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This paper aims to report two novel bursting patterns, the turnover-of-pitchfork-hysteresis-induced

bursting and the compound pitchfork-hysteresis bursting, demonstrated for the Duffing system with

multiple-frequency parametric excitations. Typically, a hysteresis behavior between the origin and

non-zero equilibria of the fast subsystem can be observed due to delayed pitchfork bifurcation.

Based on numerical analysis, we show that the stable equilibrium branches, related to the non-zero

equilibria resulted from the pitchfork bifurcation, may become the ones with twists and turns.

Then, the novel bursting pattern turnover-of-pitchfork-hysteresis-induced bursting is revealed

accordingly. In particular, we show that additional pitchfork bifurcation points may appear in the

fast subsystem under certain parameter conditions. This creates multiple delay-induced hysteresis

behavior and helps us to reveal the other novel bursting pattern, the compound pitchfork-hysteresis

bursting. Besides, effects of parameters on the bursting patterns are studied to explore the relation

of these two novel bursting patterns. Published by AIP Publishing.
https://doi.org/10.1063/1.5012519

Bursting oscillations are complex dynamical behaviors,

characterized by large amplitude oscillations (LAOs)

that alternate with small amplitude oscillations. Such

oscillations are ubiquitous in multi-time-scale systems,

i.e., dynamical systems whose variables evolve over

several different time scales, frequently encountered in

physics, chemistry, physiology, and other fields. Pitchfork-

bifurcation-delay-induced hysteresis is one of the common

routes to bursting. The resulting bursting pattern, however,

often shows a simple dynamical behavior. The present

paper focuses on interesting and relatively complicated

bursting dynamics related to pitchfork-bifurcation-delay-

induced hysteresis. As a result, two novel bursting patterns

are revealed. We show that, under the action of multiple-

frequency slow parametric excitations, pitchfork-bifurca-

tion-delay-induced hysteresis may exhibit evolution modes

with complex dynamical characteristics and, in particular,

two interesting evolution modes of the hysteresis are

explored. Based on this, we reveal by numerical analysis

dynamical mechanisms of the two novel bursting patterns,

analyze their respective dynamical characteristics, and

explore relations between them.

I. INTRODUCTION

We consider the Duffing equation with multiple-

frequency slow parametric excitations, given by

€x þ d _x � b1 cosðx1tÞ þ b2 cosðx2tÞ½ �xþ x3 ¼ 0; (1)

where d ðd > 0Þ is the damping and b1 cosðx1tÞ and

b2 cosðx2tÞ are the slow parametric excitations. Here, we

assume that the modulation frequencies x1;2 (x1;2 � 1) are

small enough so that there is a gap between the natural fre-

quency of the system and the frequencies of excitations.

Then, from the viewpoint of fast-slow dynamics, system (1)

becomes the one with fast-slow characteristics.

When a system exhibits fast-slow characteristics, burst-

ing may be created. Bursting is a typical representative of

complex, fast-slow dynamical behavior and is frequently

observed in various fields, such as biochemical reaction sys-

tems,1,2 population dynamics,3 nonlinear circuits,4 and, in

particular, in neuroscience where it plays an important role

in information processing.5–7 From a mathematical point of

view, lots of bursting patterns are typically associated with

the coexistence of different attractors.8 Besides, bursting is

also linked to canard phenomena,9 singular Hopf bifurca-

tions,10 chaos crises,11 speed escape of attractors,12 and other

dynamical mechanisms.1,7,13,14

Recently, bursting dynamics in systems with slow exci-

tations has received much attention, leading to important

results, such as the excitation amplitude and excitation fre-

quency have been identified as two important factors affect-

ing the properties of bursting.15 In particular, the slow

excitation (either parametric16 or external17) can be inter-

preted as a slow variable, and based on this, a transformed

phase diagram is obtained and applied to revealing dynami-

cal mechanisms of bursting.18 Besides, it is an interesting

topic when more than one slow excitation is involved. For

this case, the slow excitations may form a closed path in the

plane/space of unfolding parameters, and in particular, burst-

ing may be generated when the path passes through differenta)Electronic mail: xjhan@mail.ujs.edu.cn
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areas where different attractors exist. Based on this, different

bursting patterns and their classification have been investi-

gated systematically and thoroughly, especially to mention

Golubitsky et al.,19 Osinga et al.,20 and Saggio et al.21 It has

also been shown that systems with two slow excitations can

be transformed into one with a single slow variable under

certain conditions, and bursting can then be understood by

studying the transformed fast-slow system.22 Based on this,

an interesting route to bursting, namely, the turnover of an S-

shaped hysteresis curve related to fold bifurcations, has been

recently revealed.23

In the absence of b2 cosðx2tÞ, system (1) becomes one

with a single slow excitation. It has been shown that pitch-

fork bifurcation delay may exhibit due to a slow passage

through a supercritical pitchfork bifurcation point.24,25 In

this case, the trajectory continues to follow the origin for

some time, although it has become unstable. Then, a cata-

strophic transition from the unstable origin to the stable non-

zero equilibria takes place when the delay terminates (e.g.,

see Fig. 1). In fact, such delay behavior leads to a hysteresis

between the unstable origin and the stable none-zero equilib-

ria and has been identified as playing a decisive role in

the generation of pitchfork-hysteresis bursting.26 Pitchfork-

hysteresis bursting is a bursting pattern of point-point type,

which often shows simple dynamical behaviors. In this

paper, we focus on the influence of the additional excitation

b2 cosðx2tÞ on the pitchfork-hysteresis bursting. We show

that, under the effects of b2 cosðx2tÞ, pitchfork-bifurcation-

delay-induced hysteresis behaviors in system (1) may exhibit

interesting dynamical characteristics which are quite differ-

ent from those of the same system with a single slow excita-

tion. Interesting and relatively complex bursting dynamics in

system (1) is investigated, and as a result, two novel routes

to bursting are revealed.

The rest of this paper is organized as follows: In Sec. II,

two novel bursting patterns, i.e., the turnover-of-pitchfork-

hysteresis-induced bursting and the compound pitchfork-

hysteresis bursting, are presented. Next, we investigate via

intensive numerical analysis dynamical mechanisms of both

bursting patterns in Secs. III and IV, respectively, where some

important characteristics of the bursting patterns are also ana-

lyzed. Then, in Sec. V, we consider effects of parameters on

the bursting and explore the transitions between the two novel

bursting patterns. Finally, in Sec. VI, we conclude the paper.

II. TWO NOVEL BURSTING PATTERNS

In this section, we explore novel bursting dynamics of

the Duffing system (1). Here, we focus on the influence of

b2 cosðx2tÞ on the bursting in Fig. 1. The two resultant burst-

ing patterns, as typical representations of novel bursting

dynamics of the system, will be shown.

We start by analyzing bursting in system (1) for the case

when x2 ¼ x1 ¼ OðeÞ where e� 1. Obviously, system (1)

then becomes one with a single slow excitation whose ampli-

tude is b1 þ b2; thus, bursting represented by the one shown

in Fig. 1(a) is obtained. We see that the bursting shows a

fast-slow characteristic, characterized by slow asymptotic

behaviors and pitchfork-bifurcation-delay-induced cata-

strophic transitions from the unstable origin to the non-zero

equilibrium point attractors [e.g., see Fig. 1(b)].

When x2 6¼ x1, however, the case becomes quite differ-

ent. Interesting dynamical characteristics may appear in the

bursting for this case, and even novel bursting patterns are

created. Figure 2 shows a group of bursting patterns in

FIG. 1. Pitchfork-hysteresis bursting of point-point type induced by a

delayed pitchfork bifurcation in the system €x þ d _x � ½b1 cosðx1tÞ�xþ x3

¼ 0, where d ¼ 0:5; b1 ¼ 2, and x1 ¼ 0:01 (a), and fast-slow analysis of

the pitchfork-hysteresis bursting (b). Here the slow variable is b1 cosðx1tÞ.
The bifurcation diagram is obtained based on the fast subsystem €x þ d _x
�cxþ x3 ¼ 0, where c is the control parameter. At the critical value

cPB ¼ 0, a supercritical pitchfork bifurcation PB takes place.

FIG. 2. Turnover-of-pitchfork-hysteresis-induced bursting patterns in sys-

tem (1) for (a) x2 ¼ 0:05, (b) x2 ¼ 0:1, and (c) x2 ¼ 0:2. Other parameters

are fixed at d ¼ 0:5; b1 ¼ 1; x1 ¼ 0:01, and b2 ¼ 0:5. The function

cosðx1tÞ is superimposed to clearly show that xB ¼ x1.
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system (1) with increasing values of x2 for d ¼ 0:5; b1 ¼ 1;
x1 ¼ 0:01, and b2 ¼ 0:5. It is seen that the bursting exhibits

large-amplitude oscillations (LAOs), the active phase of

bursting, which alternate with small-amplitude oscillations,

the rest phase of bursting. In fact, such transitions between

active and rest phases are also observed in the bursting pat-

tern shown in Fig. 1(a). However, the bursting patterns in

Fig. 2 exhibit some characteristics which are quite different

from those of in Fig. 1(a), i.e., more LAOs than one are gen-

erated in each period of the bursting. In particular, increasing

numbers of LAOs are observed in the active phase of burst-

ing as the frequency x2 increases. Two important problems

then arise naturally: One is what is the dynamical mechanism

underlying the appearance of increasing numbers of LAOs,

and the other is how to calculate the frequency of LAOs.

These two problems are interrelated, and they will be investi-

gated in Sec. III.

Besides the bursting in Fig. 2, another group of inter-

esting bursting is observed in system (1). Some examples

of the bursting with increasing values of x2 are shown in

Fig. 3, where b2 ¼ 3 and other parameters are the same as

those in Fig. 2. An increasing number of active and rest

phases are generated in each period of the bursting; how-

ever, the number of LAOs in each active phase remains

unchanged. These characteristics are novel and quite dif-

ferent compared to those of the bursting patterns in Figs. 1

and 2. Dynamical mechanisms of these bursting patterns

will be investigated in Sec. IV, where some important

dynamical characteristics of the bursting will also be

explored.

III. TURNOVER-OF-PITCHFORK-HYSTERESIS-
INDUCED BURSTING

In this section, we explore the first novel bursting pat-

tern, i.e., the bursting shown in Fig. 2, called “turnover-of-

pitchfork-hysteresis-induced bursting.” It will be found to be

linked to the fact that the stable non-zero equilibrium

branches bifurcated from the pitchfork bifurcation point may

become winding and tortuous.

A. Dynamical mechanism of bursting

As we have noted, the parametric excitations vary

slowly, and there is a gap between the natural frequency of

the Duffing system and the frequencies of excitations.

Therefore, system (1) is in fact a fast-slow system with two

slow variables (i.e., the slow excitations), which can be

transformed into one with a single slow variable according

to the method recently developed in Ref. 22. Then, bursting

observed in system (1) can be understood by the classical

fast subsystem analysis of the transformed fast-slow system.

Moreover, the transformed fast-slow system can be obtained

according to the relation between the frequencies of the para-

metric excitations.

Note that the frequency x2 is an integer multiple of the

frequency x1 (Fig. 2). Therefore, we obtain the transformed

fast-slow system

€x þ d _x � b1gðtÞ þ b2f �n ðgðtÞÞ
� �

xþ x3 ¼ 0; (2)

where gðtÞ ¼ cosðx1tÞ is the only slow variable of the sys-

tem, and f �n ðxÞ resulted from cosðx2tÞ ¼ f �n ðcosðx1tÞÞ is the

polynomial function

f �n ðxÞ ¼ C0
nxn � C2

nxn�2ð1� x2Þ þ C4
nxn�4ð1� x2Þ2 � � � �

þimCm
n xn�mð1� x2Þ

m
2 ; (3)

in which m ðm � nÞ is the maximum even number not larger

than n. Freezing the slow variable g(t) in system (2) leads to

the fast subsystem, given by

€x þ d _x � b1cþ b2 f �n ðcÞ
� �

xþ x3 ¼ 0; (4)

where c is the control parameter.

We now investigate dynamical mechanisms leading to

the bursting patterns. We consider the bursting shown in Fig.

2(a). Note that x2 ¼ 5x1 ¼ 0:05, so we have the slow vari-

able gðtÞ ¼ cosð0:01tÞ and the fast subsystem €x þ d _x � ½b1c
þb2 f �5 ðcÞ�xþ x3 ¼ 0, where c is the control parameter.

Here, d and b1;2 are the same as those in Fig. 2. This fast sub-

system exhibits a pitchfork bifurcation, giving rise to two

stable branches of non-zero equilibria. Interestingly, both of

the non-zero branches now become the ones with twists and

turns, characterized by two extreme points appearing on

each of the non-zero branches [see Fig. 4(a)]. Compared to

the bursting pattern in Fig. 1(a), additional LAOs in the

active phase are thus created [see Figs. 2(a) and 4(b)].

Furthermore, we find that an increasing number of

extreme points are created on the stable branches of non-

zero equilibria if we increase the frequency x2 (x1 remains

unchanged). For example, when x2 ¼ 0:1, four extreme

points are observed on each of the non-zero branches [Fig.

4(c)]; when x2 ¼ 0:2, six extreme points are observed on

each of the non-zero branches [Fig. 4(e)]. This explains why

there are an increasing number of LAOs observed in the

active phase of bursting as the frequency x2 increases [Figs.

2, 4(b), 4(d), and 4(f)].

In our recent paper,23 we showed that the stable upper

and lower branches of equilibrium points, related to an S-

shaped equilibrium hysteresis curve with two fold bifurcation

FIG. 3. Compound pitchfork-hysteresis bursting patterns in system (1) for

(a) x2 ¼ 0:02, (b) x2 ¼ 0:03, and (c) x2 ¼ 0:04. The parameters d, b1 and

x1 are the same as those in Fig. 2, and b2 is fixed at b2 ¼ 3. The red rectan-

gles indicate one period of the bursting.
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points, may rise and fall, which gives rise to extreme points

appearing on the stable branches of the equilibrium

points, and a bursting pattern, i.e., the so-called turnover-of-

hysteresis-induced bursting related to fold bifurcations, is cre-

ated. As we have seen, the turnover-of-hysteresis phenomena

of stable equilibrium branches reported here, however, are

related to a different bifurcation type, i.e., the pitchfork bifur-

cation. Considering the bifurcation type involved, we refer

to the bursting patterns in Fig. 2 as “turnover-of-pitchfork-

hysteresis-induced bursting.”

We close this subsection by pointing out that, with fur-

ther increase in the frequency x2, unusual impulsive phe-

nomena are observed at the end of the active phase of

bursting [Figs. 5(a) and 5(b)]. Our numerical results further

show that, near the pitchfork bifurcation point, the non-zero

equilibrium branches may become steep [Fig. 5(c)], i.e., the

supercritical pitchfork bifurcation, a kind of soft bifurcation,

now exhibits some characteristics similar to those of hard

bifurcations. Therefore, a sharp transition from the non-zero

equilibria to the origin is created. It is clear that the impul-

sive phenomena observed in bursting patterns seem to be

related to such a sharp transition [Fig. 5(c)]. However, how

large the frequency x2 is allowed to be to observe bursting

showing impulsive phenomena is hazy and needs further

investigation.

B. Frequency of LAOs

In what follows, we analyze frequency properties of the

turnover-of-pitchfork-hysteresis-induced bursting. As we

have seen in Fig. 2, two frequency components are observed

in each bursting pattern. One is the frequency of the LAOs

(denoted by xL), and the other is the frequency of the burst-

ing (denoted by xB). The fast-slow analysis in Fig. 4 clearly

shows that bursting has the same frequency as that of the

slow variable gðtÞ ¼ cosðx1tÞ, i.e., xB ¼ x1 (see Fig. 2). So,

here we focus on the frequency xL.

As we analyzed in Ref. 27, here we adopt the idea of

using bifurcation analysis of the fast subsystem to explore xL

by considering the two parametric excitations as a whole.19

From this point of view, it means that system (1) can then be

considered as a fast-slow system with a single slow variable.

However, the slow variable g(t) for this case is a complex

one, i.e., gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ, which exhibits a

complex control mode for the fast subsystem

€x þ d _x � cxþ x3 ¼ 0; (5)

where c ¼ gðtÞ is the control parameter. When g(t) increases

through the pitchfork bifurcation point cPB ¼ 0, a similar

pitchfork bifurcation delay behavior may be created. The ter-

mination of bifurcation delay leads to a sharp transition to

one of the stable non-zero equilibria (say, the upper equilib-

rium Eu) [see Fig. 6(a)]. Then an evolution, related to the

bursting trajectory which traces Eu, takes place. As shown in

Fig. 6(a), this evolution can be divided into two parts: one is

the part from A to B and the other is from B to PB.

Here, we take the part from B to PB as an example to

show that xL ¼ x2. Note that x2 ¼ nx1 and b2 is relatively

small compared to b1. Therefore, the presence of b2 cosðx2tÞ
leads the slow variable g(t) to fluctuate narrowly around

b1 cosðx1tÞ (see Fig. 7). That is, during the evolution part

from B to PB, g(t) alternates between decreases and increases.

Then, the traced attractor Eu shows values alternating between

decreases and increases accordingly. As a result, the bursting

trajectory exhibits amplitude-modulated oscillations during

the evolution part from B to PB [see Fig. 6(b)]. Based on

the above analysis, we see that the amplitude-modulated

FIG. 4. Fast-slow analysis of the bursting patterns in Fig. 2. The numerical simulations shown in (a) and (b), (c) and (d), and (e) and (f) are related to the burst-

ing in Figs. 2(a), 2(b), and 2(c), respectively. The related fast subsystems are €x þ d _x � ½b1cþ b2f �n ðcÞ�xþ x3 ¼ 0, where n ¼ 5; 10; and 20, respectively, c is

the control parameter, and the other parameters are the same as those in Fig. 2. The slow variable is gðtÞ ¼ cosð0:01tÞ. The red stars indicate extreme points of

the non-zero branches.
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oscillations (i.e., the LAOs) have the same frequency as those

of the transitions between decreases and increases that g(t)
exhibits. On the other hand, note that such transitions are

decided by the additional excitation b2 cosðx2tÞ, and there-

fore, one may conclude that LAOs and b2 cosðx2tÞ have the

same oscillation frequency, i.e., xL ¼ x2 (e.g., see Fig. 8).

IV. COMPOUND PITCHFORK-HYSTERESIS BURSTING

In this section, we consider the second novel bursting

pattern in Fig. 3. We first explore the dynamical mechanisms

of the bursting. We will show that this bursting pattern,

which we call compound pitchfork-hysteresis bursting, is a

kind of complex bursting, because it is made up of several

pitchfork-hysteresis bursting sequentially. Afterwards, the

number of simple bursting patterns, related to the number of

LAOs, in each period of the compound bursting will be

explored.

A. Dynamical mechanism of bursting

We analyze the bursting shown in Fig. 3(a). Note that

x1 ¼ 0:01 and x2 ¼ 0:02, so, by using the method analyzed

in Subsection III A, we get the slow variable gðtÞ ¼ cosð0:01tÞ
and the fast subsystem €x þ d _x � ½b1cþ b2f �2 ðcÞ�xþ x3 ¼ 0,

where c ¼ gðtÞ ¼ cosð0:01tÞ is the control parameter. As

shown in Fig. 9(a), the bifurcation diagram of this fast subsys-

tem exhibits two pitchfork bifurcation points within the param-

eter interval c 2 ½�1; 1�. Then, we overlay the bifurcation

diagram with the transformed phase diagram of the bursting.

We see that, when the slow variable is “switched on,” the two

pitchfork bifurcation points lead to two pitchfork-hysteresis

bursting patterns, which are connected by the rest phase of

each pitchfork-hysteresis bursting [Fig. 9(b)]. Therefore, a

complex bursting pattern, consisting of two simple bursting

patterns of pitchfork-hysteresis type in each period, is created

[see Fig. 3(a)].

Next, we consider the bursting in Fig. 3(b). Because of

x1 ¼ 0:01 and x2 ¼ 0:03, we have the fast subsystem

FIG. 7. (Schematic diagram) The slow variable g(t) fluctuates narrowly

around b1 cosðx1tÞ because the additional excitation b2 cosðx2tÞ has a

relatively small amplitude and a relatively high frequency. Dashed line:

pitchfork bifurcation (cPB ¼ 0), bistable area: non-zero equilibrium point

attractors, monostable area: stable origin.

FIG. 5. Turnover-of-pitchfork-hysteresis-induced bursting patterns (a) and

(b) and fast-slow analysis of the bursting (c). (a) x2 ¼ 0:3; (b) x2 ¼ 0:4.

The other parameters in (a) and (b) are the same as those in Fig. 2. (c)

Fast-slow analysis of the bursting in (a). Here, the slow variable is

gðtÞ ¼ cosð0:01tÞ, and the fast subsystem is €x þ d _x � ½b1cþ b2f �30ðcÞ�xþ x3

¼ 0, where c is the control parameter and other parameters are the same as

those in (a). The red circles give a clear view of the impulsive phenomena.

FIG. 6. (Schematic diagrams) Evolution of the bursting for x2 ¼ nx1 where n
is a positive integer (a) and its fragment which is from B to PB (b). Here, A is

the point where the evolution related to tracing the stable upper branch starts,

B is the maximum of the slow variable gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ, and

PB is a pitchfork bifurcation point of the fast subsystem (5).
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€x þ d _x � ½b1cþ b2f �3 ðcÞ�xþ x3 ¼ 0. Then, an additional

pitchfork bifurcation point is created, and in all, three pitch-

fork bifurcation points are observed within c 2 ½�1; 1� [Fig.

9(c)]. This thus leads to a complex bursting pattern, contain-

ing three simple bursting patterns of pitchfork-hysteresis

type [Figs. 9(d) and 3(b)].

For the bursting in Fig. 3(c), it is easy to check that the

associated fast subsystem is €x þ d _x � ½b1cþ b2f �4 ðcÞ�xþ x3

¼ 0, where c ¼ cosð0:01tÞ is the control parameter. For this

case, as shown in Fig. 9(e), four pitchfork bifurcation points

can be observed within c 2 ½�1; 1�, and therein lies the

generation of four simple bursting patterns of pitchfork-

hysteresis type in each period of the complex bursting [see

Figs. 9(f) and 3(c)].

Delayed pitchfork bifurcation is one of the most common

bifurcations in relation to bursting. It may lead to a fast transi-

tion from an unstable equilibrium to various attractors, which

can be equilibria, periodic orbits, or chaos. Accordingly, dif-

ferent types of bursting can therefore be created, e.g., bursting

of point-point type,19,28 bursting of point-cycle type,29,30 and

bursting of point-chaos type.31,32 The bursting patterns shown

in Fig. 3 are, of course, of point-point type, because they result

from transitions among equilibria of the system. However, the

bursting patterns reported here show some compound dynami-

cal characteristics, which are quite different from those

reported in previous works, i.e., each of the bursting is

composed of several simple bursting patterns of pitchfork-

hysteresis type. Considering the compound dynamical charac-

teristics, the bursting patterns in Fig. 3 are called “compound

pitchfork-hysteresis bursting.”

B. Numbers of LAOs

We have demonstrated that simple pitchfork-hysteresis

bursting patterns are observed in each period of the com-

pound pitchfork-hysteresis bursting. In this subsection, the

method used in Subsection III B is applied to analyzing the

number of pitchfork-hysteresis bursting patterns in the com-

pound bursting, and this in fact is related to the number of

LAOs observed in each period of the compound bursting.

By considering the slow excitations as a whole, we obtain

the slow variable gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ and the

fast subsystem (5). Note that the relation x2 ¼ nx1 remains

unchanged. So, one cycle of b1 cosðx1tÞ means n cycles of

b2 cosðx2tÞ, which further indicates that b2 cosðx2tÞ will

increase through cPB n times during each period of b1 cosðx1tÞ.
Besides, as shown in Fig. 3, compared to the amplitude b1, the

amplitude b2 is so large that the slow variable g(t) may inherit

the properties from b2 cosðx2tÞ, i.e., the slow variable g(t) also

increases through cPB n times during one period of b1 cosðx1tÞ
(Fig. 10). In particular, an increase through cPB that g(t) exhibits

may lead to a pitchfork-hysteresis bursting pattern, and there-

fore, n pitchfork-hysteresis bursting patterns are observed in the

compound bursting. Besides, note that each pitchfork-hysteresis

bursting means one oscillation with a large amplitude. So, n
LAOs are observed in each period of the compound bursting

for the case when x2 is an integer multiple of x1.

Some examples of the compound bursting related to the

above analysis can be found in Fig. 3. For example, when

FIG. 9. Fast-slow analysis of the bursting patterns in Fig. 3. The simulations shown in (a) and (b), (c) and (d), and (e) and (f) are related to the bursting in Figs.

3(a), 3(b), and 3(c), respectively. The fast subsystems are €x þ d _x � ½b1cþ b2f �n ðcÞ�xþ x3 ¼ 0, where d ¼ 0:5; b1 ¼ 1; b2 ¼ 3, c is the control parameter, and

n ¼ 2; 3, and 4, respectively; the slow variable is gðtÞ ¼ cosð0:01tÞ.

FIG. 8. Superposition of the turnover-of-pitchfork-hysteresis-induced bursting

and the excitation b2 cosðx2tÞ gives a clear view that xL ¼ x2. The parame-

ters in (a) and (b) are the same as those in Figs. 2(a) and 2(b), respectively.
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x2 ¼ 2x1, two LAOs are observed in each period of the

compound bursting [see Fig. 3(a)]; when x2 ¼ 3x1 and 4x1,

respectively, three and four LAOs are generated in each

period of the compound bursting, respectively [see Figs. 3(b)

and 3(c)]. With further increase in n, an increasing number

of LAOs are expected. Figure 11 shows the cases when

x2 ¼ 5x1 and 10x1, respectively. We indeed find there that

five and ten LAOs are observed in each period of the com-

pound bursting, respectively, which further confirms the

validity of the above analysis.

V. RELATION BETWEEN THE NOVEL BURSTING
PATTERNS

We have demonstrated that varying the excitation fre-

quencies may lead to quantitative changes of the novel burst-

ing patterns. In this section, we focus on the effects of

parameters on the bursting, and explore the relation between

both novel bursting patterns.

To begin with, we consider effects of the parameter d
on the bursting. It is easy to check that the stabilities of the

equilibrium branches of the fast subsystem €x þ d _x � ½b1c
þb2f �n ðcÞ�xþ x3 ¼ 0; where c is the control parameter, are

independent of d. Moreover, the stable equilibrium branches

can be nodes or focuses, which rely on d. Therefore, differ-

ent values of d may lead to similarly shaped bursting patterns

with the same dynamical mechanism, i.e., the turnover-of-

pitchfork-hysteresis-induced bursting. Similarly, we find that

the result is also true for the compound pitchfork-hysteresis

bursting. Therefore, varying d will not lead to qualitative

changes of the two novel bursting patterns.

However, it may be quite different if we vary the excita-

tion amplitudes. As we have pointed out in Subsection IV B,

the compound pitchfork-hysteresis bursting, consisting of n
pitchfork-hysteresis bursting patterns, is created due to the

fact that the slow variable gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ
(here x2 ¼ nx1) is able to inherit the properties from

b2 cosðx2tÞ, and this relies on the values of the amplitudes

b1;2, i.e., such a regime may be destroyed if the amplitudes

vary. Therefore, the excitation amplitudes have strong

effects on the bursting behaviors.

Here, we take the compound bursting shown in Fig.

11(a) as a typical example to explore qualitative changes of

the bursting as the amplitude b2 varies. Figure 12 shows a

fast-slow analysis of the compound pitchfork-hysteresis

bursting in Fig. 11(a). It is seen that the generation of this

compound bursting is related to the five pitchfork bifurcation

points within the parameter interval c 2 ½�1; 1�. In order to

detect qualitative changes in the bursting behavior, a two

parameter bifurcation set of the fast subsystem €x þ d _x
�½b1cþ b2f �5 ðcÞ�xþ x3 ¼ 0 with respect to the slow variable

FIG. 11. Compound pitchfork-hysteresis bursting in system (1) for (a)

x2 ¼ 0:05 and (b) x2 ¼ 0:1. Other parameters are the same as those in Fig.

3. The red numbers 5 and 10 indicate the number of LAOs in each period of

the compound bursting.

FIG. 12. Fast-slow analysis of the compound pitchfork-hysteresis bursting

in Fig. 11(a). The bifurcation diagram is obtained based on the fast subsys-

tem €x þ d _x � ½b1cþ b2f �5 ðcÞ�xþ x3 ¼ 0, where c is the control parameter,

and the other parameters are the same as those in Fig. 11(a). The slow vari-

able is gðtÞ ¼ cosð0:01tÞ.

FIG. 10. Evolutions of b1 cosðx1tÞ and gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ
when x2 ¼ nx1 for (a) n¼ 2, (b) n¼ 3, and (c) n¼ 4. The parameters are

fixed at b1 ¼ 1; b2 ¼ 3, and x1 ¼ 0:01. During one cycle of its evolution,

g(t) is able to increase through cPB two, three, and four times (marked by red

points), respectively.
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c and the amplitude b2 is shown in Fig. 13, where the critical

line bcr ¼ 0:7996 is also added. At the right part of bcr, there

are five pitchfork bifurcation curves, which cause the genera-

tion of the compound pitchfork-hysteresis bursting repre-

sented in Fig. 11(a). At the left part, however, only one

pitchfork bifurcation curve appears. Therefore, the com-

pound pitchfork-hysteresis bursting will disappear when

b2 decreases though bcr; instead, a turnover-of-pitchfork-

hysteresis-induced bursting pattern, represented by the one

shown in Fig. 2(a), is created. Based on the above analysis,

we conclude that the two novel bursting patterns are closely

related, and they can transform into each other by varying

the excitation amplitudes.

We would like to point out that lots of numerical simula-

tions show that the delay-induced pitchfork hysteresis behav-

iors that the compound bursting patterns rely on are heavily

dependent on the values of the amplitudes. For example,

when b2 decreases to 1.58, one of the five pitchfork bifurca-

tion points does not show a delay-induced hysteresis behav-

ior [Fig. 14(a1)]; when b2 decreases to 1.4, an additional

pitchfork bifurcation point does not show a delay-induced

hysteresis behavior [Fig. 14(b1)]; when b2 decreases to 1.04,

three pitchfork bifurcation points do not show a delay-

induced hysteresis behavior [Fig. 14(c1)]. Note that each

delay-induced hysteresis behavior means a simple pitchfork-

hysteresis bursting pattern, which further indicates an

oscillation with a large amplitude. Accordingly, a decreasing

number of LAOs are observed in the compound pitchfork-

hysteresis bursting [Figs. 11(a), 14(a2), 14(b2), and 14(c2)].

When the amplitude b2 decreases through bcr, the compound

pitchfork-hysteresis bursting disappears, and the transition to

the turnover-of-pitchfork-hysteresis-induced bursting takes

place eventually (e.g., see Fig. 15). According to the above

analysis, we can conclude that, generally, the compound

pitchfork-hysteresis bursting and the turnover-of-pitchfork-

hysteresis-induced bursting cannot be transformed into each

other immediately, and the transition between them often

shows a complex evolution course, during which, the number

of LAOs in each period of the compound bursting varies

with the amplitudes.

Besides, our numerical simulations demonstrate that

each of the pitchfork bifurcation points generates a delay-

induced hysteresis behavior as long as the excitation ampli-

tude b2 is large enough [see Figs. 9(b), 9(d), 9(f), and 12(b)].

However, how large the excitation amplitude is allowed to

be to observe all the pitchfork bifurcation points showing

delay-induced hysteresis behavior is a difficult problem, and

needs to be further studied.

VI. CONCLUSION AND DISCUSSION

Pitchfork-hysteresis bursting is a common bursting pat-

tern in the Duffing system with a single slow parametric

excitation. In this paper, the influence of an additional slow

parametric excitation on the pitchfork-hysteresis bursting has

been explored numerically. As a result, two novel bursting

patterns, the turnover-of-pitchfork-hysteresis-induced burst-

ing and the compound pitchfork-hysteresis bursting, have

been revealed in the Duffing system with multiple-frequency

slow parametric excitations.

Typically, the pitchfork-hysteresis bursting is related to

hysteresis phenomena resulting from a pitchfork bifurcation

delay behavior. Our study shows that, under the effects of an

additional slow parametric excitation, the original hysteresis

behaviors exhibit interesting dynamical characteristics. Two

evolution modes of hysteresis behaviors have been found to

be related to the generation of the novel bursting patterns

under the condition that the frequency of the additional exci-

tation is an integer multiple of the frequency of the original

excitation. One is related to the case when the non-zero

FIG. 13. Bifurcation set of the fast subsystem €x þ d _x � ½b1cþ b2f �5 ðcÞ�x
þx3 ¼ 0 with respect to c and b2. The parameters d and b1 are the same as

those in Fig. 12.

FIG. 14. The number of LAOs (denoted by n) observed in each period of the compound pitchfork-hysteresis bursting decreases with the amplitude b2. (a1) and

(a2) b2 ¼ 1:58, n¼ 4; (b1) and (b2) b2 ¼ 1:4, n¼ 3; (c1) and (c2) b2 ¼ 1:04, n¼ 2. The other parameters are the same as those in Fig. 10(a).
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equilibrium hysteresis curves become the ones with twists

and turns, characterized by extreme points appearing on the

stable non-zero branches. This gives rise to the turnover-of-

pitchfork-hysteresis-induced bursting whose active phase has

the same frequency as that of the additional slow excitation.

The other is related to the case when additional pitchfork

bifurcation points appear on the equilibrium hysteresis

curves, which account for the generation of the compound

pitchfork-hysteresis bursting. The number of pitchfork-

hysteresis bursting patterns in the compound pitchfork-

hysteresis bursting is decided by the ratio of the additional

excitation frequency to the original excitation frequency for

the case when the amplitude of the additional excitation is

large enough.

We have also investigated effects of the parameters on

the bursting patterns. The excitation amplitudes have been

identified as crucial factors affecting the properties of burst-

ing patterns. There may be a mutual transition between the

novel bursting patterns if the excitation amplitudes vary. In

particular, such a transition exhibits a complex evolution

process, which has been found to be related to the fact that

the number of delay-induced hysteresis behaviors in the

compound pitchfork-hysteresis bursting varies with the exci-

tation amplitudes. However, effective theories and methods

for analyzing the intrinsic mechanisms of the effects of

amplitudes on delay-induced hysteresis behaviors in bursting

patterns are still missing and need to be developed.

All the bursting patterns studied here are based on ratio-

nally related excitation frequencies. If the excitation frequen-

cies are incommensurate, then a complex slow variable

gðtÞ ¼ b1 cosðx1tÞ þ b2 cosðx2tÞ, whose “period” is infinitely

long, is obtained. For this case, the slow variable g(t) can

increase through the pitchfork bifurcation point numerous

times within one “period.” As we have seen, an increase

through the pitchfork bifurcation point may lead to a simple

bursting pattern with one single delayed bifurcation. Therefore,

compared to the same system with rationally related excitation

frequencies, the Duffing system with incommensurate excita-

tion frequencies may exhibit complex bursting patterns with

more bifurcations. However, note that the method given in Ref.

22 requires that the excitation frequencies should be rationally

related. Therefore, new technologies or methods need to be

developed in order to reveal bifurcations and fast transitions in

complex bursting patterns related to incommensurate excitation

frequencies. This is an open problem for further research.

Finally, we would like to point out that here all the burst-

ing structures are obtained by using the classical Runge-Kutta

method.33 With integration methods with low orders (e.g., the

Euler method33), the bursting structures, however, may disap-

pear, and therefore, they are sensitive to numerical methods.

We would also like to point out that, because bifurcation

delay can be shortened by noise,14 bursting structures with

shortened delay behaviors may be observed if noise is intro-

duced into the system. In particular, because bifurcation delay

can be observed in experiments,34,35 the bursting structures

reported here, which depend heavily on bifurcation delay,

may be encountered experimentally, although no direct exam-

ples have been found yet.
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