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The performance of (bio-)signal classification strongly depends on the choice of suitable features (also

called parameters or biomarkers). In this article we evaluate the discriminative power of ordinal

pattern statistics and symbolic dynamics in comparison with established heart rate variability

parameters applied to beat-to-beat intervals. As an illustrative example we distinguish patients

suffering from congestive heart failure from a (healthy) control group using beat-to-beat time series.

We assess the discriminative power of individual features as well as pairs of features. These

comparisons show that ordinal patterns sampled with an additional time lag are promising features

for efficient classification.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Heart rate variability reflects the complex interaction of
control loops of the cardiovascular system and its nonlinear
response to perturbations. Cardiac diseases often manifest them-
selves in characteristic changes in the heart rate variability and in
the corresponding patterns of beat-to-beat intervals (BBI). Con-
sequently, the ability to classify (or: distinguish between) phy-
siological and pathological BBI patterns is critically important for
the development of new diagnostic tools. Successful classification
of time series of beat-to-beat intervals, however, strongly
depends on the availability of significant features [1–10]. In the
following we shall introduce a new family of features based on
ordinal pattern statistics. We compare these new features with
conventional heart rate variability (HRV) parameters [1] as well
as features based on symbolic dynamics [4–6]. The performance
of these three classes of features will be evaluated and compared
using BBI time series from a (healthy) control group and patients
suffering from congestive heart failure (CHF).
ll rights reserved.
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2. Features

In this section we shall briefly introduce features deduced
from heart rate variability parameters, symbolic dynamics, and
ordinal pattern statistics.

2.1. Heart rate variability parameters

Standard methods of HRV analysis [1] include time and
frequency domain parameters. Time domain parameters are
based on statistical methods derived from the RR-intervals as
well as the differences between them. The mean heart rate
(meanNN) is the simplest parameter, while the standard devia-
tion for the whole time series (sdNN) is the most prominent HRV
measure for estimating overall HRV. A list of commonly used
parameters is given in Table 1. These parameters can be calcu-
lated for short (5 min) and long (24 h) term epochs, representing
short-term and long-term variability, respectively.

Frequency domain HRV parameters focus on periodic com-
ponents in the heart rate time series [11]. There are different
techniques for spectral analysis: methods based on the fast
Fourier transform (FFT), parametric autoregressive modelling,
or wavelet decompositions. Very low, low and high frequencies
(see Table 1) can be estimated from 5 min ECG recordings. The
high frequency power reflects modulation of vagal activity by
respiration, whereas the low frequency power represents vagal

www.elsevier.com/locate/cbm
dx.doi.org/10.1016/j.compbiomed.2011.03.017
mailto:ulrich.parlitz@ds.mpg.de
dx.doi.org/10.1016/j.compbiomed.2011.03.017


Table 1
Description of time- and frequency domain HRV parameters. BBI stands for (filtered) beat-to-beat intervals (NN-intervals).

Variable Units Definition

Time domain statistical methods

meanNN ms Mean BBI (inversely related to mean heart rate)

sdNN ms Standard deviation of all BBI values

sdaNN5 ms Standard deviation of successive five minutes BBI averages

cvNN none Coefficient of variation: sdNN/meanNN; quantifies long-range variabilities

rmssd ms Root mean square of successive BBI differences

pNN50 % Percentage of NN-interval differences greater than 50 ms; quantifies short-range variabilities

pNNX % Percentage of beat-to-beat differences greater than Xms (e.g. X¼100/200 ms)

pNNlX % Percentage of beat-to-beat differences lower than Xms (e.g. X¼10/20/30 ms)

shannon none Shannon entropy of the histogram (density distribution of the BBI values)

renyiX none Renyi entropy of order X of the histogram (e.g. X¼2/4/0.25)

Frequency domain methods

P ms2 Total power from 0 to 0.4 Hz

ULF ms2 Ultra low frequency band 0–0.0033 Hz

VLF ms2 Very low frequency band 0.0033–0.04 Hz

LF ms2 Low frequency band 0.04–0.15 Hz

HF ms2 High frequency band 0.15–0.4 Hz

LF/HF none Quotient of LF and HF

LFn none Normalized low frequency band (LF/(LFþHF))
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and sympathetic activity via the baroreflex loop. The low-to-
high frequency ratio is used as an index of sympathovagal
balance [12].
2.2. Symbolic dynamics

Symbolic dynamics provides a class of features by transforming
the time series x1,x2, . . . ,xN into a sequence of symbols s1,s2, . . . ,sN

from a finite alphabet. This sequence may be characterized statisti-
cally [5–10].

Notably, already two to four symbols result in an efficient
characterization of beat-to-beat time series. For example, a
symbolic description with two symbols was introduced in [6]
using the symbols ‘‘0’’ and ‘‘1’’ to indicate differences of interbeat
intervals below or above a threshold, i.e.

snðxnÞ ¼
0 : jxn�xn�1joDms

1 : jxn�xn�1jZDms,

(
ð1Þ

where Dms indicates the time interval. A particular feature based
on this kind of symbol sequences is POLVAR D that equals the
probability of occurrence of the subsequence ‘‘000000’’ in the
symbolic string and thus quantifies the low variability epochs. In
our comparison of features we considered POLVAR5, POLVAR10
and POLVAR20.

Another study using only two symbols was presented by
Cysarz et al. [7], who characterized HRV on short time scales by
the symbolic sequence

sn ¼
0 if DRRnZ0

1 if DRRno0,

(
ð2Þ

where DRRn ¼ RRn�RRn�1 denotes the difference of RR intervals
and the symbols ‘‘0’’ and ‘‘1’’ represent deceleration and accel-
eration of heart rate, respectively.

Symbolic dynamics based on uniform quantization resulting in
more than two symbols was used by Porta et al. [8,9] to compute
information theoretic quantities. These quantities were shown to
be quite efficient when used for characterizing short term heart
period variability of CHF patients.

A symbolic dynamics representation of BBI time series using four
symbols and non-uniform quantization levels was introduced by
Wessel et al. [5,6] and is given by

snðxnÞ ¼

0 : moxnrð1þaÞm
1 : ð1þaÞmoxno1
2 : ð1�aÞmoxnrm
3 : 0oxnr ð1�aÞm:

8>>>><
>>>>:

ð3Þ

In Eq. (3), the transformation into symbols snðxnÞ is obtained
using three non-uniform quanitization levels, where m denotes
the mean beat-to-beatinterval and a is a parameter that we have
chosen to be equal to 0.05.

There are several quantities that characterize the resulting
symbol strings. In this study we analyze the frequency distribu-
tion of words of length W¼3, i.e. substrings which consist of three
symbols from the alphabet A¼{0,1,2,3}, leading to maximal
4W
¼64 different words (or bins when estimating probabilities

of occurrence). This is a trade-off between sufficient dynamical
resolution and adequate statistics to estimate the probability
distribution.

A useful measure for decreased HRV is a high percentage of
words consisting only of the symbols ‘0’ and ‘2’ (WPSUM02).
Conversely, an indicator of increased HRV (WPSUM13) con-
sists of a high percentage of all words which contain the
symbols ‘1’ and ‘3’.

Another measure of symbolic dynamics is the parameter
WSDVAR, which measures the variability of the time series
depending on a word sequence [10].

Based on symbolic representations and their probabilities of
occurrence it is also possible to compute the Shannon entropy
(FWSHANNON).

HðWÞ ¼�
X4W

k ¼ 1

pklogpk ð4Þ

from the probabilities pk of words. Large values of the Shannon
entropy correspond to high complexity in the corresponding
tachograms and vice versa.

Another feature that may be computed from the probability
distribution of words is the number of forbidden words (FORB-
WORD) of length 3, i.e. the number of words which never or only
seldomly occur. The larger the number of forbidden words, the
more regular is the corresponding time series. If the time series is
highly complex (in the sense of Shannon), only a few forbidden
words will be found.
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Fig. 1. Illustration of the construction principle of ordinal patterns of length W.

For W¼2 there are only two possible directions from x1 to x2, up or down. The

third part of the pattern can be above x2, below x1 or between x1 and x2 as

illustrated here. For pattern length W¼4, there are four additional possible

locations of x4, leading finally to W! different ordinal patterns.
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Fig. 2. Ordinal patterns of length (a) W¼3, (b) W¼4, (c) W¼5 and corresponding

permutation indices. For each pattern the values (or amplitudes) of the sequence

are plotted vs. time (horizontal axis).
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A generalization of the Shannon entropy is the Renyi entropy
of order q

HqðWÞ ¼
1

1�q
log �

X4W

k ¼ 1

pq
k

 !
ð5Þ

that leads to the symbolic features FWRENYI025 (q¼0.25) and
FWRENYI4 (q¼4). Again, higher values of these entropies indicate
higher complexity in the corresponding tachograms.

2.3. Ordinal pattern statistics

Ordinal patterns [13–23] describe the relations within short
segments of length W of a given time series. They are easy to
compute and robust against noise. For this reason ordinal patterns
have been used in a wide range of applications including the
detection of determinism in noisy time series [18,19], estimation
of transfer entropy in epilepsy [17], complexity analysis of time
series [20], or classification [23].

The construction principle for ordinal patterns of length W is
illustrated in Fig. 1. All possible ordinal pattern of subsequences of
lengths W¼3–5 are shown in Fig. 2. A unique index can be assigned
to each ordinal pattern by interpreting the subsequence as a
permutation that is characterized by a permutation index. This is
done by first reordering the samples xn,xnþ1,xnþ2, . . . xnþW�1 with
respect to their amplitude such that xpðnÞrxpðnþ1Þrxpðnþ2Þr . . .

rxpðnþW�1Þ and then computing the permutation index of p. For
example, a sequence ðxn,xnþ1,xnþ2,xnþ3Þ ¼ ð2:22,4:21,1:30,3:76Þ
leads to a permutation (3, 1, 4, 2) with a permutation index of
I¼11 (see Fig. 2b). If two samples have the same amplitude, they are
ordered with respect to time (i.e., xn¼xm yields (m,n) if mon).1 Note
that some information about amplitudes and gradients or variability
is lost upon this discretization. For example, a sequence 1, 1.01, 0.99
corresponds to the same permutation index I¼4 as a sequence 1,
10 000, �20 000. Depending on the application any information
about (absolute) amplitudes or derivatives has to be taken into
account by other (additional) quantities or features.

Similar to the symbolic dynamics approach (Section 2.2) each
time series can be transformed into a sequence of permutation
indices that formally may also be considered as a sequence of
symbols from a finite alphabet of size W! The concept of ordinal
pattern can be extended [21,22] by considering not only con-
secutive samples but also subsequences with samples xn,xnþL,
xnþ2L, . . . ,xnþðW�1ÞL that are separated in time by a lag of L

sampling times TS which corresponds to a delay of T ¼ L � TS in
(absolute) time units. On this case xð_nþkLÞ is the RR interval at
the beat nþkL. The probabilities of occurrence of specific patterns
with permutation index I for a given delay T and length W are
1 If many pairs of equal samples occur in a time series, the ordering with

respect to time will introduce a bias in the probability distributions and some

random selection of (m,n) or (n,m) may be more appropriate.
used as features for characterizing the underlying time series and
will be denoted in the following by ‘‘perm(T, W, I)’’. The prob-
ability perm(T, W, I) will be given in percentage. Since the unit of
time of beat-to-beat time series is ‘‘heart beats’’ in this case T is an
integer number (¼ number of omitted beats þ 1) that equals L.
Furthermore, we compute the Shannon entropy based on all
probabilities for a given delay T and a given word length W (in
the following denoted as ‘‘perm entropy(T, W)’’).



U. Parlitz et al. / Computers in Biology and Medicine 42 (2012) 319–327322
Of course, in principle one could also consider even longer
ordinal patterns (W45), but then very long time series are
required to reliably estimate the fast growing number W! of
different patterns.

C-code for computing the permutation index can by found in
Ref. [24]. Python or MATLAB (The MathWorks, Inc.) functions
computing permutation indices from a time series for a given
word length W and a time lag L are given in the Appendix.
3. Results

3.1. Data

To compare the performance of the three classes of features
introduced in the previous section we applied them to two data
sets describing long term beat-to-beat dynamics of patients
suffering from congestive heart failure (CHF) and patients from
a control group. The CHF data set consists of 24 h time series
(sampling frequency 256 Hz) from 15 patients (11 male, 4 female,
ages 567 11 yr) available from Physionet [26] and beat-to-beat
time series of 15 healthy elderly subjects (11 male, 4 female, ages
Table 2
Significant features for CHF detection, including HRV parameters (I), symbolic dynamics

the control group (’Control’) and the CHF patients (’CHF’) and p-values, Columns 5–7: R

classifications of data sets from the control group (‘‘Control’’), from the patient groups

Feature Mean value 7standard deviation

Control CHF

I VLF 7.874.9 2.574.1

LF 3.2472.34 0.5570.62

HF 0.9070.84 0.4170.50

P 54731 547157

LF/HF 4.2071.62 1.4270.73

LFn 0.7970.07 0.5570.12

meanNN 786760 6687119

sdNN 121731.1 62724

cvNN 0.15470.036 0.09370.03

sdaNN1 114730 70761

rmssd 25.979.9 20.1714.6

renyi2 2.9670.25 2.1270.40

renyi4 2.8170.27 1.9770.41

shannon 3.1070.24 2.3370.40

II FORBWORD 4.0774.27 0.8771.75

FWSHANNON 3.6070.15 3.8370.13

WPSUM02 0.05770.055 0.16970.07

WPSUM13 0.38070.105 0.20370.10

WSDVAR 2.2570.20 1.8470.24

POLVAR5 6:9� 10�04 71:0� 10�03 0.0367 0.0

POLVAR20 0.2867 0.194 0.6837 0.2

PHVAR20 0.0257 0.029 0.0137 0.0

FWRENYI025 3.997 0.06 4.077 0.04

III perm(3,3,5) 13.87 0.7 15.37 0.6

perm(1,3,2) 11.37 1.1 14.67 1.9

perm(4,3,6) 18.67 2.1 13.67 3.0

perm(3,3,3) 12.37 1.4 14.87 1.1

perm(3,4,3) 2.897 0.64 4.497 0.52

perm(4,4,3) 2.767 0.40 4.537 0.80

perm(3,4,5) 2.877 0.64 4.507 0.66

perm(4,4,18) 5.577 0.49 4.077 0.89

perm(4,5,109) 1.347 0.11 0.837 0.20

perm(4,5,71) 1.167 0.08 0.837 0.14

perm(1,5,75) 0.177 0.06 0.477 0.20

perm(8,5,22) 0.857 0.10 0.567 0.09
567 5 yr) whose beat-to-beat time series (sampling frequency
128 Hz) were measured at Charité Berlin [25]. All CHF patients
belonged to NYHA classes 3 and 4 [26].

The data have been preprocessed [4] to remove artifacts (e.g.
double recognition, i.e. R-peak and T-wave recognized as two
beats). Additionally, beats not originating from the sinus node of
the heart, i.e. ventricular premature complexes (VPC), are
removed. These beats are not directly controlled by the autono-
mous nervous system. About 6.8% of the samples of the CHF data
and 3.3% of the control group samples were detected as artifacts A
MATLAB implementation of the preprocessing algorithm is avail-
able from tocsy.pik-potsdam.de.

All features introduced in Section 2 were tested individually
with respect to their ability to distinguish beat-to-beat time series
of CHF patients from heartbeat data of healthy persons. Then, the
most significant features of each group (Sections 2.1, 2.2, and 2.3)
were selected to represent that class of features.

3.2. Classification results

Table 2.I shows mean values and standard deviations, as well
as p-values [27] for the most important and most descriptive
(II), and ordinal patterns (III). Columns 2–4: Mean value 7standard deviation for

esults of a Leave-One-Out Cross Validation test showing the percentage of correct

(‘‘CHF’’), and for all beat-to-beat time series (‘‘Both’’).

p-value % of correct classifications

Both Control CHF

2:7� 10�05 80 80 80

1:6� 10�05 70 73 67

4:3� 10�03 73 80 67

3:4� 10�05 83 87 80

1:3� 10�06 83 87 80

1:3� 10�06 83 87 80

3:7� 10�03 77 93 60

3:5� 10�06 90 93 87

7 3:2� 10�04 80 87 73

9:0� 10�05 80 80 80

3:3� 10�02 73 87 60

1:5� 10�07 90 93 87

2:4� 10�07 87 87 87

2:4� 10�07 87 87 87

1:6� 10�03 80 87 73

1:7� 10�04 80 73 87

2 1:1� 10�04 90 87 93

7 1:7� 10�04 83 87 80

7:1� 10�05 83 87 80

33 5:2� 10�08 93 93 93

16 1:1� 10�04 80 80 80

21 2:3� 10�02 53 60 47

1:1� 10�04 73 67 80

1:6� 10�05 87 80 93

2:7� 10�05 87 93 80

2:7� 10�05 77 80 73

3:4� 10�05 80 73 87

1:3� 10�08 100 100 100

3:9� 10�07 97 100 93

1:3� 10�06 87 93 80

1:8� 10�06 93 100 87

9:0� 10�08 97 100 93

9:0� 10�08 90 93 87

9:0� 10�08 87 87 87

1:5� 10�07 90 93 87



Fig. 3. p-values of the probabilities of permutations indices of subsequences

sampled with lags T vs. lag T. (a) length W¼3, (b) length W¼4, (c) length W¼5,

The mean value of logðpÞ-values is plotted as a thick (black) line with a clear

minimum between lag 3 and 4.
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conventional HRV parameters (see Section 2.1). The best perfor-
mance exhibits the standard deviation sdNN, the normalized low
frequency band LFn, as well as the Shannon entropy (Eq. (4))
shannon and the Renyi Entropies (Eq. (5)) renyi2 and renyi4.2

Table 2.II shows classification results obtained with para-
meters from symbolic dynamics (see Section 2.2), where POL-
VAR5 provided best classification results.

The results for probabilities of ordinal patterns are shown in
Table 2.III where we have listed those patterns that provided the
best classification results (including several ordinal patterns of
length W¼4).

In Fig. 3 the p-values of the probabilities of permutations
indices of subsequences sampled with lags T are plotted vs. T for
different lengths W. For lags between 3 and 4 most of the p-values
show local minima. These patterns span a period of ðW�1ÞT ¼
3 � 3�4 � 4¼ 9�16 heart beats, i.e. about 6–11 s (or 0.09–0.16 Hz)
and they are correlated with the HRV parameters LF and LFn,
which are known to have smaller values for CHF patients (due to
medication or cardiac insufficiency) [28–30].

Therefore, we conjecture that ordinal patterns describing the
dynamics on a time scale of about 0.09–0.16 Hz are quite
sensitive and descriptive, because this is the frequency range,
where BBI time series from CHF patients significantly differ from
heart beats of healthy subjects.

3.3. Cross validation

Our second evaluation criterion is based on leave-one-out
cross-validation (LOO-CV) of classification results obtained with
individual features. For each feature a classifier was constructed
by finding a threshold value that minimizes the total number of
misclassifications in the training set. Then, the test data set was
classified using this threshold. The classification were repeated
for all possible separations into training and test sets and the
percentage of correct classifications of test sets was computed.
The results are given in columns 5–7 in Table 2 showing the
percentage of correct classifications of data sets from the control
group (‘‘Control’’), from the patient groups (‘‘CHF’’), and for all
beat-to-beat time series (‘‘Both’’). As can be seen in Table 2.III
feature perm(3,4,3) achieves 100% correct classifications in the
LOO-CV test. An illustration of the corresponding ordinal pattern
I¼3 (see Fig. 2b) in terms of ECG-signals is shown in Fig. 4.

3.4. Unfiltered data

Table 3 shows results obtained from unfiltered CHF data and
from unfiltered controls. Due to the robustness of ordinal pattern
statistics their values differ not significantly from those estimated
from the preprocessed data (cf. Table 2.III) and can be classified
with the same leave-one-out cross validation. While some of the
other parameters can be obtained from unfiltered data, most of
them, however, show significantly reduced descriptive power,
some even loose it entirely (e.g. P, sdNN, rmssd, or FORBWORD).
The main cause for this failure may be beat-to-beat time series
like the example shown in Fig. 5 that contain very long interbeat
periods, probably due to interrupted measurements. If these very
large (and spurious) BBI-values are not eliminated during a
preprocessing or filtering process they may considerably distort
parameters based on Fourier transforms or signal power. Notably,
the statistics of ordinal patterns is almost unaffected by a few
extreme amplitude values.
t

Fig. 4. Sketch of an ECG-signal (sequence of R-peaks) corresponding to an ordinal

pattern perm(3,4,3). The time intervals xk between every third beat (T¼3) are

ordered as x1 ox3 ox2 ox4.

2 Bonferroni corrections were not explicitly applied but since most p-values

listed here and in the following tables are very small, the results would remain

significant even when including a correction factor of a few 100.



Table 3
Significant features for CHF detection based on unfiltered beat-to-beat time series (compare Table 2). Columns 2-4: Mean value 7standard deviation for the control group

(’Control’) and the CHF patients (’CHF’) and p-values, Columns 5-7: Results of a Leave-One-Out Cross Validation test showing the percentage of correct classifications of

data sets from the control group (‘‘Control’’), from the patient groups (‘‘CHF’’), and for all beat-to-beat time series (‘‘Both’’).

Feature mean value 7standard deviation p-value % of correct classifications

Control CHF Both Control CHF

I VLF 0.197 0.11 1877 698 2:9� 10�02 67 80 53

LF 0.0847 0.059 15.17 56.2 2:2� 10�01 60 73 47

HF 0.0267 0.022 2.227 7.95 2:7� 10�01 70 100 40

P 0.347 0.20 2477 922 2:9� 10�01 63 73 53

LF/HF 5.467 2.61 1.307 1.62 3:5� 10�06 87 87 87

LFn 0.7477 0.077 0.3867 0.163 2:5� 10�06 93 93 93

meanNN 8027 62 7037 155 1:5� 10�02 77 93 60

sdNN 507 15 2107 496 2:7� 10�01 67 87 47

cvNN 0.0637 0.016 0.1377 0.232 4:1� 10�01 63 73 53

sdaNN1 26.77 6.6 1837 571 5:8� 10�04 80 87 73

rmssd 307 12 2537 598 1:4� 10�01 53 67 40

renyi2 1.867 0.31 1.217 0.45 1:7� 10�04 80 80 80

renyi4 1.697 0.31 1.067 0.40 1:1� 10�04 80 80 80

shannon 2.067 0.31 1.447 0.49 1:7� 10�04 83 87 80

II FORBWORD 29.27 8.0 34.47 8.9 1:3� 10�01 50 53 47

FWSHANNON 2.647 0.26 2.347 0.36 3:2� 10�03 77 73 80

WPSUM02 0.3997 0.135 0.6337 0.223 4:3� 10�03 80 87 73

WPSUM13 0.3277 0.069 0.1827 0.146 1:4� 10�03 73 73 73

WSDVAR 1.807 0.23 1.177 0.51 2:6� 10�04 80 87 73

POLVAR5 1:6� 10�03 72:2� 10�03 0.0337 0.033 1:3� 10�06 87 93 80

POLVAR20 0.2867 0.194 0.6487 0.221 3:9� 10�04 77 80 73

PHVAR20 0.0297 0.032 0.0507 0.115 1:1� 10�01 50 60 40

FWRENYI025 3.427 0.23 3.237 0.29 2:9� 10�02 73 87 60

III perm(3,3,5) 13.87 0.7 15.47 0.7 1:2� 10�05 87 80 93

perm(1,3,2) 11.47 1.2 15.87 3.3 8:8� 10�06 87 93 80

perm(4,3,6) 18.67 2.1 13.57 3.0 2:0� 10�05 87 80 93

perm(3,3,3) 12.37 1.4 14.77 1.1 4:4� 10�05 80 73 87

perm(3,4,3) 2.867 0.64 4.487 0.46 1:3� 10�08 100 100 100

perm(4,4,3) 2.757 0.38 4.477 0.79 5:8� 10�07 97 100 93

perm(3,4,5) 2.897 0.63 4.657 0.65 3:9� 10�07 90 93 87

perm(4,4,18) 5.557 0.46 3.897 0.89 2:5� 10�06 97 100 93

perm(4,5,109) 1.347 0.11 0.827 0.20 9:0� 10�08 97 100 93

perm(4,5,71) 1.157 0.09 0.837 0.13 9:0� 10�08 97 100 93

perm(1,5,75) 0.1647 0.056 0.4117 0.200 3:5� 10�06 87 87 87

perm(8,5,22) 0.8557 0.095 0.5617 0.091 1:5� 10�07 93 93 93

Fig. 5. Beat-to-beat time series containing very long (spurious) beat-to-beat

intervals. Top: unfiltered data; bottom: filtered time series.
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3.5. Separation of classes in two-dimensional feature spaces

In order to evaluate and compare the descriptive power of
different types of features we shall consider now pairs of features
that (individually) provided significant classification results.
Fig. 6a shows a plot where for each (filtered) beat-to-beat time
series (i.e. for each test person) the values of perm(3,4,3) are
plotted vs. the corresponding probability perm(4,4,3). Both prob-
abilities of ordinal patterns are normalized with respect to the
smallest and the largest value occurring in the full data set. Points
representing patients suffering from CHF are marked as a (red)
cross while data associated with persons from the control group
are plotted as filled (blue) circles. As can be seen, both sets of
points are clearly separated. To quantify the amount of separa-
tion, a linear support vector machine [31] has been used to
compute a separating line with a maximal margin.

Fig. 6(b) shows perm(3,4,3) vs. POLVAR5, and Fig. 6(c)
perm(3,4,3) vs. renyi4. In all three diagrams shown in Fig. 6
feature perm(3,4,3) was used, because it exhibited perfect classi-
fication results in the leave-one-out cross-validation test (see
Table 2 III) and enables a perfect separation already when used
without any combination with some other feature.

To see whether two features that are individually not capable
to separate both classes can indeed do so when being combined in
a two-dimensional feature vector, Fig. 7 shows some examples of
successful 2D-separation. Here different pairs of features provide



Fig. 6. Distribution of CHF cases (red crosses) and healthy subjects (blue filled

circles) in two-dimensional feature spaces. The separating (solid) lines are

computed using a linear support vector machine maximizing the margins

(indicated by dashed lines). (a) perm(3,4,3) vs. perm(4,4,3), (b) perm(3,4,3) vs.

POLVAR5, and (c) perm(3,4,3) vs. renyi4. (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Distribution of CHF cases (red crosses) and healthy subjects (blue filled

circles) in two-dimensional feature spaces. The separating (solid) lines are com-

puted using a linear support vector machine maximizing the margins (indicated by

dashed lines). (a) perm(4,5,109) vs. perm(8,5,22), (b) perm(1,5,75) vs. perm(8,5,22),

and (c) FWRENYI025 vs. LFn. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
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clear linear separations of beat-to-beat time series from CHF
patients and from the control group.
4. Conclusion

In this article probabilities of ordinal patterns on different time
scales were introduced and applied as features for BBI time series
classification. Comparison of these features with features based
on symbolic dynamics and conventional heart rate variability
parameters shows that they provide valuable, non-redundant
information about the underlying time series. The discriminative
power of the investigated features was quantified in terms of
p-values as well as leave-one-out cross validation errors. By using
ordinal patterns on different time scales (Fig. 3) (i.e. including lags
similar to delay embedding) we obtain maximal descriptive
power of most ordinal patterns in a frequency range around
0.1 Hz which is characteristic for the HRV parameter LF (Table 1).
This observation is in very good agreement with the fact that CHF
is typically associated with reduced low-frequency activity (i.e.
small LF values) [32,33].

As a first step towards multi-dimensional classification schemes
pairs of features were investigated with respect to their ability to
separate the two sets of BBI time series (CHF and control group)
with very encouraging results. Therefore, we conjecture that ordinal
patterns and symbolic dynamics combined with other HRV para-
meters in some high dimensional feature space may significantly
improve classification results in many applications of beat-to-beat
intervals and other cardiovascular time series analysis.

Although, these results are quite encouraging, further applica-
tions to similar (and larger) data sets and time series from
standardized autonomic tests (hand grip, tilt table, ...) are neces-
sary to obtain a physiological interpretation of ordinal patterns
and to evaluate their full power as new biomarker for cardiac data
and other (biomedical) time series.
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Appendix

The following Python and MATLAB (The MathWorks, Inc.)
functions perm_indices compute the sequence indcs of per-
mutation indices from a time series ts for a given word length wl

and a given lag lag.

Listing 1. Python function perm_indices for computing permuta-
tion indices.
import numpy as np
def perm_indices(ts, wl¼4, lag¼1):
m ¼ len(ts)�(wl�1)�lag
indcs ¼ np.zeros(m, dtype¼ int)
for i in xrange(1,wl):

st ¼ ts[(i�1)�lag : mþðði�1Þ�lagÞ]
for j in xrange(i,wl):

indcs þ¼st4ts½j�lag : mþ j�lag]

indcs�¼ wl� i
return indcs þ 1
Listing 2. MatlabTM function perm_indices.m for computing per-
mutation indices.
function indcs ¼ perm_indices(ts, wl, lag) ;

m ¼ length(ts)�(wl�1)�lag;
indcs ¼ zeros(m,1) ;

for i ¼ 1:wl�1 ;

st¼ tsð1þði�1Þ�lag : mþði�1Þ�lagÞ ;
for j ¼ i:wl�1 ;

indcs¼ indcsþðst4tsð1þ j�lag : mþ j�lagÞÞ;
end
indcs¼ indcs�ðwl�iÞ ;

end
indcs¼ indcs þ 1 ;
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