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ABSTRACT

Synchronization is a phenomenon of the collective behavior of coupled oscillators and involves the detailed interplay of the intrinsic frequencies
of the oscillators, the underlying topological features of their interaction network, and external perturbations. In this work we investigate, in
the strong coupling regime, the response of a system to external perturbations of its natural frequencies and network modi�cations. Our
investigation relies on two performance measures (one for phases and the other for frequencies) and a spectral perturbation analysis. Given
strongly localized perturbations in time, corresponding to the dominant eigenmode of theweighted Laplacianmatrix of the network, we present
a su�cient condition for the maximization of the system’s stability, along with analytical results for the e�ects of structural perturbations on
the system’s response. A number of simulations are conducted to illustrate the theory presented.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5110727

The study of network synchronization in various systems is
useful to deepen our understanding of how to optimize robust-
ness and predict the e�ects of internal and external distur-
bances. Whether a disturbed system’s performance can be
solely predicted from the underlying spectrum of its network
remains an open question. In this work, which is based on
the classical Kuramoto model, we adopt two existing perfor-
mance measures. These enable us to quantify the integrated
variance of a system’s states and reveal the rate at which the
system returns to the synchronized state. In particular, we pro-
vide analytical expressions of both response measures, one for
phases, the other for frequencies, in the basin of attraction of
the synchronized state, given external (structural) and internal
(dynamical) perturbations. Our analysis shows that a system’s
return rate can be minimized or maximized given temporally
localized (Dirac delta) perturbations, corresponding to di�er-
ent eigenmodes of the Laplacianmatrix of the network, thereby
enriching our ability to understand and predict the return-rate
of a system after structural perturbations.

I. INTRODUCTION

The phenomenon of synchronization can be found inmany nat-
ural and technological systems1–3 where a level of coherence plays an
important role, e.g., in neutrino oscillations in matter,4 in cascading
failures of power grids,5 and in the phase locking of Josephson-
junction series arrays.6,7 The main focus of the study of synchroniza-
tion of complex systems is to understand how collective behavior
emerges from a collection of coupled oscillators, and multidisci-
plinary perspectives/approaches have been used to make progress.8,9

The present work is based on the Kuramoto model, which was origi-
nally motivated by biological systems,10 and involves nonlinear inter-
actions of coupled oscillators. It has become a classic model in this
area.1–3 The degree of synchronization of this model, as measured by
two existing performance measures of the dynamical response of the
system, can be in�uenced by spectral properties of the complex topol-
ogy, for example, the largest eigenvalue and the dominant eigenmode
of the Laplacian matrix.3,11

Given the widespread applications and importance of synchro-
nization, it is important to develop analytical tools that can enhance
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our understanding of the collective behavior of coupled heteroge-
neous oscillators. Here, we investigate two performance measures
of robustness, one for the phases, the other for the frequencies,
in the Kuramoto model. These measures characterize a system’s
response to external perturbations inside the basin of attraction of
the synchronized state.12–15 This line of research has been previously
explored via a master stability function for identical oscillators, given
small dynamical perturbations,16 the basin stability for nonidentical
oscillators given large perturbations,17,18 and a synchrony alignment
function under structural modi�cations.19

In this paper, we conduct an analysis of the robustness of syn-
chronization, in the strong coupling regime, by taking into account
a system’s response to dynamical and structural perturbations. In
Sec. II, we introduce the Kuramoto phase oscillatormodel along with
two response measures in the basin of attraction of the synchronized
state, one measure for the phases and the other for the rate of change
of the phases. In Sec. III, we derive analytical expressions for both
performance measures, as a function of the perturbation and the
spectral properties of the underlying Laplacian matrix. We derive a
su�cient condition to optimize the system’s return to synchroniza-
tion. In Sec. IV, we approximate both performance measures when
there are structural modi�cations.

II. SYSTEM DYNAMICS

We consider a system consisting ofN nonlinearly coupled oscil-
lators, where the dynamical variable of the ith oscillator is the phase
θi, with i = 1, 2, . . . ,N. The time evolution of oscillator i is governed
by the classical Kuramoto model,

θ̇i = ωi + K

N
∑

j=1

Aij sin(θj − θi), i = 1, 2, . . . ,N. (1)

Here, θ̇i = dθi/dt, ωi is the natural frequency of the ith oscillator,
while Aij = 1 if oscillator i is coupled to oscillator j and Aij = 0 if
these oscillators are uncoupled. TheAij constitute elements of a sym-
metric adjacency matrix A (Aij = Aji), that is, associated with an
undirected connectivity graph of the oscillators. The sum of all nat-
ural frequencies is equal to zero and, in the strong coupling regime,
all oscillators are synchronized without rotation.

The overall coupling strengthK appearing in Eq. (1) plays a cru-
cial role in the collective dynamics of the coupled oscillators. It is
well-known that there is a critical value of the coupling strength, Kc,
such that for K < Kc the oscillators behave incoherently, but for K >

Kc the oscillators generally exhibit a partial level of synchronization,
and for su�ciently large K the oscillators reach a stable synchro-
nized state, where all phases changewith the same frequency.1–3Here,
we work under the assumption that all oscillators are located in the
regime of the stable synchronized state, whose phases we collectively

represent by θ (0) = (θ
(0)
1 , θ (0)

2 , . . . , θ (0)
N )

T
(a T superscript denotes a

matrix transpose), when the natural frequencies of the oscillators

are collectively given by ω(0) = (ω
(0)
1 ,ω(0)

2 , . . . ,ω(0)
N )

T
. For the stable

synchronized state, we thus have

0 = ω
(0)
i + K

N
∑

j=1

Aij sin(θ
(0)
j − θ

(0)
i ). (2)

To evaluate a system’s behavioral response in the strong cou-
pling regime, we introduce time-dependent perturbations of the

natural frequencies, by writing ωi(t) = ω
(0)
i + δωi(t), where the per-

turbation δωi(t) is 0 for t < 0 and nonzero for t ≥ 0. The result-
ing phases are generally time-dependent, so we write θi(t) = θ

(0)
i +

δθi(t). Substituting these forms for ωi(t) and θi(t) into Eq. (1) yields

δθ̇i(t) = δωi(t) + K

N
∑

j=1

Aij cos(θ
(0)
i − θ

(0)
j )δθj

− K

N
∑

j=1

Aij cos(θ
(0)
i − θ

(0)
j )δθi, i = 1, 2, . . . ,N,

and by linearization, we obtain

δθ̇(t) = δω(t) − L(θ (0))δθ , (3)

where L(θ (0)) is the Laplacian matrix which is calculated as follows

Lij =
{

−K cos(θ (0)
i − θ

(0)
j ) when i 6= j,

K
∑

k Ajk cos(θ
(0)
j − θ

(0)
k ) when i = j.

(4)

We now consider two existing performance-measures that cap-
ture the robustness of the synchronized state and allow us to quantify
the dynamical response of the system to perturbations.12–15 These are

H1(T) =
N

∑

i=1

∫ T

0

[δθi(t) − 1(t)]2dt, (5)

H2(T) =
N

∑

i=1

∫ T

0

[

δθ̇i(t) − 1̇(t)
]2
dt, (6)

where

1(t) =
1

N

∑

i

δθi(t). (7)

Here, H1(T) sums the integrated squared di�erences of phases
of di�erent oscillators, from the average phase, over a time-interval
of T, while H2(T) is the corresponding quantity for the frequencies
(rates of change of the phases). Both H1(T) and H2(T) quantify the
degree of a system’s dynamical response to perturbations. The mea-
sure H1(T) integrates the phase di�erences of each node, apart from
synchronized states, and is expected to be small if the system is stable
under given perturbations, while H2(T) re�ects the system’s return
rate and is assumed to be large.

Since the Laplacian matrix L(θ (0)) is real and symmetric, its
eigenvectors can be chosen as orthonormal. We use uα to denote
the right eigenvector of L(θ (0)) associated with eigenvalue λα (with
α = 1, 2, . . . ,N). The uα are N component column vectors, and
orthonormality corresponds to uTαuβ = δαβ , where δαβ is a Kronecker
delta. These eigenvectors form a basis and we can write the set of all
phase changes as (δθ1, δθ2, . . . δθN)T ≡ δθ(t) =

∑

α Cα(t)uα , where
Cα(t) are a set of scalar coe�cients. Use of this representation of δθ(t)
allows Eq. (3) to be rewritten as

Ċα(t) = δωT(t)uα − λaCα(t) (8)

and this has the general solution Cα(t) = e−λα tCα(0) + e−λα t
∫ t

0
eλα t

′

δωT(t′)uαdt
′. As the system is in a stable synchronized state for times
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prior to t = 0, we can take all Cα(0) = 0. Thus

Cα(t) = e−λα t

∫ t

0

eλα t
′
δωT(t′)uαdt

′ (9)

and substituting this solution into Eq. (5), we �nd that the perfor-
mance function H1(T), for the phases, becomes

H1(T) =
∑

α(6=1)

∫ T

0

[Cα(t)]
2 dt, (10)

where the sum excludes the contribution associated with zero eigen-
value, whose eigenvector is u1 = 1√

N
(1, 1, . . . , 1)T .

Similarly, after substituting the solution of Eq. (9) into Eq. (6),
the other performance functionH2(T), for the frequencies, becomes

H2(T) =
∑

α(6=1)

∫ T

0

[

Ċα(t)
]2
dt. (11)

To investigate the combined e�ects of perturbations on both
performance functions [H1(T) and H2(T)], we shall �rst consider
perturbations of the natural frequencies that are highly localized in
time (approximated by Dirac delta perturbations). We note that both
measures have previously been investigated via generalized Kirch-
ho� indices.15Weadditionally investigate structural perturbations on
both performance measures via spectra perturbation theory.

III. DIRAC DELTA PERTURBATIONS

The performance measures, H1(T) and H2(T), are functions
of the Cα(t), which incorporate the spectral properties of the con-
nection network and the perturbed natural frequencies. For a given
network, the quantity δω becomes the crucial variable in Cα(t). In
what follows, we shall choose δω to be highly localized in the vicin-
ity of t = 0, which we approximate by a constant times a Dirac
delta function of argument t, and we investigate the e�ects of such
a perturbation on the performance measures H1(T) and H2(T).

Since δω is highly localized in the vicinity of t = 0, we approxi-
mate this by δω = δω0τ0δ(t), where δ(t) is a Dirac delta function of
argument t, the quantity τ0 is a timescale associated with the pertur-
bation, and δω0 is a column vector of time-independent frequencies.
The form that Cα(t) takes [following Eq. (9)] is

Cα(t) = ηατ0e
−λα t , (12)

where

ηα = δω0
Tuα (13)

is a time independent scalar and, by assumption, the entire area of
the Dirac delta function contributes to the integral in Eq. (9).

Substituting this form of Cα(t) into Eqs. (10) and (11) yields
the two performance measures [H1(T) and H2(T)], as the following
functions of the coe�cients, ηα , and the timescale, τ0:

H1(T) =
∑

α(6=1)

∫ T

0

[ηατ0e
−λα t]

2
dt

=
∑

α(6=1)

η2
ατ

2
0 f (λα), (14)

H2(T) =
∑

α(6=1)

∫ T

0

[

d

dt

(

ηατ0e
−λα t

)

]2

dt

=
∑

α(6=1)

η2
ατ

2
0 g(λα), (15)

where

f (λα) =
1 − e−2λαT

2λα

and g(λα) =
1

2
λα(1 − e−2λαT). (16)

The set of ηα along with f (λα) or g(λα) determine the rate of the
system returning to the synchronized state, as measured byH1(T) or
H2(T), respectively.

The set of ηα are the vector projection of the perturbation onto
the right eigenvectors, and the perturbations are in general random
numbers that are drawn from a given distribution. Here, we remove
the mean of the perturbed natural frequencies with δωT

0 u1 = 0, and
we standardize the norm of ω0 as ‖δω0‖2 = s, where the quantity s
quanti�es the strength of the Dirac delta perturbation. The eigen-
values are sorted in increasing order with λ1 = 0. We thus obtain η

as ‖η‖22 = s2, with η1 = 0. For a �xed time T, we shall �rst inves-
tigate the best and worst case scenarios of a system’s return rate
[minimizing or maximizing H1(T)] given this standardization.

In this case, Eq. (12) acquires the form

H1(T) =
∑

α≥2

ηα
2τ0

2f (λα).

Since f (λ) =
∫ T

0
e−2λtdt, its derivative is f ′(λ) = −

∫ T

0
2te−2λtdt and

is ≤ 0; hence, f (λ) is a strictly monotone decreasing function and
f (+∞) = 0. Therefore, to minimize H1(T), η should meet the fol-
lowing requirements:

ηα =
{

0 α ∈ [1,N − 1], α ∈ N∗,
s α = N.

(17)

Under such circumstances, the minimum value of H1(T) is

H1,min(T) =
s2τ0

2(1 − e−2λNT)

2λN

. (18)

Similarly, we can also obtain the maximum value of H1(T) as

H1,max(T) =
s2τ0

2(1 − e−2λ2T)

2λ2

. (19)

We next investigate the best and worst scenarios of a system’s
return rate to synchronization, after action of a perturbation, by
maximizing or minimizing H2(T). The derivative of g(λ) is g ′(λ)

= 1
2

(

1 − e−2λT
)

+ λTe−2λT and this is a sum of two non-negative
terms and hence ≥ 0 with g(0) = 0. Thus, g(λ) is a strictly mono-
tone increasing function, and to “maximize” H2(T), η follows from
the same form that “minimizes”H1(T).We thus obtain themaximum
value of H2(T) of

H2,max(T) =
s2λNτ0

2

2
(1 − e−2λNT). (20)

Similarly, the minimum value of H2(T) is

H2,min(T) =
s2λ2τ0

2

2
(1 − e−2λ2T). (21)
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The above procedure demonstrates that we can determine the
best and worst case responses of the system after a perturbation. A
local maximization (minimization) occurs when the spatial weights
of η (or perturbed natural frequencies) are a linear function of the
eigenvector corresponding to the largest (second) eigenvalue.

To illustrate the theoretical results, we have used an Erdos-Renyi
(ER) random network to generate a symmetric adjacency matrix and
then numerically characterized the corresponding collective dynam-
ics. Each pair of N nodes are connected with the probability PER. In
this work, we consider N = 200 and PER = 0.2.

The two response measures, H1(T) and H2(T), are shown in
Fig. 1 as functions of the coupling strength K. On increasing K, the
function H1(T) continuously decreases and approaches 0, and the
corresponding stability of the system increases. The expression of
H2,max is third order sensitive to derivatives, and it preferable to use a
third order central di�erence formulation during numerical simula-
tions.We have investigated the dynamics when the perturbed natural
frequencies correspond to the eigenvector uN . Theoretical results are
calculated from Eqs. (18) and (20) and are plotted by a solid line
in blue. Numerical results are calculated by de�nition from Eqs. (5)
and (6) and are plotted by a dotted line in orange.

In a high-dimensional system, multistable states exist and the
system can migrate from one state to another under large pertur-
bations. The analytic approximation of this work applies for small
perturbations of the strongly synchronized regime. To quantify the
limitation of the linear approximation adopted in this work, we
have investigated the relationship between the performancemeasures
H1(T) andH2(T), and the strength of the Dirac delta perturbation, s
(s = ‖δω0‖2), as shown in Fig. 2. From Fig. 2, relatively small values
of s (s < 1.5) show a very reasonable agreement between the ana-
lytically calculated and numerical values. For s > 1.5, the di�erence
between analytical and numerical solutions increases with s. In what
follows, we set the strength of delta perturbation, s, to 1. We inte-
grate the system under the natural frequencies corresponding to the
eigenvectoruN Theoretical results (denoted byTheory) are calculated
fromEqs. (18) and (20) and are plotted by a solid line in blue. Numer-
ical results (denoted by Simulation) are calculated by de�nition from
Eqs. (5) and (6) and are plotted by a dotted line in orange.

Additionally, the performancemeasuresH1 andH2, underDirac
delta perturbations that minimize/maximize H1/H2, and with ran-
dom perturbations with s = 1, are shown in Fig. 3. The y-axis cor-
responds to the distribution of both measures. When the perturbed
natural frequencies correspond to the dominant eigenvector uN , the
system’s responses are optimized, represented by H1,min (in yellow)
and H2,max (in blue), which are obtained from Eqs. (18) and (20),
respectively. The other two curves correspond to the worst case sce-
narios represented by H1,max (in blue) and H2,min (in yellow) from
Eqs. (19) and (21), respectively. For comparison, numerical results
are also calculated according to the original de�nition from Eqs. (5)
and (6) with random perturbations, and are plotted in red.

Note that the Laplacianmatrix is a function of both the network
graph properties and the synchronized state. In the strong coupling

regime, cos(θ (0)
i − θ

(0)
j ) ≈ 1. In this case, the Laplacian matrix is

approximately

L
(0)
ij =

{−KAij when i 6= j,

K
∑

k Aik when i = j.

FIG. 1. The two fragility performancemeasures ofH1(T) andH2(T) as a function
of the coupling strength K. (a) With the increase of K, H1(T) decreases continu-
ously and approaches 0, and the corresponding system’s stability increases. (b)
We operate the system’s dynamics with the perturbed natural frequencies cor-
responding to the eigenvector uN . Theoretical results (denoted by Theory) are
calculated from Eqs. (18) and (20) and are plotted by a solid line in blue. Numerical
results (denoted by Simulation) are calculated by definition from Eqs. (5) and (6)
and are plotted by a dotted line in orange. Here, we use N = 200 oscillators, the
probability of any edge PER = 0.2, T = 50, and results are averaged over 100
times of realizations of ER networks.

This matrix is based solely on network properties. To exhibit the
in�uence of the rewritten Laplacian matrix on both performance
measures [compared to the previous one (4)], we introduce the rel-
ative error of the two calculation methods, i.e., H(0)/H. If the rela-
tive error approaches unity, the in�uence of the synchronized states
decreases; otherwise its in�uence increases. Following previous steps,

we calculate H(0)
1,min and H(0)

2,max, and �nd that with increases of the
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FIG. 2. The two fragility performance measures H1(T) and H2(T) as a function
of the strength of delta perturbation s(s = ‖δω0‖2). With the increase of s, H1(T)

and H2(T) decrease gradually. We operate the system’s dynamics under the per-
turbed natural frequencies corresponding to the eigenvector uN . The theoretical
results (denoted by Theory) are calculated from Eqs. (18) and (20) and are plotted
by a solid line in blue. The numerical results (denoted by Simulation) are calculated
by definition from Eqs. (5) and (6) and are plotted by a dotted line in orange. Here,
we useN = 200 oscillators, the probability of each edge PER = 0.2, T = 50, and
results are averaged over 100 times of realizations of ER networks.

coupling strength, the in�uence of the states on H1 and H2 gradu-
ally decreases, with the ratio H(0)/H approaching unity, as shown in
Fig. 4.

IV. STRUCTURAL PERTURBATIONS

In a networked system, the underlying topology is, in gen-
eral, crucial to the system’s states. As shown in Fig. 4, when K >

FIG. 3. Performance measures of H1 and H2 under the optimized Dirac delta
perturbation and with its variation with s = 1. y-axis corresponds to the distribu-
tion of the two measures. When the perturbed natural frequencies correspond to
the dominant eigenvector uN , the system’s responses are optimized, represented
with H1,min (in yellow) and H2,max (in blue) from Eqs. (18) and (20). The other two
lines corresponding the worst case with H1,max (in blue) and H2,min (in yellow) from
Eqs. (19) and (21). For comparison, Effects of random perturbations on perfor-
mances are colored in red. Here, we use N = 200 oscillators, the probability of
each edge PER = 0.2, the coupling strength K = 1.5, and T = 50.

0.6, the di�erence between the approximated performances H0 with

cos(θ (0)
i − θ

(0)
j ) ≈ 1 and theH of the calculated states vanishes (with

H(0)/H approaching 1). Therefore, it is reasonable to neglect the
e�ects of the system’s states on the performance metrics given struc-
tural perturbations in the strong coupling regime. In this section, we
investigate the e�ects of structural perturbations onH1(T) andH2(T)

by means of Gersgorin’s circle theorem, given perturbed natural
frequencies that correspond to the eigenvector uN . The original net-
work’s adjacency matrix is redenoted by P for convenience of expla-
nation, and the structural perturbations are denoted byB. Thematrix
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FIG. 4. Effects of synchronized states on Performance measures H1 and H2 vary
with the coupling strength. The influence is defined as the relative error of the two
calculation methods, i.e., H(0)/H. With the increasing of coupling strength, the
influence of synchronous states on H1 and H2 decreases gradually with H

(0)/H
approaching 1. The value of the relative error related toH1(T) is colored in orange
and the value related to H2(T) is colored in blue. Here, we use N = 200 oscilla-
tors, the probability PER = 0.2, T = 50, and results are averaged over 100 times
of realizations of ER networks.

P includes non-negative elements, while matrix B includes nonposi-
tive elements, and |B| is a subset of P. We rewrite the �nal adjacency
matrix as A = P + εB, where εB represents a structural perturba-
tion term and ε quanti�es the strength of the perturbation. For the
structural perturbation εB, we provide a general theoretical frame-
work for H1(T) and H2(T) as a function of structural perturbations,
and analyze the relative error between the theoretical and numerical
values.

For convenience, we rewrite the Laplacian matrix in terms of P
and B. Elements of the symmetric matrix LP are de�ned as

LP,ij =
{

−KPij cos(θ
(0)
i − θ

(0)
j ) when i 6= j,

K
∑

k Pik cos(θ
(0)
i − θ

(0)
k ) when i = j,

while elements of the symmetric matrix LB are

LB,ij =
{

−KBij cos(θ
(0)
i − θ

(0)
j ) when i 6= j,

K
∑

k Bik cos(θ
(0)
i − θ

(0)
k ) when i = j.

Given U = [u1, u2, . . . , uN], where uα is the eigenvector corre-
sponding to the αth normalized eigenvalue of LP, we carry out a

decomposition to LA for LA

def
≡ LP + εLB, namely,

U
−1(LP + εLB)U = D + εC,

where D = diag{λ1, λ2, . . . , λN} and C = U
−1
LBU with elements

Cαβ = uα
T
LBuβ .

For a diagonal matrix F de�ned as

Fii =
{

εα i = k,
1 i 6= k,

a similarity transformation of the original matrix is FU
−1(P +

εLB)UF
−1 = D + εFCF−1. The ijth element has the following form

as

(D + εFCF−1)kj =
{

ε2αCkj j 6= k,

λk + εCkk j = k,

(D + εFCF−1)ik =
1

α
Cik, i 6= k.

According to the Gersgorin circle theorem, the eigenvalue λk(ε)

of the perturbed Laplacian matrix is located in a plane with center
λi + εCii and radius ri. For i = k, we have rk = ε2α

∑

j6=k

∣

∣Ckj

∣

∣, and

for i 6= k, ri = ε
∑

j6=k

∣

∣Cij

∣

∣ + 1
α
|Cik|. The distance between the cen-

ters of circle i and circle k is |λi − λk| − ε |Cii − Ckk|, while the sum
of radii is ε2α

∑

j6=k

∣

∣Ckj

∣

∣ + ε
∑

j6=k

∣

∣Cij

∣

∣ + 1
α
|Cik|. As ε → 0, we can,

by choosing a su�ciently large α, ensure that these two circles do not
intersect with each other and Ckk is solely determined by one circle
corresponding to index k. This indicates that |λk(ε) − λk − εCkk| ≤
ε2α

∑

j6=k

∣

∣Ckj

∣

∣, and the perturbed eigenvalue λk(ε) becomes

λk(ε) = λk + εuk
T
LBuk + O(ε2).

When the perturbed natural frequencies correspond to the eigenvec-
tor uN associated with the largest eigenvalue, and δω0

T

=
∑N

r=1 ηrur
T , the performancemeasuresH1(T) andH2(T) are rede-

�ned as a function of T as

H1,est(T) =
∑

α≥2

ηα
2τ0

2 1 − e−2Tλα (ε)

2λα(ε)
, (22)

H2,est(T) =
∑

α≥2

ηα
2τ0

2 λα(ε)

2
(1 − e−2Tλα (ε)). (23)

E�ects of structural perturbations on the performancemeasures
H1 and H2, as a function of disconnection probability P, are shown
in Fig. 5. Edges are disconnected with probability P, the smaller P
corresponds to the smaller ε above. The structural perturbation is
operated numerically with P, and this operation refers to the term
εB in the analytical part. When P = 0, the performancemeasuresH1

andH2 indicate the system’s responses without any structural pertur-
bations but solely with the perturbed natural frequency.WhenP > 0,
we randomly perturb the network 100 times. For each kind of per-
turbation, we integrate the system and calculate the corresponding
performance measures. Mean theoretical results ofH1(T) andH2(T)

with 100 random perturbations are obtained from Eqs. (22) and (23)
and are plotted in orange. Mean numerical results are obtained from
Eqs. (5) and (6) and are plotted in gray. The shaded regions indicate
their standard deviations. The system is operated given the opti-
mized natural frequencies corresponding to the eigenvector uN in the
regime of strong coupling.

We approximate the theoretical results ofH1(T) andH2(T) after
a perturbation. To evaluate the di�erence between the approximated
values and real solutions, we quantify the similarity of H1 and H2 as

Similarity(H1) =
H1,est − H1,before

H1,after − H1,before

,

Similarity(H2) =
H2,est − H2,before

H2,after − H2,before

.
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FIG. 5. Effects of structural perturbations on the two performance measures H1

and H2 as a function of disconnection probability P. Given one disconnection
probability P, we perturb the network 100 times. For each kind of perturbation,
we integrate the system and calculate the corresponding performance measures.
Theoretical mean results of H1(T) and H2(T) with 100 randomly perturbations
are obtained from Eqs. (22) and (23) and are colored in orange. Numerical mean
results are obtained from Eqs. (5) and (6) and are colored in gray. The shades
show their standard deviations. The system is operated given the optimized nat-
ural frequencies corresponding to the eigenvector uN in the regime of the strong
coupling regime. Here, we useN = 200 oscillators, the interconnection probability
PER = 0.2, the coupling strength K = 1.5, and T = 50.

Here, H1/2,before and H1/2,after are obtained from the original nonlin-
ear function Eqs. (5) and (6). H1/2,before is the numerical result under
the condition that the structure has not been perturbed, andH1/2,after

corresponds to the perturbation of system structure. The di�erence
between the approximated values and the actual solutions is shown
in Fig. 6. The similarity values remain almost consistent and are inde-
pendent of P. But the standard deviations decrease with the increases
of P.

FIG. 6. The difference between the approximated values and real solutions is
represented by the similarity. The mean similarity remains a high value given
different P values, the saddle shows the corresponding variation given different
perturbations. Given one disconnection probability P, we perturb the network 100
times. For each kind of perturbation, we integrate the system and calculate the
corresponding performance measures. Theoretical mean results of H1(T) and
H2(T) with 100 randomly perturbations are obtained from Eqs. (22) and (23),
while numerical mean results are obtained from Eqs. (5) and (6), and the similar-
ity is colored in orange. The light yellow shades show their standard deviations.
The system is operated given the optimized natural frequencies corresponding
to the eigenvector uN in the regime of the strong coupling regime. Here, we
use N = 200 oscillators, the interconnection probability PER = 0.2, the coupling
strength K = 1.5, and T = 50.

V. CONCLUSIONS

Using two performance measures, we have investigated the
response of the synchronized state to perturbations of (i) the natural
frequencies and (ii) structural perturbations.We have shown that the
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best and worst case scenarios of a system’s response depend on the
scalar product of the perturbations of the natural frequency and the
eigenmodes of the system’s Laplacian matrix. Given Dirac delta per-
turbations, we have shown thatwhen the perturbations correspond to
the dominant eigenmode, their impacts on the system areminimized.
Our results remain consistent with recent results from di�erent per-
spectives, e.g., via a synchrony alignment function,19,20 the robustness
of synchrony via generalized Kirchho� indices.15

For structural perturbations, we have conducted a spectral per-
turbation analysis of the performance measures for phases and fre-
quencies. Based on themethods presented, we have approximated the
e�ects of network modi�cations on a system’s robustness. Addition-
ally, we have conducted a number of simulations to test our theory.
Our results reveal the combined impacts ofDirac delta perturbations,
structural perturbations, and topological features on system’s stabil-
ities, and deepen our understanding of stability control, and it is also
straightforward to extend our results to optimize synchronization in
complex clustered networks.21–23
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