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Delay-induced synchrony in complex networks with conjugate coupling

M. Manju Shrii,1,2 D. V. Senthilkumar,2 and J. Kurths1,2,3

1Institute for Physics, Humboldt University, 12489 Berlin, Germany
2Potsdam Institute for Climate Impact Research, 14473 Potsdam, Germany

3Institute for Complex Systems and Mathematical Biology, University of Aberdeen, United Kingdom
(Received 8 December 2011; revised manuscript received 1 March 2012; published 22 May 2012)

We demonstrate stable synchronous chaos in a delay coupled network of time continuous dynamical system
using the framework of master stability formalism (MSF). It is further shown that conjugate coupling, i.e.,
coupling using dissimilar variables, can substitute delay coupling of similar variables in retrieving delay-induced
phenomena. By exploiting the MSF, we show that delayed conjugate coupling in an arbitrary network is capable
of both inducing synchronization where there is no synchronization at all and enhancing synchronization to a
large parameter space, which even the conjugate coupling without delay is incapable of. The above results are
demonstrated using the paradigmatic Rössler system and Hindmarsh-Rose neuron.
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Connection delays unveil a plethora of collective (self-
organized) dynamical behavior of a network of coupled dy-
namical systems which the isolated units are incapable of. Ex-
amples include hysteresis, phase locking, phase flip, amplitude
death, multistable states, chimera states [1,2]. Synchronization
is a fundamental nonlinear phenomenon exhibited by such
a network of coupled dynamical systems with applications
branching out into a vast areas of science and technology
[3–5]. Investigating nontrivial effects of homogeneous and/or
heterogeneous connection delays, network topology, diversity
in connections, and in dynamical systems on synchronizability
of networks have received an immense importance in recent
research [3–7].

The master stability formalism (MSF) [8] has been widely
exploited in probing the stability of synchronization from
regular to complex networks [3–5]. Nevertheless, only a
very few recent investigations have employed the MSF in
investigating the stability of synchronization in delay-coupled
networks [7,9,10], in which the analyses are restricted to either
map or phase oscillators except in Ref. [7]. Nevertheless, the
authors of Ref. [7] admitted that their analysis could not
establish stable synchronized states in the master stability
surface of the network of delay coupled HR neurons. Hence
the framework of MSF has not yet been successfully employed
in determining the stability of delay coupled networks of time
continuous dynamical systems.

In this Brief Report, we employ the MSF in probing
the stable synchronized states in an arbitrary network with
delayed conjugate (dissimilar) coupling by considering the
paradigmatic models of the Rössler system [11–13] and the
Hindmarsh-Rose (HR) neuron [7,12,14]. Conjugate coupling
corresponds to a coupling via a dissimilar variable and has been
widely employed [15,16]. A conjugate variable y(t) can be
viewed as a delayed version, y(t) = x(t − τ ), of an observable
x(t) in accordance with the Takens’ embedding theorem [17]
and hence a conjugate coupling can substitute the delay
coupling of a similar variable in achieving the delay-induced
dynamical behaviors. For instance, it has been shown that
amplitude death can be achieved in identical oscillators with
conjugate coupling without any delay [15].

By using the MSF, we will show that the delayed conjugate
coupling is capable of both inducing synchronization where
there is no synchronization at all without delay and enhancing
the existing synchronization to a large parameter space in
an arbitrary network. We would like to emphasize that as
a conjugate coupling can substitute the delayed coupling of
similar variables in retrieving delay-induced phenomena as
mentioned above, the delayed conjugate coupling can even
outperform the conjugate coupling without delay in provoking
rich dynamical behaviors. To the best of our knowledge, none
of the existing studies have shown stable synchronous chaos,
in particular along with the phenomenon of delay-induced and
delay-enhanced synchronization, in a delay coupled network
of a time continuous system using the MSF.

In particular, we will show that the delayed conjugate
couplings [x(t − τ ) → y(t − τ ) and y(t − τ ) → x(t − τ )]
can induce stable synchronous chaos in a network of Rössler
oscillators, whereas the same couplings without delay do
not show any synchrony at all. On the other hand, the
delayed conjugate couplings in a network of HR neurons
enhance the existing synchronization to a large parameter
range. Further, synchronization can also be achieved even
for smaller coupling strengths than that without delay in the
conjugate coupling. As a conjugate variable can be viewed as
the delayed version of an observable x(t), delayed conjugate
coupling may be considered as coupling of the observable with
further larger delays, i.e., y(t − τ ) = x(t − 2τ ). Consequently,
this may explain the limitation on the maximum delay to be
less than the time scale of the dynamical system to induce
stable synchronization [10] and may open up the possibility
to account for long-range neural synchrony in the central
nervous system [7,18], long-range spatial synchronization in
ecology [19], in climatology [20], in laser physics [21], to
name a few; this needs further investigation and remains an
open problem. We will also establish the stable synchronized
regime in the complex plane of the MSF from the values of the
largest transverse Lyapunov exponent of the transverse modes
of the delay-coupled network.

We consider an arbitrary delay-coupled network with N

identical chaotic units in accordance with the MSF [8] as
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follows:

ẋi(t) = f [xi(t)] − σ

N∑

j=1

gijh[xj (t − τ )], (1)

where xi ∈ Rm,i = 1, . . . ,N , f is a nonlinear function de-
scribing the dynamics of the individual units, σ is the
overall coupling strength, G = gij is a N × N matrix, which
determines the topology of an arbitrary network, h is a linear
coupling function and the corresponding Jacobian matrix
Dh12,21 = 1 for conjugate couplings while other elements are
zero, and τ is the coupling delay. The invariant synchronization
manifold is assured by the zero row sum, that is

∑N
j=1 gij =

0∀i, of each row of the connectivity matrix G. If G is diag-
onalizable, then the stability of the synchronization manifold
is governed by the eigenvalues of G and the following block
diagonalized variational equation for the transverse modes

ξ̇ (t) = Df [x(t)]ξ (t) − εDh[x(t − τ )]ξ (t − τ ). (2)

Here, x(t) is the dynamics within the synchronization
manifold, ξ (t) is a perturbation transverse to the
synchronization manifold, which could be complex, Df [x(t)]
is the Jacobian evaluated on the synchronization manifold,
and Dh[x(t − τ )] is an m × m matrix that determines which
components of the oscillator are coupled. The normalized
coupling parameter ε = σγk , where γk is the kth eigenvalue
of the coupling matrix G, k = 0,1,2, . . . ,N − 1. It is to be
noted that γk is more generic because G is arbitrary and
it could be the eigenvalue corresponding to any specific
topology determined by G. Here, k = 0 corresponds to the
synchronization manifold with γ0 = 0, while all the other
eigenvalues for k > 0 correspond to the transverse modes
determining the stability of the synchronization manifold
x(t). Thus the synchronized state is stable for a given network
topology, characterized by G, when all the eigenvalues of G

for k > 0 are negative [or when all the transverse Lyapunov
exponents of (2) are negative]. Considering the fact that G

could have complex eigenvalues ε = σγk = −(α + iβ), the
generic variational equation, i.e., the MSF, can be written as

ξ̇ (t) = Df [x(t)]ξ (t) + (α + iβ)Dh[x(t − τ )]ξ (t − τ ), (3)

where, α and β are the real and imaginary parts of the
eigenvalue. Separating ξ (t) into the real part ξr (t) and the
imaginary part ξi(t), we get

ξ̇r (t) = Df [x(t)]ξr (t) + αDh[x(t − τ )]ξr (t − τ )

−βDh[x(t − τ )]ξi(t − τ ), (4a)

ξ̇i(t) = Df [x(t)]ξi(t) + αDh[x(t − τ )]ξi(t − τ )

+βDh[x(t − τ )]ξr (t − τ ). (4b)

The maximal transverse Lyapunov exponent (λmax) esti-
mated from Eqs. (4) yields a complex surface in the (α,β)
plane, namely the master stability surface of the considered
network of oscillators. For a given value of the coupling
strength σ and the delay time τ , one can locate a point in the
complex surface and the sign of λmax at that point determines
the stability of the synchronization manifold.

Next, we analyze the Rössler systems governed by the
equation of motions [8,12,13] ẋ = −y − z,ẏ = x + 0.2y,ż =
0.2 + z(x − 9.0) as nodes in the network with the delayed
conjugate coupling, x(t − τ ) → y(t − τ ). The largest
transverse Lyapunov exponent, estimated from the MSF (2),
depicted in Fig. 1(a) for τ = 0 indicates that the network is
in an asynchronous state as λmax > 0 in the entire range of ε.
In contrast, in the presence of a delay in the same conjugate
coupling, the network of Rössler systems is entrained to
synchronous oscillations as confirmed by the sign of λmax

in Fig. 1(a) for τ = 1.8 attributing to the phenomenon of
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FIG. 1. (Color online) The largest transverse Lyapunov exponents λmax of the MSF (2) of the delay-coupled network as a function of the
normalized coupling parameter ε for different values of the delay τ in the conjugate coupling. (a) x(t − τ ) → y(t − τ ) coupled Rössler system
for τ = 0.0 and 1.8, (b) y(t − τ ) → x(t − τ ) coupled Rössler system for τ = 0.0 and 4.9, (c) x(t − τ ) → y(t − τ ) coupled HR neurons for
τ = 0.0, 1.3, and 4.9, and (d) y(t − τ ) → x(t − τ ) coupled HR neurons for τ = 0.0 and 0.8.

057203-2



BRIEF REPORTS PHYSICAL REVIEW E 85, 057203 (2012)

 0  0.5  1  1.5
 0

 1
 2

 3
-1

 0

 1

 2

λmax

(a)
       0

    -0.2
    -0.4

ε

τ

λmax

-0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1  1.2

 0.2  0.3  0.4  0.5
 4.6

 4.8
 5

 5.2

-0.04

 0

 0.04

 0.08

 0.12

λmax

(b)        0
   -0.01
   -0.02

ε

τ

λmax

-0.04 -0.02  0  0.02  0.04  0.06  0.08  0.1  0.12

 0  2  4  6
 0

 2
 4

 6
 8

 10
-0.4

-0.2

 0

 0.2

 0.4

 0.6

λmax

(c)
       0

   -0.02
   -0.04

ε

τ

λmax

-0.1 -0.05  0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

 0  1  2  3
 0

 0.5
 1

 1.5
 2

-0.4

-0.2

 0

 0.2

 0.4

 0.6

λmax

(d)
       0

   -0.02
   -0.04

ε

τ

λmax

-0.2 -0.1  0  0.1  0.2  0.3  0.4  0.5

FIG. 2. (Color online) Surface of the largest transverse Lyapunov exponents λmax as a function of the coupling delay τ and the normalized
coupling parameter ε. An increase in the color density corresponds to a decrease in the value of λmax and the contours encompasses the stable
synchronized regime corresponding to λmax < 0. (a) x(t − τ ) → y(t − τ ) coupled Rössler system, (b) y(t − τ ) → x(t − τ ) coupled Rössler
system, (c) x(t − τ ) → y(t − τ ) coupled HR neurons, and (d) y(t − τ ) → x(t − τ ) coupled HR neurons.

delay-induced synchronization in the network. The effect of
delay coupling can be better understood from Fig. 2(a), where
λmax is shown as a surface in the (τ,ε) plane. An increase in
the color intensity corresponds to a decrease in the λmax and
the isoclinic lines encompass the stable synchronous regime
corresponding to the λmax < 0. It is evident from Fig. 2(a) that
without delay in the coupling the network of Rössler systems
does not exhibit any synchronous oscillation. On the other
hand, as τ is increased the network attains synchronization
after an appreciable delay and the range of stable synchroniza-
tion increases with it up to a certain threshold. Further increase
in the delay results in a decrease in the spread of stable synchro-
nization and finally reaches asynchronization for further larger
delays. The corresponding master stability surface, i.e., the
surface of λmax in the complex (α,β) plane, estimated from the
MSF (4) is illustrated in Fig. 3(a) for the coupling delay
τ = 1.8, in which the stable regimes are displayed by the
contours of λmax < 0.

A similar result is also observed for another choice of the
delayed conjugate coupling, namely y(t − τ ) → x(t − τ ).
The sign of λmax [see Fig. 1(b)] as a function of ε for both
with and without delay in the conjugate coupling asserts
the phenomenon of delay-induced synchronization in the
network of Rössler systems. The surface of λmax in Fig. 2(b)
and its contours for λmax < 0 clearly illustrates the above
phenomenon. Further, the complex (α,β) plane of the MSF in
Fig. 3(b) for τ = 4.9 with λmax < 0 confirms the same.

Now, we consider the network with HR neurons described
by the equation of motions [7,12,14] ẋ = y − x3 + 3.0x2 −
z + 3.2,ẏ = 1.0 − 5.0x2 − y,ż = 0.06[4.0(x + 1.6) − z] and
demonstrate the phenomenon of delay-enhanced stable

synchronization using the MSF. The largest transverse Lya-
punov exponent λmax is depicted in Fig. 1(c) for three
different τ for the network of x(t − τ ) → y(t − τ ) coupled
HR neurons. For τ = 0, the λmax crosses the zero axis at
εthr = 1.43 indicating the onset of stable synchronization and
the network remains synchronized for larger ε falling into
the class 
2. The introduction of a delay in the conjugate
coupling has a tremendous effect on this scenario. With the
coupling delay, the network can attain stable synchronization
even well below the εthr, thereby inducing synchronization for
smaller ε, and controlling the spread of stable synchronization
to both an infinite (class 
2) and a finite (class 
1) range
of ε for appropriate τ . This is indeed illustrated by λmax in
Fig. 1(c) for τ = 1.3 and 4.9, respectively. The phenomenon
of delay-enhanced stable synchronization is clearly displayed
by the isoclinic lines of λmax < 0 in Fig. 2(c). The color
density corresponds to the value of λmax as shown by the
color bar. It is clear from this figure that synchronization
can be attained even for smaller values of ε with a delay
compared to that without delay in the conjugate coupling.
Further, it is also evident that in addition to extending the
stable synchronized regime towards smaller values of ε, it
can also remain extended to an infinite and controlled to
a finite range of ε for appropriate τ in the coupling. The
corresponding master stability surface, calculated using the
MSF (4) for τ = 4.9, depicted in Fig. 3(c) clearly indicates
the stable synchronized regime by the contours of λmax < 0.
The phenomenon of delay-enhanced neural synchrony was
indeed demonstrated for two diffusively coupled HR neurons
with x → x coupling [7]. Nevertheless, it does not establish
any stable synchronized regime in the master stability surface
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FIG. 3. (Color online) Master stability surface of the delay-coupled network. An increase in the color density corresponds to a decrease in
the value of λmax and the contours encompasses the stable synchronized regime corresponding to λmax < 0. (a) x(t − τ ) → y(t − τ ) coupled
Rössler system for τ = 1.8, (b) y(t − τ ) → x(t − τ ) coupled Rössler system for τ = 4.9, (c) x(t − τ ) → y(t − τ ) coupled HR neurons for
τ = 4.9, and (d) y(t − τ ) → x(t − τ ) coupled HR neurons for τ = 0.8.

using the MSF for a network of delay-coupled HR neurons
with x → x coupling.

For the delayed conjugate coupling y(t − τ ) → x(t − τ ),
the network of HR neurons extends the boundary of sta-
ble synchronization towards both smaller and larger values
of ε illustrating the phenomenon of delay-enhanced stable
synchronization. The largest transverse Lyapunov exponent
estimated from Eq. (2) is shown in Fig. 1(d) for both with
and without delay in the conjugate coupling. For τ = 0,
the stable synchronization is confined to the range ε ∈
(0.28,1.23) corresponding to λmax < 0, whereas the regime
of stable synchronization is extended to almost twice of it
for τ = 0.8 in the range ε ∈ (0.036,2.31) in both directions
of the coupling strength. This confirms the phenomenon of
delay-enhanced stable synchronization in the network of HR
neurons. The surface of λmax is shown in Fig. 2(d). The contour
lines, corresponding to λmax < 0 encompassing the stable
synchronized regime, clearly indicate the delay-enhanced
stable synchronization in the entire range of the delay we
have analyzed. The corresponding master stability surface is
depicted in Fig. 3(d) for the coupling delay τ = 0.8. The
isoclinic lines corresponding to λmax < 0 clearly assert the
existence of stable synchronization in the network of HR
neurons with the delayed conjugate coupling.

To summarize, we have exploited the MSF in investigating
the delay effects in an arbitrary delay-coupled network with
conjugate coupling. It is known that a conjugate coupling
substitutes the delay coupling of the similar variable in achiev-
ing delay-induced effects. To add to its further advantage, we
have shown that the delayed conjugate coupling is capable of
enriching the synchronizability of the interacting dynamical

systems further beyond the effects of conjugate coupling
without delay. In particular, we have shown that the delayed
conjugate coupling can induce stable synchronization in the
network of Rössler systems, which does not exhibit any syn-
chronous oscillations without delay in the coupling. Further,
we have also shown that the delayed conjugate coupling can
enhance stable synchronization to a large parameter range and
it can be even achieved for smaller values of the coupling
strength in the network of HR neurons compared to that
without delay. The isoclinic lines of the largest Lyapunov
exponents of the MSF for λmax < 0 corroborate the stable
synchronization regime both in the (τ,ε) parameter space and
in the complex (α,β) plane of the master stability surface.
Furthermore, the delayed conjugate coupling opens up the
possibility of achieving synchronization beyond the limitation
on the maximum delay to be less than the time scale of the
dynamical systems under consideration [10]. This may also
account for the long-range neural synchrony observed in the
central nervous system [7,18] as it exhibits large transmission
delays (with complex topological architecture including con-
jugate coupling) compared to their intrinsic time scale [18],
long-range spatial synchronization in ecology (for instance,
synchronization of vole populations by predator birds, lynx
populations) [19], in climatology (for instance, El Niño and
Indian Monsoon) [20]. Currently, we are working on extending
the analytics in Ref. [10] to delayed conjugate coupling to
substantiate our interpretation from the phenomena of delayed
conjugate coupling induced and enhanced synchronizations.

D.V.S and J.K. acknowledge the support from EU under
Project No. 240763 PHOCUS (FP7-ICT-2009-C).
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