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Abstract In this paper, we study finite-time synchronization of a memristive neural network
(MNN) with impulsive effect and stochastic perturbation. Because the parameters of the
MNN are state-dependent, the traditional analytical method and control technique can not be
directly used. In previous research, differential inclusions theory and set-valued mappings
technique have been recently introduced to deal with this MNN system. But, we study the
synchronization of MNN without using the previous solution technique. A novel analytical
technique is first proposed to transform the MNN to a class of neural network (cNN) with
uncertain parameters. The finite-time synchronization is obtained by disposing of parameter
mismatch, impulsive effect or stochastic perturbation for the cNN. Several useful criteria of
synchronization are obtained based onLyapunov function, linearmatrix inequality (LMI) and
finite-time stability theory. Finally, two examples are given to demonstrate the effectiveness
of our proposed method.
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1 Introduction

Memristor was first proposed by LeonChua in 1971 [1], who reasoned from physical symme-
try arguments that, besides the resistor, capacitor and inductor, there should be a fourth circuit
element which he called memristor. Unlike the other three fundamental circuit elements, the
memristor is a nonlinear one and its value is not unique, it describes the relationship between
electric charge and magnetic flux, as shown in Fig. 1.

Thememristor’s current-voltage characteristics are caused by its nonlinearity and external
periodic voltage. Thememristor canmemorize its history, whichmeans that when the voltage
is turned off, thememristor remembers itsmost recent value until next time it is turned on. The
memory characteristic was determined by its physical structure and external input.Memristor
is a switchable device. A thin film between two metals separates the passive device into two
regions: the doped and the undoped ones, which is shown in Fig. 2.

In 2013, Thomas used memristive systems to mimic the synaptic functionality of the brain
with a simple device [2]. He explain that they can utilize memristors to pave the way to com-
puter architectures that are more similar to the (human) brain than von-Neumann computers.
In principle, neural networks work as a combination of neurons and synapses. Electronic
devices can easily emulate the neurons and their behavior, however, it turned out to be more
difficult to mimic the synaptic functionality. The memristor can fill this gap and also allows
the access to analog values. Memristor is able to continuously increase or reduce resistance
just as the process of learning and forgetting in the human brain. Therefore, the memristor
was considered to be the electronic equivalent of the synapse, which is shown in Fig. 3.

Fig. 1 The physical symmetry
relations between the four
fundamental circuit elements

Fig. 2 A switchable device
shows the principle of TiO2
memristor
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Fig. 3 The electronic equivalent
of the synapse: memristor

As the memristor is well used to mimic a synapse, we can substitute the memristor for
synapse in the artificial neural network. Therefore, themodel ofMNNwhich iswidely applied
in the associative memory, the next generation computer and powerful brain-like “neural”
computer, is a more realistic model for the description of real neural systems. Recently,
many interesting results have been obtained on MNN stability and synchronization [3–5].
It is well known that the parameters of MNN are state dependent, the traditional robust
analytical technique can not be directly used [6]. Therefore, existing results on stability and
synchronization use the differential inclusions theory and set-valued mappings technique to
deal with differential equations with aMNN system. Different kinds of synchronization were
investigated for the MNN including anti-synchronization [7], projective synchronization [8,
9], stochastic synchronization [10,11] and others [12–15].Many control techniques including
adaptive control [15], impulsive control [16,17], intermittent control [18] etc. have been
widely investigated for the MNN.

In the process of the drive-response system achieving synchronization, the state-
parameters of drive-responseMNNmaybemismatched before the synchronization is realized
due to the fact that parameters of MNN are state-dependent. Hence, it is difficult to study the
dynamic behaviour of MNN via the classical analytical techniques. Although there are many
results on robust synchronization of neural network with bounded uncertain parameters, the
bounded uncertain parameters of the drive-response in the neural networks are restricted to
being identical. Hence the traditional robust analytical techniques for robust performance
analysis of neural networks with matched uncertain parameters can not be directly utilized
to study synchronization of MNN. In the paper, our aim is to develop a novel analytical
techniques to transform MNN into cNN with uncertain parameters to study synchroniza-
tion performance. In previous research, the finite-time boundedness was investigated for the
MNN based on this transformation technique [19], in which the MNN without time-delays
and with time-varying delays are fully considered.

In the applications, there exist typically some uncertain parameters and noise perturba-
tions in real systems [20,21], including impulsive effect and stochastic perturbation, which
often affect the dynamics of nonlinear systems. In a real neural system, there is usually
affected by external perturbations and such perturbations may be treated as fluctuations from
the release of neurotransmitters and other probabilistic causes. The existence of random
uncertainties including the internal or external noises, these stochastic noise in the electrical
circuits design of neural networks possesses an important source, which may be the key
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factors to lead to system instability. Besides, it could trigger financial crisis in the financial
system and cause blackouts and huge economic losses. Therefore, the noise perturbation
must be taken into consideration for complex networks, which cannot be ignored. For a gen-
eral nonlinear dynamical networks, Lu et al. [22,23] consider pinning impulsive stabilization
issue and outer synchronization behavior in pinning impulsive controllers. So it has important
practical implication to investigate synchronization issues of uncertain complex dynamical
systems based on robust control techniques. Besides, taking secure communication for exam-
ple, compared with asymptotic synchronization and exponential synchronization, finite-time
synchronization is here considered based on the finite-time stability theory [24]. This enables
us to recover the transmitted signals in a setting time, which improve the efficiency and the
confidentiality greatly. For neural systems and neural networks, there is a certain time delay
between the spread of neurotransmitter and time-delay is time-varying in most real situations
[25,26]. To our best knowledge, fewworks have been done on the finite-time synchronization
forMNNwith impusive disturbance and stochastic perturbation based on this transformation.
Therefore, it is of great value both practically and theoretically to study FTB of MNN with
the time-varying delay.

Motivated by the above analysis, we consider finite-time synchronization for the MNN
with impulsive effect and stochastic perturbation in this paper. Different from previous tech-
niques in dealing with the MNN system, we use a novel technique that transforms the MNN
into cNN to study its dynamical behaviour. To achieve the finite-time synchronization, those
difficult about parameter mismatch is overcame and those perturbation about impulsive
effect and stochastic perturbation are, respectively, considered based on stochastic differ-
ential equations and finite-time stability theory. Several sufficient conditions are obtained
and an appropriate controller is designed to guarantee finite-time synchronization of MNN
both with impulsive effect and stochastic perturbation.

This paper is organized as follows. In Sect. 2, the network model and preliminaries are
given. In Sect. 3, main results about finite-time synchronization of MNNwith both impulsive
effect and stochastic perturbation are obtained by constructing an appropriate Lyapunov
function and designing an appropriate controller. In Sect. 4, numerical examples are given to
demonstrate the effectiveness of proposed methods. Finally, conclusions and prospects are
given in Sect. 5.

Notations: Throughout this paper, if not explicitly stated, matrices are assumed to have
compatible dimensions. R denotes the set of real numbers, Rn and Rm×n refer to, respectively,

the n dimensional Euclidean space and the set of allm×n real matrices. ‖x‖ = (
∑n

i=1 x
2
i )

1
2 .

The notation P > 0 means P is real symmetry positive definite and the superscript T stands
for the transpose for vector or matrices. In addition, ∗ refers to the ellipsis in symmetric
matrices expressions and I denotes the identity matrix with the appropriate dimension.

2 Problem Formulation and Preliminaries

We consider the following MNN as drive system, which is given as

ẋi (t) = −ci xi (t) +
n∑

j=1

ai j (xi (t))ḡ j (x j (t))

+
n∑

j=1

bi j (xi (t))g j (x j (t − τ(t))) + Ii ,

t ≥ 0, i = 1, 2, . . . , N , (1)
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where

ci = 1

Ci

⎡

⎣
n∑

j=1

(Wḡi j + Wgi j ) × sgni j + 1

Ri

⎤

⎦ ,

ai j (xi (t)) = Wḡi j

Ci
× sgni j , bi j (xi (t)) = Wgi j

Ci
× sgni j ,

xi (t) = (x1(t), x2(t), . . . , xn(t)) is the state scalar of the i th neuron at time t , Ii is the
external input to the i th neuron. τ(t) is the time-varying delay satisfying 0 ≤ τ(t) ≤ τ

and τ̇ (t) ≤ μ < 1, where τ and μ are given constants; ḡ j (x j (t)) and g j (x j (t − τ(t)))
are, respectively, the bounded feedback functions without and with time-varying time delay
between the memristor and x(t); ci is the i th neuron self-inhibitions, ai j (xi (t)) and bi j (xi (t))
represent the non-delayed and delayed memristive synaptic weights, respectively.

Remark 1 For the model of MNN, compared with the electric circuits in Zhao, Li, & Peng,
2015 etc., the memductances of the memristorsWḡi j ,Wgi j and Ri , respectively take place of
the resistors Ri j , Fi j and Ri of a general class of neural networks. MNN can be implemented
by very large-scale integration (VLSI) circuits as shown in Fig. 1.

We suppose that the above state-dependent parameters satisfy the following conditions:

ai j (xi (t)) =
{
âi j , |xi | ≤ Ti ,
ǎi j , |xi | > Ti ,

(2)

bi j (xi (t)) =
{
b̂i j , |xi | ≤ Ti ,
b̌i j , |xi | > Ti ,

(3)

where the switching jumps Ti > 0, âi j , ǎi j , b̂i j , b̌i j , i, j = 1, 2, . . . , N , are all constants
(Fig. 4).

Remark 2 The memristor’s current-voltage characteristics are caused by its nonlinearity and
external periodic voltage. The memristor can memorize its history, i.e., when the voltage is
turned off, the memristor remembers its most recent value until next time it is turned on.
The pinched hysteresis loop is due to the nonlinear relationship between the memristance
current and voltage which is shown in Fig. 2. The memristor exhibits the feature of pinched
hysteresis, i.e., that a lag occurs between the application and the removal of a field and its
subsequent effect, just as neurons in the human brain do.

In the next analysis, a novel technique is proposed to transform a MNN system to a cNN
with uncertain parameters, and the finite-time synchronization is obtained by investigating
this cNN. Denote āi j = max{âi j , ǎi j }, ai j = min{âi j , ǎi j }, b̄i j = max{b̂i j , b̌i j }, bi j =
min{b̂i j , b̌i j }, ai j = 1

2 (āi j + ai j ), ãi j = 1
2 (āi j − ai j ), bi j = 1

2 (b̄i j + bi j ), b̃i j = 1
2 (b̄i j − bi j )

(Fig. 5).
Therefore, the MNN (1) is a special case of a cNN and it can be written as:

ẋi (t) = −ci xi (t) +
n∑

j=1

(ai j + �a1i j )ḡ j (x j (t))

+
n∑

j=1

(bi j + �b1i j )g j (x j (t − τ(t))) + Ii ,

t ≥ 0, i = 1, 2, . . . , N , (4)

where xi (t) = ϕi (t) ∈ C([−τ, 0], R), �a1i j ∈ [−ãi j , ãi j ], �b1i j ∈ [−b̃i j , b̃i j ].
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514 H. Zhao et al.

Fig. 4 Circuit of MNN, where xi (·) is the state of the i th subsystem, f̄ j (·), g j (·) are the amplifiers,Wḡi j (·) is
the connection memristor between the amplifier ḡ j (·) and state xi (·) andWgi j (·) is the connection memristor
between the amplifier g j (·) and state xi (·), Ri and Ci are the resistor and capacitor, Ii is the external input,
ai , bi are the outputs

Remark 3 It is well known that under the conditions of state-dependence, the variables
�a1i j and �b1i j may not reach their maximum and minimum values at the same time.
Therefore, we set �a1i j = F1(t)ãi j and �b1i j = F2(t)b̃i j , where F1(t), F2(t) ∈ [−1, 1].
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Fig. 5 Typical current-voltage
(i-v) characteristics of a
memristor
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In particular, when âi j > ǎi j and b̂i j > b̌i j or âi j < ǎi j and b̂i j < b̌i j , the variables �a1i j ,
and �b1i j can reach their maximum and minimum values at the same time. In this case,
F1(t) = F2(t) = F(t) ∈ [−1, 1].

The corresponding response system can be rewritten in the following form of an impulsive
differential equation:

ẏi (t) = −ci yi (t) +
n∑

j=1

ai j (yi (t))ḡ j (y j (t))

+
n∑

j=1

bi j (yi (t))g j (y j (t − τ(t))) + Ii ,

+ ui (t), i = 1, 2, . . . , N , t �= tk, (5)

and

�yi (t) = yi (t
+
k ) − yi (t

−
k ) = Bikei (tk), t = tk, k ∈ �,

yi (t
+
0 ) = yi (0),

where yi = (y1, y2, . . . , yn)T is the response state scalar of the i th node. ai j (yi (t)) and
bi j (yi (t)) are, respectively, defined similarwith (2) and (3).ui (t) is a controller to be designed.
The initial conditions of (5) are defined by yi (t) = ψi (t) ∈ C([−τ, 0], R), i = 1, 2, . . . , n,
yi (t

+
k ) = limt→t+ yi (t), yi (t

−
k ) = limt→t− yi (t). � = {1, 2, . . . , n, n1, . . . , nk} is a finite

natural number set. For simplicity, it is assumed that yi (t
−
k ) = yi (tk), which means yi (t) is

left continuous at each tk . The moments of impulse satisfy t1 < t2 < . . . < tk < tk+1 < . . .

and limk→∞ tk = ∞, ei (tk) = yi (tk)−xi (tk) and τk = tk−tk−1 < ∞.ui (t)(i = 1, 2, . . . , N )

is a nonlinear controller to be designed.
Similar to (1), the MNN (5) is also a special case of cNN as follows:

ẏi (t) = −ci yi (t) +
n∑

j=1

(ai j + �a2i j )ḡ j (y j (t))

+
n∑

j=1

(bi j + �b2i j )g j (y j (t − τ(t))) + Ii

+ ui (t), t �= tk, i = 1, 2, . . . , N , (6)
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and

�yi (t) = yi (t
+
k ) − yi (t

−
k ) = Bikei (tk), t = tk, k ∈ �,

where �a2i j ∈ [−ãi j , ãi j ] and �b2i j ∈ [−b̃i j , b̃i j ].
Remark 4 Obviously, the variables �a2i j and �b2i j may not reach their maximum and
minimum values at the same time. We set �a2i j = E1(t)ãi j and �b2i j = E2(t)b̃i j , where
E1(t), E2(t) ∈ [−1, 1]. Since the initial conditions of (4) and (6) are different, �a1i j and
�b1i j may not be equal to �a2i j and �b2i j , where Fi (t), i = 1, 2 may be different from
Ei (t), i = 1, 2. These problems of parameter mismatch imply that the traditional robust
technique can not be directly used to achieve finite-time synchronization of a cNN with
uncertain parameters.

Denote A = (ai j )n×n , B = (bi j )n×n , Ã = (ãi j )n×n , B̃ = (b̃i j )n×n and I =
(I1, I2, . . . , In), the system (4) can be written as

ẋ(t) = −Cx(t) + (A + �A1(t))ḡ(x(t))

+ (B + �B1(t))g(x(t − τ(t))) + I, (7)

where x(t) = (x1(t), x2(t), . . . , xN (t)), according to Assumption 1, [�A1(t),�B1(t)] =
[F1(t) Ã, F2(t)B̃,] = [H1F1(t)M1, H2F2(t)M2], Fi (t) ∈ [−1, 1], i = 1, 2.

The system (6) with impulsive effect and control input is given as

ẏ(t) = −Cy(t) + (A + �A2(t))ḡ(y(t))

+ (B + �B2(t))g(y(t − τ(t))) + I + u(t), t �= tk,

�y(t) = y(t+k ) − y(t−k ) = Bke(tk), t = tk, k ∈ �, (8)

where y(t) = (y1(t), y2(t), . . . , yn(t)), according toAssumption 1,�A2(t),�B2(t) are also
be obtained.

Let e(t) = y(t) − x(t) be the synchronization error. Then we yield the error system from
systems (7) and (8) as follows:

ė(t) = −Ce(t) + (A + �A2(t)) f (e(t))

+ (B + �B2(t)) f (e(t − τ(t)))

+ (�A2(t) − �A1(t))g(x(t))

+ (�B2(t) − �B1(t))g(x(t − τ(t)))

+ u(t), t �= tk,

e(t+k ) = y(t+k ) − x(t+k ) = y(tk) − x(tk) + Bke(tk),

= (I + Bk)e(tk), t = tk, k ∈ �,

where f (e(·)) = ḡ(e(·) + x(·)) − ḡ(x(·)) = g(e(·) + x(·)) − g(x(·)).
System (7) can be written as

dx(t) = [−Cx(t) + (A + �A1(t))ḡ(x(t))
+ (B + �B1(t))g(x(t − τ(t))) + I ] dt.

(9)

The MNN is converted to a cNN with stochastic perturbation, which can be written as the
following stochastic differential equation

dy(t) = [−Cy(t) + (A + �A2(t))ḡ(y(t))
+ (B + �B2(t))g(y(t − τ(t))) + I + u(t)] dt
+ h(t, e(t), e(t − τ(t)))d�(t),

(10)
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where�(t) is a n-dimensional Brownianmotion defined on the probability space (Ω,F , P)

with E{d�(t)} = 0, E{d� 2(t)} = dt , and h(t, e(t), e(t −τ(t))) : R+ × Rn × Rn → Rn×n

is the noise intensity which satisfies Assumption 5.
Similarly, we get the error system between systems (9) and (10) as follows:

de(t) = [−Ce(t) + (A + �A2(t)) f (e(t))

+ (B + �B2(t)) f (e(t − τ(t)))

+ (�A2(t) − �A1(t))ḡ(x(t))

+ (�B2(t) − �B1(t))g(x(t − τ(t)))

+ u(t)] dt + h(t, e(t), e(t − τ(t)))d�(t),

Through the above analysis, we can give the following Assumptions and Lemmas.

Assumption 1 The parameters �Ai (t) and �Bi (t)(i = 1, 2) are time-varying but norm-
bounded, which satisfy

�A1(t) = H1F1(t)M1, �A2(t) = H1E1(t)M1,

�B1(t) = H2F2(t)M2, �B2(t) = H2E2(t)M2.

where Mi and Hi (i = 1, 2) are the known real constant matrices. In this paper, M1 =
āi j − ai j , M2 = b̄i j − bi j and Hi = diag{ 12 , 1

2 , . . . ,
1
2 }, Fi (t) and Ei (t) are unknown real

matriceswith appropriate dimension and Lebesgue normmeasurable elements and satisfying

FT
i (t)Fi (t) ≤ I, ET

i (t)Ei (t) ≤ I.

Assumption 2 The activation function g(x) is bounded and it satisfies a Lipschitz condition

|gi (ξ1) − gi (ξ2)| ≤ li |ξ1 − ξ2|, i = 1, 2, ...n

for any ξ1, ξ2 ∈ R, where real constant li > 0 for any i and let L = diag{l1, l2, . . . , ln}.

Assumption 3 There exist unknown constants ω > 0, ν > 0, such that

‖ΔA2(t) − ΔA1(t)‖ ≤ ω,

‖ΔB2(t) − ΔB1(t)‖ ≤ ν.

Remark 5 (see [33]) According to the boundedness of chaotic signals, there exist positive
constants l = max1≤i≤n li and ‖x‖ ≤ χ , such that

‖ḡ(x(t))‖ ≤ lχ, ‖g(x(t − τ(t)))‖ ≤ lχ.

Assumption 4 For any two vectors x, y ∈ Rn and a positive definite matrix Q ∈ Rn×n , the
following matrix inequality holds:

2xT y ≤ xT Qx + yT Q−1y.

Assumption 5 The noise matrix h(·) is local Lipschitz continuous and satisfies the linear
growth condition as well, where h(t, 0, 0) = 0. Moreover, there exist two real positive
matrixes Q1, Q2 for all x, y such that

trace[hT (t, x, y)h(t, x, y)] ≤ xT Q1x + yT Q2y.
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Lemma 1 (see [27]) If X and Y are real matrices with appropriate dimensions, then there
exists a number ε > 0, such that

XT Y + Y T X ≤ εXT X + 1

ε
Y T Y.

Lemma 2 ([28]) Assume that a continuous, positive-definite function V (t) satisfies the fol-
lowing differential inequality:

V̇ (t) + αV η(t) ≤ 0, ∀t ≥ t0, V (t0) ≥ 0,

whereα > 0, 0 < η < 1 are two constants. Then, for any given t0, V (t) satisfies the following
differential inequality:

V 1−η(t) ≤ V 1−η(t0) − α(1 − η)(t − t0), t0 ≤ t ≤ t1,

and

V (t) ≡ 0,∀t ≥ t1,

with t1 given by

t1 = t0 + V 1−η(t0)

α(1 − η)
.

Lemma 3 ([29]) Let x1, x2, . . . , xn ∈ Rn are any vectors and 0 < q < 2 is a real number
satisfying:

‖x1‖q + ‖x2‖q + · · · + ‖xn‖q ≥ (‖x1‖2 + ‖x2‖2 + · · · + ‖xn‖2)
q
2 .

Lemma 4 ([30]) (see Wang et al., 2009): The linear matrix inequality
[
Q(x) S(x)
ST (x) R(x)

]

> 0,

where Q(x) = QT (x), R(x) = RT (x) and S(x) depend affinely on x, and it is equivalent
to

R(x) > 0, Q(x) − S(x)R−1(x)ST (x) > 0.

Lemma 5 ([31]) Assume that the stochastic differential equation is

dx(t) = f (x(t), x(t − τ), t)dt + g(x(t), x(t − τ), t)dυ(t),

then an operator L V (x(t), t) from R+ × Rn along the trajectory of the error system is
defined as

L V (x(t), t) = Vt (x(t), t) + Vx (x(t), t) f (x(t), x(t − τ), t)

+1

2
trace{gT (x(t), x(t − τ), t)Vxx g(x(t), x(t − τ), t)},

where

Vt (x(t), t) = ∂V (x(t), t)

∂t
,

Vx (x(t), t) =
(

∂V (x(t), t)

∂x1
,
∂V (x(t), t)

∂x2
, . . . ,

∂V (x(t), t)

∂xn

)

,

Vxx =
(

∂2V (x(t), t)

∂xi∂x j

)

n×n

.
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Remark 6 In the error systems e(t) or de(t), a part of the uncertainties (�A2(t) −
�A1(t))g(x(t)) + (�B2(t) − �B1(t))g(x(t − τ(t))) can be as a perturbation term and
design a proper controller to investigate outer synchronization based on exponent and finite-
time stability theory (see reference [32]). In this paper, we use the boundedness of uncertain
parameters to fill the gap for the previous researches.

3 Main Results

The controller and parameter update laws are designed as follows:

u(t) = −re(t) − k1sign(e(t))|e(t)|β

− k1
ei (t)

‖ei (t)‖2
(∫ t

t−τ(t)
eTi (s)ei (s)ds

) β+1
2

− lχ‖eT (t)‖−1e(t)ω̂ − lχ‖eT (t)‖−1e(t)ν̂,

˙̂ω = lχ‖eT (t)‖ − k1sign(ω̃)|ω̃|β,

˙̂ν = lχ‖eT (t)‖ − k1sign(ν̃)|ν̃|β, (11)

where r is the feedback gain constant to be designed, 0 < β < 1 and k1 is a random constant.
ω̂ and ν̂ are, respectively, the estimations of the bounds ω and ν, ω̃ = ω̂ − ω and ν̃ = ν̂ − ν.
And sign(x) is the sign function which is defined as follows:

sign(x) =
⎧
⎨

⎩

−1, i f x < 0,
0, i f x = 0,
1, i f x > 0.

Theorem 1 Under Assumptions 1-4, system (7) and system (8) with an impulsive effect
achieve finite-time synchronization under the controller u(t) . If there exist a constant r > 0
and two positive constants θ1 and θ2 satisfying the following conditions:

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Ω0 A H1 B H2

� − 1
θ1
I 0 0 0

� � − 1
(θ1‖M1‖2) 0 0

� � � − 1
θ2
I 0

� � � � − 1
(θ2‖M2‖2)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

≤ 0,

where

Ω0 =
(

1

1 − μ
− 2r

)

I − 2C + 2

θ1
L2,

and

2

θ2
L2 − I ≤ 0,

0 < τ ≤ inf
k

{tk+1 − tk},
ρk = max(‖I + Bk‖2) < 1, k ∈ �.
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Then, synchronization is achieved in a finite time:

t1 = V (0)1−(β+1)/2

γ
(
1 − β+1

2

) ,

and

V (0) = eT (0)e(0) + 1

1 − μ

∫ 0

−τ(0)
eT (s)e(s)ds + (ω̂(0) − ω)2

+ (ν̂(0) − ν)2,

where e(0), υ̂(0), ω̂(0) and ν̂(0) are the initial conditions of e, υ, ω and ν, respectively.

We construct a Lyapunov function as follows

V (t) = V1(t) + V2(t) + V3(t),

where

V1(t) = eT (t)e(t),

V2(t) = 1

1 − μ

∫ t

t−τ(t)
eT (s)e(s)ds,

V3(t) = ω̃2 + ν̃2.

For t �= tk , the derivative of Vi (t), i = 1, 2, 3 is along the trajectories of e(t). Then we
have

V̇1(t) = 2eT (t)ė(t),

= 2eT (t) [−Ce(t) + (A + �A2(t)) f (e(t)) + (B + �B2(t)) f (e(t − τ(t)))

+ (�A2(t) − �A1(t))g(x(t)) + (�B2(t) − �B1(t))g(x(t − τ(t))) + u(t)] ,

= − 2eT (t)Ce(t) + 2eT (t)(A + �A2(t)) f (e(t)) + 2eT (t)(B + �B2(t))

× f (e(t − τ(t))) + 2eT (t)(�A2(t) − �A1(t))g(x(t))

+ 2eT (t)(�B2(t) − �B1(t))g(x(t − τ(t)))

+ 2eT (t)
[−re(t) − k1sign(e(t))|e(t)|β

− k1
e(t)

‖e(t)‖2
(∫ t

t−τ(t)
eT (s)e(s)ds

) β+1
2

− lχ‖eT (t)‖−1e(t)ω̂ − lχ‖eT (t)‖−1e(t)ν̂
]
.

According to Lemma 1, we get

2eT (t)(A + �A2(t)) f (e(t)) ≤ θ1e
T (t)AAT e(t) + 1

θ1
f T (e(t)) f (e(t))

+ θ1e
T (t)H1E1M1M

T
1 ET

1 HT
1 e(t)

+ 1

θ1
f T (e(t)) f (e(t)),

≤ eT (t)

[

θ1AA
T + 2

θ1
L2 + θ1‖M1‖2H1H

T
1

]

e(t),
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2eT (t)(B + �B2(t)) f (e(t − τ(t))) ≤ θ2e
T (t)BBT e(t)

+ 1

θ2
f T (e(t − τ(t))) f (e(t − τ(t)))

+ θ2e
T (t)H2E2M2M

T
2 ET

2 HT
2 e(t)

+ 1

θ2
f T (e(t − τ(t))) f (e(t − τ(t))),

≤ eT (t)
[
θ2BBT + θ2‖M2‖2H2H

T
2

]
e(t)

+ 2

θ2
eT (t − τ(t))L2e(t − τ(t)),

It is clear from Assumptions 3,4 and Remark 5 that

2eT (t)(�A2(t) − �A1(t))g(x(t))

+ 2eT (t)(�B2(t) − �B1(t))g(x(t − τ(t)))

≤ 2‖eT (t)‖ωlχ + 2‖eT ‖νlχ,

= 2‖eT (t)‖lχ(ω + ν).

Based on the above analyses, we have

V̇1(t) ≤ −2eT (t)Ce(t) + eT (t)

(

θ1AA
T + 2

θ1
L2 + θ1‖M1‖2H1H

T
1

)

e(t)

+ eT (t)
(
θ2BBT + θ2‖M2‖2H2H

T
2

)
e(t) + 2

θ2
eT (t − τ(t))L2e(t − τ(t))

− 2lχ‖eT (t)‖ω̂ − 2lχ‖eT (t)‖ν̂ + 2‖eT (t)‖lχ(ω + ν) − 2eT (t)re(t)

− 2k1|eT (t)e(t)| β+1
2 − 2k1

(∫ t

t−τ(t)
eT (s)e(s)ds

) β+1
2

.

Then, the following inequalities are obtained

V̇2(t) = 1

1 − μ
eT (t)e(t) − 1 − τ̇ (t)

1 − μ
eT (t − τ(t))e(t − τ(t)),

≤ 1

1 − μ
eT (t)e(t) − eT (t − τ(t))e(t − τ(t)),

V̇3(t) = 2ω̃ ˙̃ω + 2ν̃ ˙̃ν,

= + 2(ω̂ − ω)lχ‖eT (t)‖ − 2k1|ω̃2| β+1
2

+ 2(ν̂ − ν)lχ‖eT (t)‖ − 2k1|ν̃2| β+1
2 .

Synthesizing the above Vi (t), i = 1, 2, 3, we yield

V̇ (t) =
3∑

i=1

Vi (t),

≤ eT (t)Ω1e(t) + eT (t − τ(t))Ω2e(t − τ(t)) − γ
(
|eT (t)e(t)| β+1

2

+
(

1

1 − μ

∫ t

t−τ(t)
eT (s)e(s)ds

) β+1
2

+ |ω̃2| β+1
2 + |ν̃2| β+1

2

⎞

⎠ ,
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where

Ω1 =
(

1

1 − μ
− 2r

)

I − 2C + 2

θ1
L2 + θ1

(
AAT + ‖M1‖2H1H

T
1

)

+ θ2(BBT + ‖M2‖2H2H
T
2 ),

Ω2 = 2

θ2
L2 − I,

and γ = min{2k1, 2k1(1 − μ)
β+1
2 }.

Based on the constant of Theorem 1 and Schur complement in Lemma 4, we get

V̇ (t) ≤ −γ V
β+1
2 (t).

For convenience, let 1 − η = β+1
2 , which implies that

V 1−η(t) ≤ V 1−η (tk−1) − γ (1 − η) (t − tk−1) ,

t ∈ (tk−1, tk], k ∈ �. (12)

When t = tk , one obtains

V (t+k ) = eT (t)(I + Bk)
T (I + Bk)e(t) + 1

1 − μ

∫ t

t−τ(t)
eT (s)

× (I + Bk)
T (I + Bk)e(s)ds + (ω̃)2 + (ν̃)2,

≤ ρk

[

eT (t)e(t) + 1

1 − μ

∫ t

t−τ(t)
eT (s)e(s)ds

]

+ (ω̃)2 + (ν̃)2, k ∈ �,

where ρk = max(‖I + Bk‖2), k ∈ �.
According to ρk < 1, we have

V (t+k ) ≤ V (tk). (13)

Then, using the above Equations (12) and (13) imply that

V 1−η(t) ≤ V 1−η(t+0 ) − γ (1 − η)(t − t0).

Proof Using Equation (12), for k = 1 and any t ∈ (t0, t1], it is easy to obtain

V 1−η(t) ≤ V 1−η(t+0 ) − γ (1 − η)(t − t0).

and the corresponding inequality is obtained

V 1−η(t1) ≤ V 1−η(t+0 ) − γ (1 − η)(t1 − t0).

From Equation (13), we also yield that

V 1−η(t+1 ) ≤ V 1−η(t1),

≤ V 1−η(t+0 ) − γ (1 − η)(t1 − t0).

Similarly, for k = 2 and t ∈ (t1, t2], one has
V 1−η(t) ≤ V 1−η(t+1 ) − γ (1 − η)(t − t1),

≤ V 1−η(t+0 ) − γ (1 − η)(t1 − t0)
− γ (1 − η)(t − t1),

= V 1−η(t+0 ) − γ (1 − η)(t − t0).
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In general, for k = m + 1 and t ∈ (tm, tm+1], we have
V 1−η(t) ≤ V 1−η(t+m ) − γ (1 − η) (t − tm),

≤ V 1−η(t+m−1) − γ (1 − η) (tm − tm−1)

−γ (1 − η) (t − tm),

= V 1−η(t+m−1) − γ (1 − η) (t − tm−1),

≤ V 1−η(t+m−2) − γ (1 − η) (tm−1 − tm−2)

− γ (1 − η) (t − tm−1)},
= V 1−η

(
t+m−2

) − γ (1 − η) (t − tm−2),
...

≤ V 1−η
(
t+0

) − γ (1 − η) (t1 − t0)
− γ (1 − η) (t − t0)},

= V 1−η
(
t+0

) − γ (1 − η) (t − t0).

Then, we obtain

V 1−η(t) ≤ V 1−η(t+0 ) − γ (1 − η)(t − t0).

Therefore, from Lemma 1, the finite-time robust synchronization is obtained for MNN
with impulsive effect, and the finite-time is given as:

t1 = V (0)1−(β+1)/2

γ
(
1 − β+1

2

) .

The proof is completed.
Next, we consider the robust synchronization of MNN under stochastic perturbation. 
�

Theorem 2 Under Assumptions 1-5, the system (10) with stochastic perturbations will con-
verge under the same controller u(t) as in Theorem 1. If there exist a constant r > 0, and
two positive constants θ1 and θ2 which satisfy some certain conditions, then systems (9) and
(10) achieve finite-time synchronization. Hence, the following conditions hold:

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Ω1 A H2 B H3

� − 1
θ1
I 0 0 0

� � − 1
(θ1‖M1‖2) 0 0

� � � − 1
θ2
I 0

� � � � − 1
(θ2‖M2‖2)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

≤ 0,

2

θ2
L2 + Q2 − I ≤ 0,

where

Ω1 =
(

1

1 − μ
− 2r

)

I − 2C + Q1 + 2

θ1
L2.

Then the drive system (9) and the response system (10) can be finite-time synchronized in
mean square, and the finite time is obtained

t2 = V (0)1−(β+1)/2

γ
(
1 − β+1

2

) ,

where the value of V (0) is the same as that in Theorem 1.
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A Lyapunov function is given as follows:

V (t) = eT (t)e(t) + 1

1 − μ

∫ t

t−τ(t)
eT (s)e(s)ds + ω̃2 + ν̃2.

From Lemma 5, we obtain the operator L V (t)

L V (t) = 2eT (t) [−Ce(t) + (A + �A2(t)) f (e(t))

+ (B + �B2(t)) f (e(t − τ(t))) + (�A2(t) − �A1(t))g(x(t))

+ (�B2(t) − �B1(t))g(x(t − τ(t))) + u(t)]

+ trace
[
hT (t, e(t), e(t − τ(t)))h(t, e(t), e(t − τ(t)))

]

+ 1

1 − μ
eT (t)e(t) − 1 − τ̇ (t)

1 − μ
eT (t − τ(t))e(t − τ(t))

+ 2ω̃ ˙̃ω + 2ν̃ ˙̃ν.

From Assumption 5, we have

trace[hT (t, e(t), e(t − τ(t)))h(t, e(t), e(t − τ(t)))

≤ eT (t)Q1e(t) + eT (t − τ(t))Q2e(t − τ(t)).

According to the proof of Theorem 1, we get

L V (t) ≤ eT (t)Ω3e(t) + eT (t − τ(t)Ω4e(t − τ(t)) − γ
(
|eT (t)e(t)| β+1

2

+
(

1

1 − μ

∫ t

t−τ(t)
eT (s)e(s)ds

) β+1
2

+ |ω̃2| β+1
2 + |ν̃2| β+1

2

⎞

⎠ ,

where

Ω3 =
(

1

1 − μ
− 2r

)

I − 2C + Q1 + 2

θ1
L2

+ θ1

(
AAT + ‖M1‖2H1H

T
1

)
+ θ2

(
BBT + ‖M2‖2H2H

T
2

)
,

Ω4 = 2

θ2
L2 + Q2 − I,

and γ = min{2k1, 2k1(1 − μ)
β+1
2 }.

With the condition of Theorem 2, we get

L V (t) ≤ −γ V
β+1
2 (t).

Taking the expectation on both sides of the above equation, it can be written

E[L V (t)] ≤ −γ E[V β+1
2 (t)].

For any t0 ≥ τ > 0, we can easily obtain

E[V β+1
2 (t0)] = (E[V (t0)]) β+1

2 .

Therefore, we yield

E[L V (t)] ≤ −γ (E[V (t)]) β+1
2 .
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According to the finite-time stabilization theory of Lemma 2, E[V (t)] converges to zero
in a finite time t2, and t2 is estimated by

t2 = V (0)1−(β+1)/2

γ
(
1 − β+1

2

) .

The proof is completed.

Remark 7 Comparing with other memristive neural network [3,4,7,11], the synchronization
performance is investigated based on a new analysis approach instead of using differential
inclusions theory and set-valued mappings technique, which may be less conservative than
synchronization criterion obtained by using existing methods. Especially, we deal with the
issue of parameter mismatch in process of the memristive neural network.

Remark 8 In this paper,we combine the analysismethodof traditional neural network [20,21,
30] and overcome the issue of parameter mismatch to investigate memristive neural network
[19], which is more practical significance to explore the biological neural network.

4 Numerical Examples

In this section, two numerical examples are given to demonstrate the effectiveness of our
proposed scheme.

Consider a MNN system with time-varying delays as follows:

ẋi (t) = −ci xi (t) +
2∑

j=1

ai j (xi (t))g j (x j (t))

+
2∑

j=1

bi j (xi (t))g j (x j (t − τ(t))) + Ii , (14)

where i = 1, 2, I1 = I2 = 0, gi (xi (t)) = tanh(xi ), τ(t) = 0.2cost , which means that
τ = 0.2 and μ = 0.2 and c1 = 1, c2 = 1.5. The remaining parameters are given with
(15)-(18) and

a11(x1) =
{
0.7, |x1(t)| ≤ 1,

0.3, |x1(t)| > 1,
a12(x1) =

{
1.5, |x1(t)| ≤ 1,

0.5, |x1(t)| > 1,
(15)

a21(x2) =
{

−0.1, |x2(t)| ≤ 1,

−0.3, |x2(t)| > 1,
a22(x2) =

{
0.1, |x2(t)| ≤ 1,

0.9, |x2(t)| > 1.
(16)

b11(x1) =
{

−1.5, |x1(t)| ≤ 1,

−1.3, |x1(t)| > 1,
b12(x1) =

{
−0.1, |x1(t)| ≤ 1,

−0.05, |x1(t)| > 1,
(17)

b21(x2) =
{

−0.15, |x2(t)| ≤ 1,

−0.2, |x2(t)| > 1,
b22(x2) =

{
−2.3, |x2(t)| ≤ 1,

−2.5, |x2(t)| > 1.
(18)

Then, we obtain (19)-(21) as follows:

A =
(

0.5 1
−0.2 0.5

)

, Ã =
(
0.2 0.5
0.1 0.4

)

, M1 =
(
0.4 1
0.2 0.8

)

, (19)
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Fig. 6 a and b are time response
curves of state variables without
the controller u(t), c and d are the
phase curves of systems (14) and
(22) without the controller u(t)
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Fig. 7 a and b are time response
curves of state variables with the
controller u(t), c and d are the
phase curves of systems (14) and
(22) with the controller u(t)
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Fig. 8 (Color online) The synchronization errors e1, e2 of systems (14) and (22) without the controller u(t)

Fig. 9 (Color online) The synchronization errors e1, e2 of systems (14) and (22) with the controller u(t)

B =
( −1.4 −0.175

−0.075 −2.4

)

, B̃ =
(

0.1 0.025
0.025 0.1

)

, (20)

M2 =
(

0.2 0.05
0.05 0.2

)

, H1 = H2 =
(
0.5 0
0 0.5

)

, L =
(
1 0
0 1

)

, (21)

and Fi (t) ∈ [−1, 1], i = 1, 2.

Example 1 System (14) as the drive system is given, and the corresponding response system
with impulsive effect is considered as follows:

ẏi (t) = −ci yi (t) +
2∑

j=1

ai j (yi (t)) g j
(
y j (t)

) +
2∑

j=1

bi j (yi (t))

× g j (y j (t − τ(t))) + Ii + ui (t), t �= tk,

�yi (t) = yi (t
+
k ) − yi (t

−
k ) = Bikei , t = tk, k ∈ �, (22)

where Bik = −0.2.
Let r = 100, according to the LMI toolbox, we obtain θ1 = 101.0101, θ2 = 3.006. We

choose l = 1, χ = 1.6, x(0) = (10, 20)T and y(0) = (20,−10)T . Figures 6, 7 show the
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Fig. 10 a and b are time
response curves of state variables
without the controller u(t), c and
d are the phase curves of systems
(14) and (23) without the
controller u(t)
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Fig. 11 a and b are time
response curves of state variables
with the controller u(t), c and d
are the phase curves of systems
(14) and (23) with the controller
u(t)
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Fig. 12 (Color online) The synchronization errors e1, e2 of systems (14) and (23) without the controller u(t)

Fig. 13 (Color online) The
synchronization errors e1, e2 of
systems (14) and (23) with the
controller u(t)

time response of the state variables and the phase plots of the drive-response system (14) and
(22) without and with the controller u(t). Figures 8, 9 give the corresponding error curves
without and with the controller u(t) designed in (22).

Example 2 System (14) as the drive system is given and the corresponding response system
with stochastic perturbation is considered as follows:

dyi (t) =
⎡

⎣−ci yi (t) +
2∑

j=1

ai j (yi (t))g j (y j (t))

+
2∑

j=1

bi j (yi (t))g j (y j (t − τ(t))) + Ii + ui (t)

⎤

⎦ dt

+ h(t, e(t), e(t − τ(t)))d�(t), (23)

where the noise intensity is given as follows:
{

h1(t, e1(t), e1(t − τ(t))) = √
0.005e1(t) + √

0.25e1(t − τ(t)),
h2(t, e2(t), e2(t − τ(t))) = √

0.025e2(t) + √
0.005e2(t − τ(t)).
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where h(t, e(t), e(t − τ(t))) = diag(h1(t, e1(t), e1(t − τ(t))), h2(t, e2(t), e2(t − τ(t)))
�(t) = (�1(t),�2(t))T is a 2-dimensional Brownian motion satisfying E{d�(t)} = 0
and E{[d�(t)]2} = dt . From Assumption 3, it is easy to get Q1 = diag(0.01, 0.05), Q2 =
diag(0.5, 0.01). The remaining parameters are the same as in Example 1. Figures 10, 11 show
the time response of the state variables and the phase plots of the drive-response system (14)
and (23) without and with the controller u(t). Figures 12, 13 give the corresponding error
curves without and with the controller u(t) designed in (23).

5 Conclusion and Prospect

In this paper, based on both the impulsive analytical technique and the performance of
stochastic differential equation, finite-time synchronization of a MNN with impulsive effect
and stochastic perturbation have been studied. Especially, different from previous analysis
technique, our research use a novel transformation way which transforms the MNN into
cNN with uncertain parameters to study finite-time synchronization of MNN based on the
drive-response concept and the finite-time stability theory. Our results on the dynamical
behaviour of MNN extend and improve some existing ones. Numerical simulations verify
the effectiveness of our theoretical analysis.

Following the research of theMNN, it is necessary to further attempt and explore realmod-
els and dynamic behavior of MNN, which provide an in-depth understanding of key design
implications of memristor-based memories. Previous research has shown that the MNN is
a more realistic model for the description of real neural systems, so it is very interesting
to investigate the MNN. However, few researchers focussed on the in-depth analysis in the
model of MNN and the corresponding memory performance of the memristor.
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