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ABSTRACT

E�ects of a low-pass active �lter (LPAF) on the transition processes from oscillation quenching to asymmetrical oscillation are explored for
di�usively coupled oscillators. The low-pass �lter part and the active part of LPAF exhibit di�erent e�ects on the dynamics of these coupled
oscillators. With the amplifying active part only, LPAF keeps the coupled oscillators staying in a nontrivial amplitude death (NTAD) and
oscillation state. However, the additional �lter is bene�cial to induce a transition from a symmetrical oscillation death to an asymmetrical
oscillation death and then to an asymmetrical oscillation state which is oscillating with di�erent amplitudes for two oscillators. Asymmetrical
oscillation state is coexisting with a synchronous oscillation state for properly presented parameters. With the attenuating active part only,
LPAF keeps the coupled oscillators in rich oscillation quenching states such as amplitude death (AD), symmetrical oscillation death (OD),
and NTAD. The additional �lter tends to enlarge the AD domains but to shrink the symmetrical OD domains by increasing the areas of the
coexistence of the oscillation state and the symmetrical OD state. The stronger �lter e�ects enlarge the basin of the symmetrical OD state which
is coexisting with the synchronous oscillation state. Moreover, the e�ects of the �lter are general in globally coupled oscillators. Our results are
important for understanding and controlling the multistability of coupled systems.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5093919

Oscillation states and oscillation quenching of coupled oscilla-
tors always compete with each other. These are vital regimes
of many cooperative phenomena emerging in nature, especially
in biological functions since oscillation suppression is signi�-
cantly relevant in pathological cases of neuronal disorders such
as Alzheimer’s and Parkinson’s disease. Due to various forms of
coupling interaction, coupled oscillators may exhibit rich transi-
tionprocesses fromoscillation states to several kinds of oscillation
quenching, such as amplitudedeath (AD), symmetrical oscillation
death, asymmetrical oscillation death, and nontrivial amplitude
death (NTAD). Generally, frequency mismatches and di�erent
time scales are deemed to be two key factors that cause oscilla-
tion quenching. Low-pass �lter (LPF), a general component in

a circuit, has been veri�ed to be bene�cial to realize oscillation
quenching in coupled oscillators owing to its characteristics of
decaying signals whose frequency is larger than the cuto� fre-
quency.Here,we report that a kindof low-pass active�lter (LPAF),
which is containing a LPF followed by an active component of
ampli�ers (or attenuators), signi�cantly in�uences the dynamics
of di�usively coupled as well as globally coupled oscillators. The
parameter of cuto� frequency controls the dynamical regimes of
the coupled oscillators, such as the coexistence of the oscillation
states and several quenching regimes.Meanwhile, the competition
between the �ltering and the amplifying (or attenuating) e�ects
of the active component of LPAF determines the fate of the coex-
istence of the symmetrical OD and NTAD. Our study opens new

Chaos 29, 073110 (2019); doi: 10.1063/1.5093919 29, 073110-1

Published under license by AIP Publishing.

https://aip.scitation.org/journal/cha
https://doi.org/10.1063/1.5093919
https://doi.org/10.1063/1.5093919
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5093919
http://crossmark.crossref.org/dialog/?doi=10.1063/1.5093919&domain=pdf&date_stamp=2019-07-19
http://orcid.org/0000-0003-2265-0402
http://orcid.org/0000-0002-5926-4276
mailto:wqliujx@gmail.com
https://doi.org/10.1063/1.5093919


Chaos ARTICLE scitation.org/journal/cha

ways of controlling the dynamical activity of complex nonlinear
systems.

I. INTRODUCTION

Collective dynamics in coupled oscillators have been an attrac-
tive topic of extensive research in the �eld of physics, biology, and
engineering owing to the fact that various coupled nonlinear oscilla-
tors provide a simple but e�cient mathematical model to both qual-
itatively and quantitatively describe dynamical activities emerging in
nature and engineering. Rich kinds of synchronization1,2 and oscilla-
tion quenching,3,4 which are related to regimes of pattern formation
and self-organization behavior, have been observed in neurons, car-
diac pacemakers,2 and chemical experiments. Generally, there are
two typical kinds of oscillation quenching, amplitude death (AD) and
oscillation death (OD), where the former one is realized by stabilizing
the original �xed points, thus leading to a stable homogeneous steady
state (HSS) which is a state that two coupled oscillators are quenched
to the same branch of �xed points, while the latter one occurs due
to a stabilization of a newborn coupling-dependent inhomogeneous
steady state (IHSS) which is a state that two coupled oscillators stay
on two di�erent �xed points. The dynamics of AD in coupled sys-
tems is widely explored in the �eld of engineering control such
as suppressing undesirable oscillations in laser applications,6–8 neu-
ronal systems,9 and electronic circuits.10 Moreover, AD can be real-
ized by various regimes such as parameter mismatches,11 time scale
diversity,12 time-delay,13–16 dynamical coupling,17 conjugate variable
coupling,18 mean-�eld di�usion,10,19–21 and indirect coupling.22–24 In
contrast, OD is much more signi�cant for life science, since it relates
to the essential mechanism of cellular di�erentiation,25–27 synthetic
genes,28–30 and neurological conditions.31,32 Moreover, OD can be
widely observed in coupled oscillators with cyclic coupling,33 repul-
sive coupling,34,61 amplitude-dependent coupling,35 or environmental
coupling.36 Both AD and OD are also common dynamics in regular
networks (such as locally coupled37,38or all-to-all39 coupled networks)
and complex networks (such as small-world networks40 or Scale-free
networks41,42).

The transition scenarios between these two very distinct
dynamical regimes, i.e., AD and OD, have become one of the most
challenging open problems. Koseska et al.4 observed a transition
from AD to OD via a supercritical pitchfork bifurcation (PB) in a
coupled nonidentical oscillator with an interplay between the het-
erogeneity and the coupling parameter that is analogous to the
Turing-type bifurcation in spatially extended systems. Zou et al.16

extended and enhanced the e�ect of AD-OD transition by includ-
ing a time-delay so that the AD-OD transition can be induced even
in identical Stuart-Landau oscillators. Further AD-OD transitions
were reported in coupled oscillators with conjugate coupling,43 cyclic
coupling,33 mean-�eld coupling,20,21 and even symmetry-breaking
repulsive coupling.34,44 The inner regimes of AD-OD transition pro-
cesses are important from the perspective of engineering control so
as to determine the �nal fate of coupled oscillators. Meanwhile, cou-
pled oscillators always exhibit the characteristics of multistable states
in the transition processes which arise in many biological processes,
such as bistability in brain activity45 (e.g., sleep-wake cycle of mam-
mals and birds), in the lac operon which is an operon required for

the transport and metabolism of lactose in Escherichia coli and many
other enteric bacteria,46 in the cell cycle,47 etc. For example, the evok-
ing of multiple coexisting stable attractors with di�erent features
is observed in synthetic genetic networks with repressive cell-to-
cell communication,28 where the oscillating state is coexisting with
the transition from an inhomogeneous steady state to an inhomo-
geneous limit cycle. Moreover, another novel oscillation quenching
state, namely, a nontrivial AD (NTAD) state, is observed coexisting
with OD which is realized by a subcritical pitchfork bifurcation in
mean-�eld conjugate coupled oscillators.43 Since the NTAD state is
unique and sensitive to parameter mismatches, it is di�cult to real-
ize in coupled nonidentical oscillators, where AD may occur and be
born via a subcritical pitchfork bifurcation with the aid of mean-
�eld di�usive coupling48 or conjugate coupling43 in coupled identical
oscillators. Compared to a general AD state, this NTAD state has
not only a nonzero homogeneous steady state but, more signi�cantly,
in this state, the two coupled oscillators stand on the same positive
(or negative) branch of �xed points and become bistable. Therefore,
exploring the dynamics of the coexistence ofNTADandOD(or oscil-
lation) is of great importance owing to the fact that it gives evidence of
a direct transition frommonostability (AD) to bistability (NTAD) in
a dynamical system that may improve our understanding of the ori-
gin of bistability arising in biological processes.45,46The coexistence of
OD and NTAD was �rst observed in conjugate coupled oscillators,16

and then NTAD was reported coexisting with a limit cycle (or OD)
in the presence of environmental coupling.49

In practical coupled systems, especially electrical and biologi-
cal networks, the interacting terms may change the phase and the
amplitude of the input signal which are similar to the characteris-
tic of �lter circuits. The low-pass �lter (LPF) is omnipresent in the
musculoskeletal system of the human body,50 the abdominal gan-
glion of the cray�sh,51 and the block of phase-locked loops20 and is
widely applied in communication and chaos control.52,53 In partic-
ular, the entrainment behaviors of relaxation oscillators coupled by
LPFs have been investigated by conducting a series of experiments.54

Moreover, LPFs have been found helpful to revoke AD and OD in
coupled oscillators55 as well as to signi�cantly in�uence the stability
of synchronization.56,57 Meanwhile, LPF can lead to a symmetry-
breaking transition from homogeneous to inhomogeneous limit
cycles,58 when it is applied in the self-feedback term of the coupling
in a mean-�eld coupled system. The cuto� frequency of LPF is a key
factor for determining the �nal fate of the coupled system. The coex-
istence of OD and an oscillating state can be observed in a small
interval of parameters for a properly selected cuto� frequency. In
this consideration, it is interesting to raise the question of how a LPF
may in�uence the coexistence of oscillating states and the oscillation
quenching states including AD, OD, and NTAD, and their transition
processes. Does the attenuation e�ect of the �lter play the key role on
the dynamics of the coupled oscillators?

In this paper, we explore the dynamics of di�usively coupled
identical paradigmatic oscillators with a low-pass active �lter (LPAF).
LPAF,59 which consists of a LPF and an active component (ampli�er
or attenuator), may result in both dispersion and ampli�cation (or
attenuation) of the input signals. The LPF part of the LPAF passes
low frequency signals (less than a cuto� frequency α) but attenuates
high frequency signals (larger than a cuto� frequency α), as well as
introduces certain phase shift. The additional active component of
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LPAF (ampli�er or attenuator) may adjust the amplitude of the out-
put signals from LPF. The �ltering e�ect of LPF is stronger as α is
smaller since the input signals of LPF may be attenuated more as α

is smaller. The competition between the �ltering e�ects of LPF and
the ampli�cation (or attenuation) e�ects of the active component is
expected to in�uence the transition processes of the coupled oscilla-
tors. In this way, a new transition process from AD to symmetrical
OD, asymmetrical OD, asymmetrical oscillation which is coexisting
with a synchronous large oscillation, is observed. Asymmetrical OD
and asymmetrical oscillation state are two new kinds of dynamics
regimes with which the symmetries between the two coupled oscil-
lators are broken so that the two coupled oscillators stand on two
di�erent branches as x1(t) and x2(t)with |x1(t)| 6= |x2(t)|. As a com-
parison, the symmetrical OD is the ordinary OD state where the two
coupled oscillators stand on two di�erent branches as x∗

1 and x
∗
2 with

x∗
1 = −x∗

2 , where the time behavior of the two coupled systems is
symmetrical to each other.

II. MODEL

The coupled Stuart-Landau oscillator is a general model to
explore oscillation quenching.3 Amplitude death can be observed
in two coupled nonidentical Stuart-Landau oscillators with single-
variable coupling4 or dual-variable coupling.5 Since we mainly focus
on the e�ects of LPAF on the oscillation quenching dynamics of
the coupled system, it is necessary to omit the e�ects of the fre-
quency mismatches between two coupled oscillators. However, there
is no AD or OD in the di�usively coupled identical oscillators unless
repulsive coupling,61 time-delay,14 or dissimilar variable18 is intro-
duced. Based on the fact that there are rich dynamics, such as AD,
OD, and AD-OD transitions, in the single-variable coupled identi-
cal oscillators,4 we will consider this model to explore the e�ects of
the LPAF on oscillation quenching. The model of the single-variable
coupled two identical Stuart-Landau oscillators with an additional
coupling media of LPAF is presented in the diagrammatic sketch in
Fig. 1(a), which is modeled as a dynamical system in Eq. (1),

Ż1(t) = [1 + jω − |Z1(t)|2]Z1(t) + ε(QS2 − Re(Z1)),

Ṡ1(t) = α(−S1 + Re(Z1)),
(1)

Ż2(t) = [1 + jω − |Z2(t)|2]Z2(t) + ε(QS1 − Re(Z2)),

Ṡ2(t) = α(−S2 + Re(Z2)),

where Re(Zi) is the real part of the coupled system with complex
variables Zi = xi + jy, i = 1, 2 with j =

√
−1. The individual Stuart-

Landau oscillators have unit amplitude and eigenfrequency ω. ε

represents the coupling strength, Si represents the output signals of
the LPF with the real input signals Re(Zi), QSi is the output sig-
nal of the active component in LPAF, where Q controls the degree
of the ampli�cation (or attenuation) to the output signals from the
LPF. The active component following the LPF is an ampli�er (or
attenuator) as Q(∈ (1, 2]) (or Q ∈ [0, 1)). Accordingly, the feedback
signals are ampli�ed (or attenuated) as 1 < Q ≤ 2 (or 0 ≤ Q < 1).
The �xed points of Eq. (1) are presented in the form of z(Rm, σRm)

with Rm = (xm, ym, xm) and can be classi�ed into three types as the
trivial �xed point O for Rm = (0, 0, 0), a pair of coupling-dependent
inhomogeneous steady state zIHSS for m = ∗, σ = −1, and a pair

FIG. 1. (a) The schematic diagram of the diffusively coupled oscillators with LPAF
where the amplifier (or attenuator) is the active component attached to LPF. (b)
The amplitude-frequency response of the LPF with α = 2, 5, 10, respectively.

of nontrivial homogeneous steady state zNHSS for m = +, σ = 1,
respectively, where x∗, y∗, and x+, y+ are presented in Eqs. (2) and (3),

x∗ = −
ωy∗

ε(1 + Q)y∗2 + ω2
,

(2)

y∗ = ±

√

ε(1 + Q) − 2ω2 +
√

ε2(1 + Q)2 − 4ω2

2ε(1 + Q)
,

x+ = −
ωy+

ε(1 − Q)y+2 + ω2
,

(3)

y+ = ±

√

ε(1 − Q) − 2ω2 +
√

ε2(1 − Q)2 − 4ω2

2ε(1 − Q)
.

Note that the existence of the nontrivial homogeneous steady
state (NHSS) and inhomogeneous steady state (IHSS) is related to
the coupling strength and the attenuation (or ampli�cation) coe�-
cient Q. The NHSS and IHSS may disappear for some parameters of
ε and Q (e.g., NHSS disappears for Q = 1), while the original trivial
�xed points O keep for all parameters. The parameter α is the cut-
o� frequency of LPF. LPF passes signals with a frequency lower than
α and attenuates signals with frequencies higher than α. Figure 1(b)
represents the amplitude-frequency response curves for α = 2, 5, 10,
respectively, where the variable r is the amplitude of the output signal
from LPF and variable ω is the natural frequency of the input sig-
nals of LPF (here, the input signals are from a single Stuart-Landau
oscillator with parameter ω ∈ [0, 20]). Obviously, the amplitude of

the output signals of LPF may be attenuated to less than
√
2/2 times

of its input signals as ω is larger than the cuto� frequency α. Smaller
α means stronger �ltering e�ects. If no LPF but only the active com-
ponent is applied, then α → ∞. In this case, the dynamics equation
of Eq. (1) degenerates to Eq. (4),

Ż1(t) = [1 + jω − |Z1(t)|2]Z1(t) + ε(QRe(Z2) − Re(Z1)),
(4)

Ż2(t) = [1 + jω − |Z2(t)|2]Z2(t) + ε(QRe(Z1) − Re(Z2)).
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The �xed points of the coupled oscillators without �lter
then become four arguments, O(0, 0, 0, 0), zIHSS(x

∗, y∗,−x∗,−y∗),
zNHSS(x

+, y+, x+, y+). Note that the cuto� frequency α has no e�ects
on the existence of the �xed points but in�uences the stability of the
�xed points. As a comparison, Q in�uences both the existence of the
�xed points and their stabilities.

III. DYNAMICS OF COUPLED OSCILLATORS WITHOUT

LPF

Let us �rst consider the dynamics of the coupled oscillators
without �lters as presented in Eq. (4) [α = ∞ and Si = Re(Zi),
i = 1, 2 in Eq. (1)]. The �nal regime of the coupled system is deter-
mined by the existence of the �xed points and their stabilities. In
particular, the existence of IHSS is determined by whether y∗ is real
which leads to Eq. (5). The boundary lines in yellow and red are
presented in Fig. 2(a) for the coupled oscillators with an attenuator
(Q = 0.8) and in Fig. 2(c) for the coupled oscillators with ampli�er
(Q = 1.2), respectively,

1

1 + Q
< ε <

1 + ω2

1 + Q
,

(5)
2ω

1 + Q
< ε ≤

1

1 + Q
.

Meanwhile, zNHSS exists only when y+ is real which leads to
Eq. (6) [cyan and magenta lines in Fig. 2(a) for Q = 0.8] and Eq. (7)

[blue line in Fig. 2(c) for Q = 1.2],

ε >
1 + ω2

1 − Q
, ε >

2

1 − Q
, 0 < Q < 1,

(6)
2ω

1 − Q
< ε ≤

2

1 − Q
, 0 < Q < 1,

ε >
2ω

Q − 1
, 1 < Q ≤ 2. (7)

The stability of all these �xed points is completely determined by
the eigenvalues of the Jacobian matrix. The maximal real parts of the
eigenvalues of the existing real IHSS and NHSS are all negative for all
parameter ε andω asQ ∈ (0, 1). Therefore, the domains of IHSS and
NHSS are determined by their existence as Q ∈ (0, 1). Equation (8)
presents the eigenvalues of the Jacobian matrix on the original �xed
points O(0, 0, 0, 0),

λ1,2,3,4 = 1 −
ε(1 ± Q)

2
±
√

(ε(1 + Q))2 − 4ω2

2
. (8)

As Q ≥ 1, Re(λ1,2,3,4) > 0, the original �xed points never
become stable for all ε and ω. As 0 < Q < 1, the boundary lines of
the AD state can be predicted by the negative maximal real part of
the eigenvalue as presented in Eq. (9) [yellow lines in Fig. 2(a) for
Q = 0.8],

2

1 − Q
< ε <

1 + ω2

1 + Q
. (9)

Due to the e�ects of the attenuator (0 < Q < 1), our numerical
results show that there are 5 domains [AD (white area I), oscillation

FIG. 2. (a) The phase diagram ω vs
ε of the damply (Q = 0.8) coupled sys-
temwithout low-pass filterα = ∞. There
are five regimes as AD (area I), oscilla-
tion state (area II), SOD (area III), coex-
istence of NTAD and SOD (area IV), and
coexistence of oscillation state and SOD
(area V). (b) Bifurcation diagram (using
XPPAUT) of two coupled identical Stu-
art-Landau oscillators for ε = 8.0 and
Q = 0.8: red lines, stable fixed points,
black lines, unstable fixed points, blue
circles, unstable limit cycles. The upper
(lower) inset is the time series of x1,2
for ω = 0.5(3.2) for ε = 8.0,Q = 0.8,
where NTAD(x1 = x2) is coexisting with
SOD (x1 = −x2), and SOD is coexist-
ing with the oscillating state. (c) The
phase diagram ω vs ε with the ampli-
fier (Q = 1.2) in the coupled oscillators.
There are two regimes as OS (area II) and
NTAD (area IV). (d) Bifurcation diagram
(using XPPAUT) of two coupled identical
Stuart-Landau oscillators for ε = 8 and
Q = 1.2.

Chaos 29, 073110 (2019); doi: 10.1063/1.5093919 29, 073110-4

Published under license by AIP Publishing.

https://aip.scitation.org/journal/cha


Chaos ARTICLE scitation.org/journal/cha

state (cyan area II), OD (blue area III), coexistence of NTAD and OD
(mixed green and blue in area IV), coexistence of OD and oscillation
state (mixed cyan and blue area V)] in the ω ∼ ε parameter space
for the givenQ = 0.8 as presented in Fig. 2(a). The numerical results
coincide well with the theoretical predictions. Since the numerical
results are presented for one set of initial conditions, there are two
mixed colors green and blue in the coexisting area of AD and OD.
Figure 2(b) shows the bifurcation diagram of x1 (using XPPAUT) for
Q = 0.8, ε = 8. It is observed that an inverse pitchfork bifurcation
(PB) occurs and the unstable original �xed point O transits to two
unstable IHSS states at ωPB = 3.661 which is the right boundary line

in Eq. (5) (ε < 1+ω2

1+Q
), i.e., ωPB =

√
ε(1 + Q) − 1 (ωPB = 3.661 for

Q = 0.8 and ε = 8). Both of the unstable IHSS transit to stable IHSS
after a Hopf bifurcation (HB). Oscillation death is coexisting with the
oscillation state in the interval ofω ∈ [0.7676, 3.486] forQ = 0.8 and
ε = 8. The coexistence of OD and oscillating state is veri�ed by the
time series of x1,2 in the lower inset of Fig. 2(b) at ω = 3.2. Note that
a new kind of NTAD state emergences by stabilizing the NHSS via
a tangential bifurcation (TB) at ωTB = 0.8 which is the left bound-
ary line in Eq. (6) (ε > 2ω

1−Q
), i.e., ωTB = ε(1−Q)

2
(ωTB = 0.8 for ε = 8

and Q = 0.8). The attribute nontrivial to this AD state comes from
the fact that it emerges from the nontrivial HSSs (x+, y+), which are
nonzero and subsequently distributed symmetrically around zero. It
has two di�erent solutions x1 = x2 = x+ and x1 = x2 = −x+. The
occurrence of one of these two states is determined by the initial
conditions which has a striking resemblance to bistability. Moreover,
since the former IHSS remains stable for ω < ωTB, OD coexists with
theNTAD forω < ωTB which is con�rmed by the time series of x1,2 at
two sets of initial conditions for ε = 8, ω = 0.5, and Q = 0.8 [upper
insets of Fig. 2(b)]. The coexistence of OD and NTAD was found
earlier by a supercritical pitchfork bifurcation in conjugate coupled
oscillators16 or by subcritical pitchfork bifurcation in mean-�eld dif-
fusively coupled oscillators.48 The genesis of NTAD and the origin of
coexistence in our results are di�erent from those mentioned above.
The TB is responsible for the birth of the NTAD state. Further, the
TB happened in the parameter of the oscillator unit other than the
coupling strength. As we consider the e�ects of the ampli�er on
the dynamics of the coupled oscillators without �lter, there are two
domains [OS (cyan area II) andNTAD (green area IV)] in the param-
eter space ω vs ε for the given Q = 1.2 as presented in Fig. 2(c). The
bifurcation diagram in Fig. 2(d) shows that the coupled oscillators
transit from the unstable HSS to the symmetrical unstable IHSS via
an inverse pitchfork bifurcation (PB1), and then transit to asymmet-
rical unstable IHSS via an inverse pitchfork bifurcation (PB2), and
�nally becoming NTAD via a TB. The attribute symmetry of IHSS
derives from x∗

1 = −x∗
2 , where the two coupled oscillators stay sym-

metrically to the x axis. The symmetry is broken after PB2 and then
leads to x∗

1 6= −x∗
2 . Without the symmetrical attribution, the analyt-

ical solution of the asymmetrical IHSS cannot be �gured out. Note
that the HSSs and IHSSs are all unstable for Q ∈ (1, 2] without LPF.

IV. EFFECTS OF LPAF

As a LPAF is applied to coupled oscillators, the parameter α of
the LPF may in�uence the stabilities of HSS, IHSS, and NTAD. The
onset conditions for AD and OD are determined by the characteris-
tic eigenvalue equations obtained from the standard linear stability

analysis of the coupled oscillators at its HSS and IHSS, respectively.
A limit cycle occurs via a Hopf bifurcation. The Jacobian matrix of
the system at the �xed points z(Rm, σRm) of the coupled oscillators
Eq. (1) is

J =















C11 C12 0 0 D11 0
C21 C22 0 0 0 0
0 0 α 0 −α 0
0 0 C11 C12 0 D11

0 0 C21 C22 0 0
α 0 0 0 0 −α















, (10)

where C11 = (1 − 3(xm)2 − (ym)2 − ε), C12 = (−ω − 2xmym),
C21 = (ω − 2xmym), C22 = (1 − (xm)2 − 3(ym)2), and D11 = εQ.
Then, the characteristic equation of the system at the �xed point
z(Am, σAm) can be expressed as

(λ3 + P2λ
2 + P1λ + P0)(λ

3 + P2
′λ2 + P1

′λ + P0
′) = 0, (11)

where

P2 = −2 + 4(rm)
2 + ε + α,

P1 = 1 + α[4(rm)
2 − 2 + ε(1 − Q)] + ω2 + 3(rm)

4 − 4(rm)
2

− ε(1 − (rm)
2 − 2(ym)

2
),

(12)

P0 = α[1− 4(rm)
2 + 3(rm)

4 + ω2 − ε(1−Q)(1− (rm)
2 − 2(ym)

2
)],

P2
′ = −2 + 4(rm)

2 + ε + α,

P1
′ = 1 + α[4(rm)

2 − 2 + ε(1 + Q)] + ω2 + 3(rm)
4 − 4(rm)

2

− ε(1 − rm)
2 − 2(ym)

2
),

(13)

P0
′ = α[1− 4(rm)

2 + 3(rm)
4 +ω2 − ε(1+Q)(1− (rm)

2 − 2(ym)
2
)],

and (rm)2 = (xm)2 + (ym)2. The �xed points become stable if and
only if the maximal real part of the eigenvalues is negative. Then, the
role of the cuto� frequency α can be well understood by deriving the
important bifurcation curves from the characteristic equation (11).
Since Eq. (11) is a sixth-order polynomial and is di�cult to extract
bifurcation points from the eigenvalue analysis, we apply the tech-
nique in Ref. 60 to predict the HB points from the coe�cients of the
characteristic equation itself. The HB points of the AD states can be
derived by putting |P1P2 − P0|(xm=0,ym=0) = 0,

ωHB1 =
√

(α + ε − 1)(2α + ε − 2 − αε(1 − Q))

ε − 2
. (14)

The HB points of IHSS can be determined by using |P1P2 −
P0|zIHSS

= 0. It cannot be expressed as a function ofωHB2 but of αHB2,

αHB2 =
−BHB2 +

√

B2
HB2 − 4AHB2CHB2

2AHB2

, (15)

where AHB2 = −2 + 4(r∗)2 + ε(1 − Q),BHB2 = (−2 + 4(r∗)2 + ε

(1 − Q))(−2 + 4(r∗)2 + ε) − εQ(1 − (r∗)2 − 2(y∗)2),CHB2 = (−2
+ 4(r∗)2 + ε)(1+ω2 + 3(r∗)4 − 4(r∗)2 − ε(1− (r∗)2 − 2(y∗)2), and
(r∗)2 = (x∗)2 + (y∗)2.
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A. Effects of LPF and attenuators

We examine the e�ects of the LPF in addition to the attenuating
active component (Q ∈ [0, 1)) on the coupled dynamics in depen-
dence on the cuto� frequency α. Figures 3(a)–3(c) present the phase
diagram in the ω ∼ ε parameter space for α = 10, 3, 1, respectively.
Compared to that for α = ∞ [Fig. 2(a)], the domains of AD increase
but those of the coexistence of OD and NTAD (area IV with mixed
green and blue colors) keep constant as α decreases from ∞ to 1.
Note that the left boundary of the AD domain coincides with the
Hopf bifurcation (HB1) critical line. However, the right boundary of
the AD domain is higher than the Hopf bifurcation (HB1) lines [red
dotted lines in Figs. 3(a)–3(c)]. Moreover, the OD domains shrink by
increasing the domains of the coexistence of OD and OS states [area
Vwithmixed blue and cyan enclosed by the yellow andpurple lines in
Figs. 3(a)–3(c)] for α = 10, 3, 1. Since the colored areas are recorded
numerical results with one set of initial conditions for each parame-
ter, two colors are mixed in the coexisting area. The more dense one
color is, the large the basin of the corresponding regime is. The e�ects
of α on the dynamics are more clearly indicated by the possibility of
AD, OD, and OS (de�ned as Pst = Sst

Stol
, where st is the state of AD,

OD, or OS, Sst is the area of domain st, Stol is the area of the domain
of parameter space ε ∈ [0, 20] vsω ∈ [0, 10]) vs α shown in Fig. 3(d).
PAD increases linearly with the decrease of α, and POD decreases as α

decreases from 20 to 1. PNTAD keeps constant for all α.
To make the transition processes clearer, the bifurcation dia-

grams for ω are presented in Figs. 3(e) and 3(f) for ε = 8.0 and
α = 10, 1, respectively. We �nd that the coupled oscillators tran-
sit from AD to the OS via Hopf bifurcation (HB1) at ωHB1 = 5.323
[Eq. (14)] for α = 10. An unstable IHSS occurs via a pitchfork
bifurcation from the unstable HSS at ω = 3.661 and then becomes

stable IHSS (OD) at a reverse Hopf bifurcation (HB2) (ωHB2 =
3.486). The limit cycle generated from HB1 coexists with the stable
IHSS in the interval ofω ∈ [1.811, 3.486] and then disappears asω ≤
1.811. The coexistence of OD and NTAD keeps in the interval ofω ∈
(0, 0.8]. As α = 1, HB1 decreases to ωHB1 = 2.921 and generates an
unstable limit cyclewhich transits to a stable one atω = 2.371.Mean-
while, the former unstable HSS state becomes the stable HSS (AD)
and transits to the stable IHSS (OD) via PB at ωPB = 3.661 as shown
in Fig. 3(f). The coexistence of the stable limit cycle and theOD states
occurs in the interval ω ∈ [0.7793, 2.371]. Note that α in�uences the
transition points of HB1 and the stability of HSS, IHSS, NTAD, and
the limit cycle but has no obvious e�ects on the transition points of
PB and TB. Let us consider the e�ects of α on the basin of the coex-
isting states. Figures 4(a) and 4(b) present the basins (in x20 = y20 vs
x10 = y10) of two coexisting OD and NTAD for ε = 8, ω = 0.5, and
α = 1, 10, respectively. The increment of α slightly enlarges the basin
of the two coexisting OD and NTAD as shown in the proportion of
basins vs α in Fig. 4(c). According to the basins of the coexisting OD
and OS state in Figs. 4(d) and 4(e) and the proportion of basins vs α

in Fig. 4(f), the basins of OD enlarge as α increases from 1 to 20.

B. Effects of LPF and amplifier

Now, we consider both the e�ects of the �lter and the ampli-
fying active component (Q > 1) on the dynamics of the coupled
oscillators. With the ampli�er, the increment of α tends to shrink
the area of both AD and SOD domains in the ω ∼ ε parameter
space. The SOD domains are shrunk by increasing the domains of
the coexisting SOD and OS. However, the area of the NTAD domain
is slightly enlarged. As α is large, for example, α = 8 [shown in
Fig. 5(c)], the coupled oscillators transit from AD to OS via HB1 at

FIG. 3. (a)–(c) The phase diagram ω

vs ε of the damply (Q = 0.8) coupled
system with LPF for α = 10, 3, 1, respec-
tively. The red dashed lines are the crit-
ical lines of HB1 predicted in Eq. (14).
There are five regimes as AD (area I),
oscillation state (area II), SOD (area III),
coexistence of NTAD and SOD (area IV),
and coexistence of SOD and oscillation
state (area V). (d) The proportions of
AD (black squared dotted line), oscilla-
tion state (reversed triangle dotted line),
SOD (triangle dotted line), and NTAD (cir-
cle dotted line) domains in the parameter
spaces of ε and ω vs cutoff frequency α.
(e) and (f) Bifurcation diagram of x1 vs
ω for the given ε = 8.0 and α = 10, 1,
respectively.
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FIG. 4. (a) and (b) The basins of the
coexisting SOD (blue, III) and NTAD
(white, IV) in x10 = y10 and x20 = y20
for ε = 8,ω = 0.5, Q = 0.8, α = 1, 10,
respectively. (d) and (e) The basins of
coexisting SOD (blue, III) and oscillation
state (white, II) in x10 = y10 and x20 = y20
for ε = 8, ω = 2.0, Q = 0.8, α = 1, 10,
respectively. (c) and (f) The proportion of
SOD (blue dotted lines) vs α for ε = 8,
Q = 0.8, ω = 0.5, 2.0, respectively.

FIG. 5. (a)–(c) The phase diagrams ω

vs ε of the coupled system with the ampli-
fier (Q = 1.2) and the LPF forα = 8, 3, 1,
respectively. The red dashed lines are the
critical lines of HB1 predicted in Eq. (14).
There are seven domains as I (AD), II
(symmetrical OD), III (oscillation state),
IV (NTAD), V (coexistence of symmetri-
cal OD and oscillation state enclosed by
the orange critical lines), VI (coexistence
of oscillation state and NTAD), and VII
(coexistence of oscillation state and asym-
metrical OD). (d)–(f) The bifurcation dia-
gram of x1 vs ω for the given ε = 8.0 and
α = 8, 3, 1, respectively.
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FIG. 6. The time series of x1,2 for ε = 8.0, α = 1, Q = 1.2, and (a)ω = 0.5 (b)
ω = 1.39, (c) ω = 1.5, (d) ω = 3.0, (e) ω = 3.8, (f) ω = 6.0.

ωHB1 = 9.327 [Eq. (14)]; meanwhile, the stable HSS (AD) becomes
the unstable HSS after HB1, and then the unstable HSS transits to
an unstable IHSS via the supercritical pitchfork bifurcation (PB1) at
ωPB1 = 4.074. The unstable IHSS becomes the stable IHSS (SOD)
after HB2 where a pair of unstable limit cycles is generated
at ωHB2 = 2.658. The stable IHSS (symmetrical OD) transits to
the asymmetrical stable IHSS (asymmetrical OD) via supercriti-
cal PB2 at ωPB2 = 1.636 and then to the oscillating state via HB3,
where the asymmetrical stable IHSS becomes an unstable IHSS at
ωHB3 = 1.548. The oscillating limit cycle originated from HB1 (large
oscillation) is coexisting with the transition processes from PB2 to
HB3. As a result, the large oscillation state is �rst coexisting with
the symmetrical OD, then coexisting with the asymmetrical OD,
and �nally coexisting with the small oscillation state [in area VII
of Fig. 5(c)] as ω decreases from 3.5 to ω = 0.8 where the stable
NTAD occurs via a tangential bifurcation. The transition points of
HB3, HB2, and HB1 become ωHBi = 5.292, 3.453, 1.47 (i = 3, 2, 1)
for α = 3 and ωHBi = 3.578, 3.578, 1.4 (i = 3, 2, 1) for α = 1, respec-
tively. The decrease of α tends to decrease the transition points of
HB1 and HB3 and increase the transition point of HB2, however,

keep the transition points of PB1 and PB2 constant. Therefore, the
parameter interval of the stable IHSS coexisting with the limit cycle
(area V) shrinks as the transition point HB2 approaches the transi-
tion point PB2 for decreasing α. Furthermore, the transition points
HB1 and HB2 collide at ω = 3.578 for α = 1 and the unstable IHSS
near PB1 becomes a stable IHSS. Therefore, α in�uences not only the
stabilities of the �xed points but also the transition points of di�erent
states. Stronger �lter e�ects (smaller α) tend to enhance the stability
of both AD, symmetrical OD, and asymmetrical OD.

To con�rm the transition processes in ω, we integrated the sys-
tem equation with ε = 8, α = 1, and proper conditions (using the
fourth-order Runge-Kutta method, with the step size equal to 0.005).
Figure 6(a) shows the time traces forω = 0.5, where theNTAD states
are observed. Figures 6(b)–6(d) present the coexistence of the limit
cycle and the transitions from the symmetrical OD to the asymmetri-
cal OD and then to the symmetrical oscillation state [the oscillating
time series of two coupled oscillators are not symmetrical to each
other x1(t) 6= −x2(t) as shown in the red and black lines in Fig. 6(b)]
for ω = 1.39, 1.5, 3.0, respectively. In Fig. 6(b), we observe the two
coexisting oscillating states, (1) two oscillators synchronously oscil-
late with a large amplitude [x1(t) = x2(t)] and (2) two oscillators
oscillate asymmetrically around di�erent centers which can be two
di�erent positive or negative values. In Fig. 6(c), the asymmetrical
oscillations transit to the asymmetrical IHSS which are positive or
negative. In Fig. 6(d), the asymmetrical IHSS transits to the sym-
metrical IHSS. Figures 6(e) and 6(f) show the time traces of the
symmetrical IHSS and AD for ω = 3.8, 6, respectively, where the
large synchronous oscillation disappears. Those time traces exhibit
well the transition processes of the coupled oscillators.

Now, let us consider the e�ects of α on the basin of the coex-
isting oscillation state and the symmetrical IHSS. As an example, the
basins of OS and IHSS are recorded by letting x10 = y10 and x20 = y20
for the parametersω = 2, ε = 8,Q = 1.2, and α = 20, 1 in Figs. 7(a)
and 7(b), respectively. The basins of SOD for α = 20 are smaller to
those of SOD forα = 1. The proportion of SOD(OS) basins increases
(decreases) with the decrease of α as shown in Fig. 7(c). Therefore,
the stronger �lter e�ects tend to enlarge (shrink) the basin of SOD in
LPF-coupled oscillators with an ampli�er (attenuator).

To better understand the e�ects of the additional ampli�er
or attenuator on the coupled oscillators with strong �ltering, we
present the phase diagram of ε vs Q for the given ε = 8, α = 1, and
ω = 1, 2, 3, respectively, in Figs. 8(a)–8(c). The domains of NTAD

FIG. 7. The basins of the coexisting
symmetrical OD (blue, area II) and oscil-
lation state (cyan, area III) in x10 = y10
and x20 = y20 for ε = 8,ω = 2,
Q = 1.2, and (a) α = 20, (b) α = 1.
(c) The proportion of symmetrical OD
(blue) and oscillation state (cyan) vs the
parameter α.
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FIG. 8. The phase diagrams ofQ vsω forα = 1
and (a)ω = 1, (b)ω = 2, (c)ω = 3, respectively.
There are six domains as I (AD), II (symmetrical
OD), III (oscillation state), IV (NTAD), V (coex-
istence of symmetrical OD and oscillation state
enclosed by the orange critical lines),VI (coexis-
tence of oscillation state and NTAD).

are symmetrical toQ = 1; however, NTAD is coexisting with SOD as
the attenuator is applied to a �lter (0 < Q < 1); otherwise, NTAD is
unique dynamics as an ampli�er is applied to the �lter (1 < Q ≤ 2).
Note that the domains of the coexisting SOD and NTAD decrease
for the increase of the coe�cient of the attenuator for ω = 1. As a
comparison, the domains of the NTAD are enlarged to the increase
of the coe�cient of the ampli�er applied to the �lter (1 < Q ≤ 2)
for ω = 1. As the frequency of the oscillator is larger (ω = 2, 3), AD
domains occur and are enlarged as the coe�cient of the attenuator
Q (Q < 1) decreases. Both the domains of NTAD and those of the
coexistence of SOD and OS shrink for the increase in the coe�cient
of ampli�ers (1 < Q ≤ 2).

C. The effects of LPAF in globally coupled oscillators

The e�ects of the LPAF on the oscillation quenching dynam-
ics are not exclusive in the two coupled identical oscillators but
also in multicoupled identical oscillators. For simplicity, the globally
coupled Stuart-Landau oscillators are considered as

Żi(t) = [1 + jω − |Z1(t)|2]Z1(t) + ε(QSi − ReZi)),
(16)

Ṡi(t) = α



−Si(t) +
1

N − 1

N
∑

k=1,k 6=i

Re(Zi)



 , i = 1, 2, . . . ,N.

Without the LPAF, the coupled oscillator is the same as the
mean-�eld coupling model discussed in Ref. 62 where two coupled
oscillators may transit from complete synchronization to AD with
the increment of the coupling strength for the givenQ. Moreover, the
left critical coupling strength of AD increases with the increments of

the parameterQ ∈ (0, 1). Now, let us extend the model toN = 4 and
consider the e�ects of the LPAF. Equation (16) also has the trivial
�xed point O and the NHSS [zNHSS(R

+,R+,R+,R+)] and the sym-
metrical IHSS zIHSS(R

∗,−R∗,R∗,−R∗), where x+, y+, of R+ are the
same as those in Eq. (3), and x∗, y∗ in R∗ have the same form as those
in Eq. (2) butQ is replaced byQ′ withQ′ = Q

3
. Therefore, the bound-

aries of the existence ofzNHSS are the same as those in Eqs. (6) and (7)
and the boundaries of the existence of zIHSS are determined by the
equations with the same form as Eq. (5) whose Q is replaced by Q′

with Q′ = Q
3
.

By integrating Eq. (16) with di�erent parameters α = 8, 1, the
dynamical phase diagrams are presented in Figs. 9(a) and 9(b) for
Q = 0.8 and in Figs. 9(c) and 9(d) for Q = 1.2, respectively. As
Q = 0.8, there are six domains of di�erent dynamics regimes as
AD (area I), OD (area II), oscillation state (area III), coexistence
of NTAD, symmetrical OD, and asymmetrical OD(area IV), coex-
istence of oscillation state and symmetrical OD (area V), coexistence
of asymmetrical OD, symmetrical OD, and oscillation state (area VI).
The bifurcation diagrams of x1 vs ω for ε = 10 [Figs. 9(a) and 9(b)]
exhibit the transition processes clearly. Asω decreases from6 to 0, the
globally coupled oscillators transit from AD to OS via Hopf bifurca-
tion, where the original �xed point O loses its stability and transits
to SOD via pitchfork bifurcation (PB1). Note that three pairs of IHSS
are born via pitchfork bifurcation (PB1) with one pair being stable
and the other two pairs unstable. The unstable two pairs of IHSS
become stable as they meet the new unstable symmetrical IHSS gen-
erated from another pitchfork bifurcation (PB2) which leads to the
asymmetrical OD. The �xed points of the asymmetrical OD can be
expressed as zIHSS(R

∗
1 ,R

∗
1 ,R

∗
1 ,R

∗
2), where R

∗
1 = (±x∗

1 ,±y∗
1 ,±x∗

1) and
R∗
2 = (±x∗

2 ,±y∗
2 ,±x∗

2), and x∗
1 , x

∗
2 , y

∗
1 , y

∗
2 are determined by Eq. (17),
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

























































2ωx∗
1 = y∗

1

(√

ε2 − 4ω2 + 4ωεQ
(2x∗

1 + x∗
2)/3

y∗
1

− ε

)

,

2ωx∗
2 = y∗

2(
√

ε2 − 4ω2 + 4ωεQx∗
1/y

∗
2 − ε),

2ε(y∗
2)

2 + Q2(x∗
1)

2 =
(

1 +
ωQx∗

1

y∗
2

)

(

ε +

√

ε2 − 4ω

(

ω −
εQx∗

1

y∗
2

)

)

+
2ωQx∗

1

y∗
1

− 2ω2,

2ε(y∗
1)

2 + Q2((2x∗
1 + x∗

2)/3)
2 =

(

1 +
ωQ(2x∗

1 + x∗
2)/3

y∗
1

)

(

ε +

√

ε2 − 4ω

(

ω −
εQ(2x∗

1 + x∗
2)/3

y∗
1

)

)

+
2ωQ(2x∗

1 + x∗
2)/3)

y∗
1

− 2ω2.

(17)

NTAD is generated by the TB and coexists with the symmetrical
OD and the asymmetrical OD as ω is less than ωTB = ε(1−Q)

2
. As the

cuto� frequency α decreases to 1, the domains of AD expand while
those of the symmetrical OD shrink with the increment of domains
of the coexistence of the symmetrical OD and the oscillation state
as shown in Fig. 9(b). Moreover, the Hopf bifurcation points is less
than the pitchfork bifurcation points (PB1), and the oscillation state
is coexisting with the symmetrical OD and the asymmetrical OD.

As Q = 1.2, there are �ve domains of di�erent dynamics regimes
as AD (area I), oscillation state (area III), NTAD (area IV), and
coexistence of symmetrical OD and oscillation state (area V), coexis-
tence of oscillation state and NTAD (area VI) as shown in Figs. 9(c)
and 9(d), respectively. The decreasing cuto� frequency α also tends
to enlarge AD domains by shrinking the oscillation state domains.
There are also asymmetrical OD generated by the pitchfork bifurca-
tion (PB2) as in two coupled oscillators. Note that the oscillation state

FIG. 9. The phase diagram ω vs ε of the globally coupled system with LPF for N = 4,α = 8, 1. (a) and (b) Q = 0.8, there are six domains as I (AD), II (symmetrical OD),
III (oscillation state), IV (coexistence of NTAD symmetrical OD and asymmetrical OD), V (coexistence of oscillation state and symmetrical OD), VI (coexistence of oscillation
state, symmetrical OD, and asymmetrical OD), (c) and (d) Q = 1.2, there are five domains as I (AD), III (oscillation state), IV (NTAD), V (coexistence of symmetrical OD
and oscillation state), and VI (coexistence of NTAD and oscillation state). (e) and (f) The bifurcation diagram of x1 vs ω for ε = 10 with parameters corresponding to (a)–(d)
accordingly.
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is coexisting with NTAD when ε is large, for example, α = 1, ε = 18
as shown in area VI in Fig. 9(d).

V. DISCUSSION AND CONCLUSION

We have explored the e�ects of LPF followed by an active com-
ponent (ampli�ers or attenuators) on the dynamics of di�usively
coupled oscillators. Without the LPF, the active component of LPAF
tends to enlarge the domain of AD and NTAD, but to shrink that of
the symmetricalODand the oscillation state as it is an attenuatorwith
Q decreasing from 1 to 0. Moreover, the coupled oscillators exhibit
rich transition processes from AD to symmetrical OD and then to
the coexistence of NTAD and the symmetrical OD. However, if the
active component is set to be an ampli�er, both AD and symmetri-
cal OD disappear, while the oscillation state and NTAD dominate in
the coupled oscillators. The competition between the LPF and the
active component plays an important role in the emerging regimes
of the coupled oscillators. With the attenuating active component,
the stronger �lter e�ects tend to enlarge the AD domain and shrink
the symmetrical OD domain by increasing the domain of the coex-
istence of the symmetrical OD and the oscillation state. In contrast,
stronger LPF e�ects enlarge both the domain of AD and symmet-
rical OD by stabilizing the formerly unstable HSS and IHSS for the
amplifying active component. The e�ects of the �lter here are dif-
ferent from those in time-delay coupled oscillators,55 where stronger
�lter e�ects tend to revoke AD and symmetrical OD. Moreover, our
results are realized by �ltering signals from the other oscillators; in
contrast, the �lter in Ref. 58 plays a role of self-�ltering e�ects and
may lead to a transition from the homogeneous limit cycle to the
inhomogeneous limit cycle.

The LPF in�uences not only the stability of the �xed points
but also the HB point which leads to rich transition processes from
AD to symmetrical OD, asymmetrical OD, symmetrical oscillation
state, and �nally to NTAD due to the amplifying active component.
There are two cascades of supercritical pitchfork bifurcations which
are corresponding to the AD-symmetrical OD and the symmetrical
OD-asymmetrical OD transition. To the best of our knowledge, the
cascade transition processes from the symmetrical OD via the asym-
metrical OD to symmetrical oscillation state, which is coexisting
with a synchronous oscillation state, are new in di�usively coupled
oscillators. Note that the bifurcation parameter here is the natural
frequency (ω) of the coupled unit, and the �nal regimes of the cou-
pled oscillators are determined by the local parameter of the coupled
unit and the parameter of the LPAF in the coupling term. In con-
trast, the typical coupling-induced multistability in synthetic genetic
networks, e.g., inherent multistability in arrays of autoinducer cou-
pled genetic populations,65 is determined by the coupling-induced
symmetrical break. The symmetrical OD-asymmetrical OD transi-
tion was reported as a kind of secondary OD in the parameter space
of the coupling strength ε of coupled identical oscillators.63

Moreover, the NTAD here is originated from a tangential bifur-
cation which is di�erent with NTAD in Ref. 21, where NTAD is
created by a subcritical pitchfork bifurcation inmean-�eld di�usively
coupled oscillators. Since the NTAD is sensitive to the parame-
ter mismatches, the observation of NTAD is subtle in natural and
experimental systems as such a parameter mismatch is inevitable in

practical coupled oscillators. The coexistence of NTAD and symmet-
rical OD in coupled oscillators with LPAF followed by an attenuating
active component can be controlled to the NTAD state by tuning the
active component from attenuation to ampli�cation.

Besides determining the stability of the �xed points, the LPAF
also controls the basins of two coexisting states. The stronger �lter
e�ects enlarge (or shrink) the basins of symmetrical OD in LPAF
with the active component being an ampli�er (or attenuator). The
existence of di�erent coexisting dynamical regimes in a genetic unit
improves the adaptability of the system, since if one of the regimes
becomes unpro�table for cell functioning, the genetic unit can easily
switch to some of the other coexisting regimes available. There-
fore, LPAF is a promising candidate circuit to e�ciently control the
adaptability of the genetic systems.

This study can be extended to other limit cycles and chaotic
oscillators, and we believe that this will improve our understand-
ing of various �lter-based di�usively coupled biological and engi-
neering systems.64 In natural systems, the di�usion of autoinducer
molecules between the cell membranes in the genetic regulatory net-
works is commonly governed by a quorum sensing with a dynamical
evolution quite similar to the LPF coupling.66 The control of AD
based on the LPF was recently realized in electrochemical oscilla-
tors experimentally.67 Since the cuto� frequency of the LPAF may
change and even eliminate the basins of two coexisting states, the
results presented here may be helpful to understand and control the
multistability of such coupled systems.
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