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Abstract Based on the lawof electromagnetic theory,
phase synchronizationof coupled extendedHindmarsh–
Rose neurons with magnetic and electrical couplings is
discussed. It is found that the threshold for the coupling
strength to reach phase synchronization is gradually
smaller when the coupling phase is increased under
the same stimulus current. Under the same coupling
phase, the coupling strength to reach phase synchro-
nization is almost increasing gradually with increasing
the stimulus current, no matter in what state the neuron
is. Our recent findings are significant and helpful for
further understanding the collective behaviors of neu-
ronal system including comprehensive physical mech-
anisms and information transmissions.
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1 Introduction

Collective phenomena are ubiquitous in many com-
plex physical, biological, sociological and neuronal
systems [1–5]. The neuronal system is considered as
one of the most complex systems, which are com-
posed of billions of neurons. These neurons are linked
through neuronal synapses. They form a complicated
structure and also perform profound nonlinear col-
lective dynamical behaviors [6]. Neuronal collective
activities are considered to complete certain task and
other diversity of cognitive functions, such as pattern
recognition. Thus, analyzing the collective dynamics
of such neuronal systems is very important. It can pro-
vide substantial help for practical applications, such as
Parkinson’s diseases, Alzheimer’s diseases and epilep-
sies. Various studies show that brain pathologies and
disorders are related to synchronization behaviors of
neurons [2,7–9]. Buzsaki found that a lot of oscil-
latory behaviors exist in the brain. Especially, syn-
chronization and desynchronization in neuronal system
are very interesting phenomena [5,10,11]. The effect
of the triplet-structure coordinated reset stimulations
on destabilizing a strong synchronous state is consid-
ered in the basal ganglia-thalamocortical motor cir-
cuit [11]. They found that the desynchronization and
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reliability are further improved within considering the
closed-loop triplet-structure coordinated reset stimula-
tions, which is helpful for us to understand the patho-
physiology mechanism of Parkinson’s diseases. Wang
discussed that the effect of information transmission
delays on the evolution of spatiotemporal dynamics
and synchronization transition of small-world HH neu-
ronal networks with channel noises [12]. Applying a
physiologically corticothalamic circuit model, Zhang
et al. explored dynamical mechanisms during seizure
behavior. Synaptic connections, delays, conductance
and slowvariables have remarkable effects on the activ-
ity state of the brain [13]. These can be significant for
controlling and even eliminating seizure spike waves
in theoretical models.

Because of the diversity of neurons and the com-
plexity in neuronal systems, it is difficult to achieve
complete synchronization. In this case, it is significant
to consider phase information. Oscillatory activity in a
wide range of frequencies is modulated during work-
ing memory and long-term memory processes [14].
Beta waves (13–30Hz) and gamma waves (> 40Hz)
are thought to play an import role in information
encoding [15,16]. In recent years, neuronal phase syn-
chronization has become a main field of investigating
neuronal activities [7,17–24]. Phase synchronization
between neurons is suggested to indicate the collective
behaviors. It is widely assumed that it can provide a
possible mechanism for understanding neuronal infor-
mation encoding and decoding.

In neuronal systems, a single neuron is able to
exhibit a diversity of dynamical behaviors, such as
quiescent, spiking, bursting and even chaotic behav-
iors under external stimulus currents. Based on sta-
bility and bifurcation analysis, it was found that the
excited neuron can exhibit periodic or chaotic spik-
ing/bursting behaviors with the increase in external
current [25]. Generally, a single neuron cannot fin-
ish signal transmissions. The synapse plays an impor-
tant role in the information transmission. A ‘presy-
naptic’ neuron and a ‘postsynaptic’ neuron commu-
nicate through a synapse connect. Wang et al. consid-
ered the dependence of synapses on synchronization
transitions in scale-free networks of bursting neurons.
It was found that different probabilities of inhibitory
synapses have different effects on neuronal synchro-
nization [26]. Wang et al. also investigated the effect of
delays on synchronization transitions of scale-free neu-
ronal networks with attractive and repulsive coupling.

Under the attractive and repulsive couplings, effects of
delays always play a subtle role in either promoting
or impairing synchronization. The attractive and repul-
sive couplings play a different role in the spatiotempo-
ral synchrony, respectively [27]. Yu et al. studied the
dependence of local and global synchronization transi-
tions in small-world neuronal networks with chemical
synapses on the information transmission delay and the
other parameters [28]. Numerical results show that, for
both excitatory and inhibitory coupling, the synaptic
time delay can always induce synchronization transi-
tions in small-world neuronal networks. It can either
enhance or destroy the synchrony of neuronal activi-
ties [29,30]. Thus, considering the effect of synapses
is essential to achieve the information communication.
Generally, electrical and chemical synapses are con-
sidered in theoretical neuroscience, which are usually
found in the nervous system, because ion concentra-
tions of the intracellular and extracellular membranes
of cells are exchanging continually, and can induce
the complex electromagnetic flux. This can result in
complex dynamics of neurons. So the intracellular and
extracellular ions of a membrane are exchanging, and
maybe there exists an electromagnetic field [24,31,32].
Recent studies show that the electromagnetic field can
have effects on dynamical behaviors of neurons [31–
36], in addition to external electrical field [37]. In the
electromagnetic field, phase synchronization of cou-
pled neurons with field couplings is considered, and
they found that external electromagnetic fields can
induce phase synchronization [24]. In this paper, we
extend the subject by considering phase synchroniza-
tion of coupled neurons with electrical and magnetic
couplings. For both coupling types, we describe the
coupling characteristic by applying a rational matrix.
Based on an extended Hindmarsh–Rose neuron with
an electromagnetic field, we discuss effects of the cou-
pling phase and other parameters on phase synchro-
nization of coupled neurons with magnetic and electri-
cal couplings.

2 Model description and methods

Similar to [24,31], we consider the effect of electro-
magnetic inductions in the single neuron. A single neu-
ron model will be described by the following four vari-
able dynamical equations. In addition to considering
the magnetic coupling, we also include the electrical
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coupling at the same time. The response dynamical sys-
tems with coupling phase can be described as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1
dt = y1 − ax31 + bx21 − z1 + Iext − kρ(ϕ1)x1

+ g[bxx(x2 − x1) + bxϕ(ϕ2 − ϕ1)]
dy1
dt = c − dx21 − y1
dz1
dt = r [s(x1 − μ) − z1)

dϕ1
dt = k1x1 − k2ϕ1 + g[bϕx (x2 − x1) + bϕϕ(ϕ2 − ϕ1)]

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx2
dt = y2 − ax32 + bx22 − z2 + Iext − kρ(ϕ2)x2

+ g[bxx (x1 − x2) + bxϕ(ϕ1 − ϕ2)]
dy2
dt = c − dx22 − y2
dz2
dt = r [s(x2 − μ) − z2)

dϕ2
dt = k1x2 − k2ϕ2 + g[bϕx (x1 − x2) + bϕϕ(ϕ1 − ϕ2)]

where xi is the membrane potential of the ith neu-
ron. yi represents the recovery variable for slow cur-
rents. zi is the adaption current, Iext the external stim-
ulus current, and ϕ the magnetic flux across the mem-
brane. The memductance of the memristor is defined
by ρ (ϕ) = α + 3βϕ2 [6,31], α = 0.4, β = 0.02. a =
1, b = 3, c = 1, d = 5, r = 0.006, s = 4, μ = −1.6,
k = 0.4, k1 = 0.9, k2 = 0.5.

As in [38,39], our systems contain not only x − x
and ϕ − ϕ coupling, but also cross-coupling between
the variables x and ϕ, which describes the interaction
of the magnetic flux and membrane potential between
neurons. For the sake of simplicity, the feature of cou-
pling can be modeled by a rational coupling matrix

B =
(
bxx bxϕ
bϕx bϕϕ

)

=
(
cos ∅ sin ∅
− sin ∅ cos ∅

)

depending on the coupling phase ∅ ∈ [−π, π). Thus,
we can change the four parameters Iext,∅, g, r and
investigate the collective behavior of the coupled neu-
rons with electrical couplings and magnetic couplings
under different external stimulus currents.

More specially, we consider three cases of coupling
terms:

(I) Direct coupling in the both variables x and ϕ (∅ =
0);

(II) Direct and cross-coupling in the both variables x
and ϕ (∅ = π

4 );
(III) Cross-coupling in the both variables x and ϕ (∅ =

π
2 );

In neuronal systems, lots of neurons are different, there-
fore it is difficult to achieve complete synchronization,

and we analyze phase information. Thus, considering
phase synchronization is very significant. Generally,
we detect the phase information through the occur-
rence of electrical activities of membrane potentials.
The phase is calculated by [1,24,28]

θ i (t) = 2π
t − tn

tn+1 − tn
+ 2πn, tn < t < tn+1

where tn is the time of the nth firing of neuron i and
tn+1 − tn is the inter-spike interval (ISI). Thus, it is
assumed that the neuronal phase θ i (t) increases lin-
early between the firing moments tn and tn+1.

In order to discuss phase synchronization between
neurons, the phase difference between two neurons can
be defined by

�θ (t) = |θ1 (t) − θ2 (t)|
At the same time, in order to measure whether it

is complete synchronization under phase synchroniza-
tion, the difference of the membrane potentials is cal-
culated by

�x (t) = x2 (t) − x1 (t)

3 Numerical results

The Runge–Kutta algorithm is used in our numerical
results. The time step is h = 0.01, and the initial val-
ues are x1 (0) = 0.01, y1 (0) = 0.02, z1 (0) = 0.029,
ϕ1 (0) = 1.01, x2 (0) = 0.01, y2 (0) = 0.02, z2 (0) =
0.003, ϕ2 (0) = 0.001. When g = 0, a single neuron
shows different dynamical behaviors under the external
stimulus current. We set the following external stimu-
lus currents Iext = 1.20, Iext = 1.35, Iext = 1.75,
Iext = 1.90, Iext = 2.50, Iext = 4.90, Iext = 5.00,
respectively. The response results are shown in the plots
in Fig. 1a–g. From these time series, it is found that qui-
escent state, spike, bursting and periodical oscillation
state can exist by selecting an appropriate external cur-
rent. Increasing the external current, the bursting state
is enhanced firstly, after that, when the external stim-
ulus current Iext = 5.00, the bursting state is lost and
it is replaced by periodic oscillations (period spikes).
Furthermore, the inter-spike interval (ISI) is calculated
by changing the external stimulus current, as shown
in Fig. 1h, which also confirmed dynamical behav-
iors under external stimulus currents discussed above.
We also detected spikes increase gradually from both
spikes to multiple spikes in intra-bursting when burst-
ing occurs under an external stimulus current.
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Fig. 1 a–g Time series
under different external
stimulus current Iext , h ISI
bifurcation diagram under
external stimulus current
Iext . a Iext = 1.20. b
Iext = 1.35. c Iext = 1.75. d
Iext = 1.90. e Iext = 2.50. f
Iext = 4.90. g Iext = 5.00. h
ISI vt Iext
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Fig. 2 Phase
synchronization under direct
coupling when Iext = 1.35.
a Phase difference versus g;
when g = 0.23, b evolution
of phase difference with t; c
phase diagram x1 and x2; d
time series of x1, x2 and
x2 − x1, respectively

It is very interesting to investigate effects of the cou-
pling strength on phase synchronization under different
electromagnetic couplings.

For case (I) Direct coupling in the both variables x
and ϕ (∅ = 0);

In the first case, for Iext = 1.35, phase synchroniza-
tion is considered. In Fig. 2a, the relationship between
phase difference (phase diff) and the coupling strength
g is described. We see that when g ∈ [0.04, 0.07], an
intermittent phase synchronization emerges, and when
g = 0.23, complete phase synchronization is achieved
because phase difference with t is always zero. When
the coupling strength is beyond g = 0.23, the two neu-
rons still stay in complete phase synchronization. (b)
and (c) confirm phase synchronization of two neurons
when g = 0.23; furthermore, from (d), we see that the
membrane potentials of both neurons are nearly syn-
chronized but not completely synchronized.

For Iext = 1.90 and g = 0.34, complete phase syn-
chronization will be achieved (Fig. 3). When the cou-
pling strength is beyond g = 0.34, both neurons still
stay in the complete phase synchronization. (b) and (c)

confirm phase synchronization of both neurons when
g = 0.34; from (d), we also investigate membrane
potentials of both neurons and confirm both neurons
is near-synchronization but not complete synchroniza-
tion.

When external stimulus current Iext = 2.50, and
g ∈ [0.25, 0.255], an intermittent phase synchroniza-
tion emerges (Fig. 4a). When g = 0.23, we know com-
plete phase synchronization is achieved from the evo-
lution of phase difference with t. When the coupling
strength is beyond g = 0.285, both neurons still stay
in complete phase synchronizations. (b) and (c) confirm
phase synchronizationof twoneuronswhen g = 0.285;
meanwhile, from (d), it is shown that membrane poten-
tials of two neurons are near-synchronization but not
complete synchronization.

For Iext = 4.90, the phase synchronization is
detected. In Fig. 5a, the evolution of phase synchroniza-
tion (phase diff) with coupling strength g is obtained.
When g = 0.45, complete phase synchronization can
be achieved. When the coupling strength is beyond
g = 0.45, both neurons still stay in the complete phase
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Fig. 3 Phase
synchronization under direct
coupling when Iext = 1.90.
a Phase difference versus g;
when g = 0.34, b evolution
of phase difference with t; c
phase diagram x1 and x2; d
time series of x1, x2 and
x2 − x1, respectively

synchronization. (b) and (c) confirm phase synchro-
nizations of both neurons when g = 0.45; furthermore,
from (d), we find that membrane potentials of two neu-
rons are nearly synchronized but not completely syn-
chronized.

At last, Iext = 5.00, phase synchronization is
explored.When g ∈ [0.44, 0.45], an intermittent phase
synchronization emerges (Fig. 6a). When g = 0.47,
complete phase synchronization is achieved. When the
coupling strength is beyond g = 0.47, both neurons
still stay in the complete phase synchronization. (b)
and (c) confirm both neurons are in phase synchro-
nizations when g = 0.47; furthermore, from (d), we
obtained that membrane potentials of two neurons are
nearly synchronized not completely synchronized.

For case (II) Direct and cross-coupling in the both
variables x and ϕ (∅ = π

4 );
In this case, for Iext = 1.35. and g = 0.16, com-

plete phase synchronization can be achieved.When the
coupling strength is beyond g = 0.16, both neurons
still stay in complete phase synchronization. Under

the stimulus current Iext = 1.90, when g = 0.277,
complete phase synchronization can be reached. When
Iext = 2.50, phase synchronization is reachedwhen the
coupling strength is above g = 0.278. For Iext = 4.90,
and g = 0.39, complete phase synchronization can
be achieved. When the coupling strength is beyond
g = 0.39, both neurons are still in complete phase
synchronization. Furthermore, for Iext = 5.00, and
g = 0.41, both neurons are in phase synchronization.
When the coupling strength is more than g = 0.41,
both neurons are robust for complete phase synchro-
nization.

In what follows, similarly, we investigate phase syn-
chronization of both neurons under the coupling phase
∅ = π

2 .
For case (III) Cross-coupling in the both variables x

and ϕ (∅ = π
2 );

In this case, for Iext = 1.35, and g = 0.135, com-
plete phase synchronization can be achieved. When
the coupling strength is beyond g = 0.135, both neu-
rons still stay in complete phase synchronization.When
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Fig. 4 Phase
synchronization under
direct coupling when
Iext = 2.50. a Phase
difference versus g; when
g = 0.285, b evolution of
phase difference with t; c
Phase diagram x1 and x2; d
time series of x1, x2 and
x2 − x1, respectively

Fig. 5 Phase
synchronization under direct
coupling when Iext = 4.90.
a Phase difference versus g;
when g = 0.45, b evolution
of phase difference with t; c
phase diagram x1 and x2; d
time series of x1, x2 and
x2 − x1, respectively
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Fig. 6 Phase
synchronization under direct
coupling when Iext = 5.00.
a Phase difference versus g;
when g = 0.47, b evolution
of phase difference with t; c
phase diagram x1 and x2; d
time series of x1, x2 and
x2 − x1, respectively

Iext = 1.90, and g = 0.24, it has been complete phase
synchronization. When the coupling strength is above
g = 0.24, both neurons are still in complete phase syn-
chronization. Under the stimulus current Iext = 2.50,
and g = 0.26, complete phase synchronization can
be reached. When the coupling strength is more than
g = 0.26, complete phase synchronization still exists.
for Iext = 4.90, and g = 0.302, complete phase
synchronization can be achieved. When the coupling
strength is beyond g = 0.302, both neurons still kept
complete phase synchronization. When Iext = 5.00,
through calculations, it is shown that complete phase
synchronization of both neurons exists when the cou-
pling strength is more than g = 0.31.

Furthermore, we investigated the effect of exter-
nal stimulus currents, coupling phases and coupling
strengths on phase synchronization. We show the rela-
tionships of Iext, ∅ and gphasesyn in Table 1. We mainly
find that increasing the coupling phase under the same
stimulus current, the threshold for the coupling strength
to reach phase synchronization becomes smaller grad-
ually. Under the same coupling phase, the coupling

strength for phase synchronization is almost increas-
ing gradually with increasing the stimulus current.

4 Discussions

In this paper, we describe three modes of electrical
and magnetic couplings by applying a rational matrix.
The coupling strength for the occurrence of phase syn-
chronization in various coupling schemes under elec-
tromagnetic field is investigated. Furthermore, we find
that even smaller coupling strength can achieve phase
synchronization under the same external stimulus cur-
rent, compared with the reference [24].

Recently, some researchers discussed dynamical
behaviors of coupled neurons in electromagnetic fields
[24,32], while dynamical behaviors of coupled neurons
with both magnetic and electrical couplings were not
discussed before. We believe that our recent findings
are important and helpful for further investigating col-
lective behaviors of neuronal systems in physicalmech-
anisms. Furthermore, the results can be extended to the
study of synchronization behaviors of large-scale net-
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Table 1 Relationship table of Iext , ∅ and gphasesyn

works, even multilayer networks. We look forward for
further promoting the development for neuronal infor-
mation encoding and decoding.
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