, called ”gradual change periodic”. The normal and non-normal
trajectories can not be distinguished just by the sign of the Lyapunov exponents’ values.
Furthermore, the value changes less regular with the increase of the initial angle. The
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Figure 7. Maximum Lyapunov exponents with internal wave strength 6 = 0.001,
initial conditions z(0) = 1km, 8(0) = 5°,11°,17°,23°,29°, 35%and.internal wavelength
A =5. b) is the spectrum of 6(0) = 5° and 35° e

non-normal trajectories defined by Poincare slices are chaotic in the sense of maximum
Lyapunov exponents. The maximum Lyapunov exponentsiecan express the differences
between normal trajectories and non-normal trajectories by the distinct variation as
depicted in Fig.5.

From the analysis above, the appearance of chaetiéiand stochastic trajectories is
related to d, A, and z(0), respectively. The differences heétween normal and non-normal
trajectories can be recoganized via maximum Lyapunov exponents. But the geometric
characteristics are neglected, and one threshold. is needed to express the differences.

3.2. Recurrence Plot

The recurrence plot (RP) visualizes the trajectories recurrences in phase space. It

transforms the trajectory trend te a 0-1 matrix, which can not only be transferred

into a two-dimension graph to visualize the chaos characteristic, but also to provide

quantitative parameters. Both the graph and the parameters behave differently among

chaotic, stochastic and pgriodie regimes. They can be transformed into quantification

in both one and two dimensions to satisfy the model demand of signal processing[38].
The RP matrix can be expressed as,

Rij(e) = O(e— [| 7 =T )1, = 1,.., N (24)

where N is the'number.of measured points, € is a threshold, || - || is metric (Euclidean
distance, for example), and O(-) the Heaviside function,

O(z)=0 =<0
Oz)=1 z>0

Under/different choices of €, the definition equals to a notion,

.ﬁfi ~ fj <~ Ri,j =1 (25)
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The threshold € is a crucial parameter for RP. If € is too small, the RP has almost no
recurrence points which can not express any recurrence structure. On the otherhand,
if the € is too large, most points are neighbors, hence the "real structure” will be hidden
in artifacts[38]. This paper uses the position of phase space points to determiné €. -On
the one hand, from the Poincare slices in Figs. 2 to 4, the ray chaos appears im the form
of ”small islands”. So the differences between normal and non-normal trajectories in
the phase space are on a small scale. For another, with the increase of the initial angle;
the range of the phase space is getting bigger. According to our simulations, € is'set as
1% of the maximum phase space diameter [39, 40].

Reconstitution of the time series is another important step of' RP. Rec¢onstruction
methods are based on Takens’ theorem [41], using time-delay embedding with delay 7
and embedding dimension m. According to our simulations and the ¢haotic property
in the Poincare slices, the delay 7 is set as the wavelength Min the propagation system
(16) and (17), and m = 2.

(m) _ ) (1) 1)
Ri;" =Ri; R R o (26)

where m is the embedding dimension and A is the delay.

RP is depicted by the matrix (24) to plot’a black got at the coordinates (i, ),
if R;; = 1, and a white dot if R;; = 0. Both axis of the RP in the ray system are
the range, and the RP lines show rightwards and upwards. The RP is symmetric by
definition with respect to the main diagonal.

Recurrence points occur when the pointsisatisfy the definition notion (25), and the
Euclidean distance is chosen,

| & 2 || /B + B+ .2 <e (27)

n

In our simulations, the paneters of the propagation system (16) and (17) are set
the same as in section 3.1.2, situation 1 to 3. Two representative RPs are chosen from
each situation to show differences between normal trajectories and non-normal ones.
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Figure 8. Recurrence Plot with the internal wavelength A = 7 . a) 0(0) = 6°, b)
6(0) = 20°
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Figure 9. Recurrence Plot with the initial depth z(0) = 1. a) 8(0) = 6°{ b) 6(0) = 20°
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Figure 10. Recurrence Plot with, theiinternal wave strength 6 = 0.001. a) 6(0) = 6°,
b) 6(0) = 30°

Figs. 8 to 10 show that the normal trajectories have RPs which are diagonal
oriented. But the density of each diagonal'is different and irregular. The non-stable
density of diagonals has once again proven that the normal trajectories are not really
periodic. On the other hand, the non-normal trajectories have RPs with isolated
recurrence points and somé proportienal short diagonals. According to the distribution
of the recurrence points, a quantification can be based on the density of the points to
distinguish normal trajectories for non-normal ones.

The parameter recurrence rate (RR) can be expressed as,

N
RR(m) = <3 > Ry () (28)
ij=1
where ny is'thé number of trajectories.
Acgording t07(28), the RR of the ray propagation system is depicted in Fig. 10 .
From the RR estimation, we find a joint threshold, ¢ = 0.01, to distinguish normal
and‘non-normal trajectories. The recurrence r<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>