Chaos o g

Anticipating, complete and lag synchronizations in RC phase-shift network
based coupled Chua’s circuits without delay

K. Srinivasan, D. V. Senthilkumar, |. Raja Mohamed, K. Murali, M. Lakshmanan et al.

Citation: Chaos 22, 023124 (2012); doi: 10.1063/1.4711375

View online: http://dx.doi.org/10.1063/1.4711375

View Table of Contents: http://chaos.aip.org/resource/1/CHAOEH/v22/i2
Published by the American Institute of Physics.

Related Articles

Finite-time stochastic outer synchronization between two complex dynamical networks with different topologies
Chaos 22, 023152 (2012)

Lag synchronization and scaling of chaotic attractor in coupled system
Chaos 22, 023151 (2012)

Resonances within chaos
Chaos 22, 026108 (2012)

Phase-flip transition in nonlinear oscillators coupled by dynamic environment
Chaos 22, 023147 (2012)

Anti-phase synchronization of two coupled mechanical metronomes
Chaos 22, 023146 (2012)

Additional information on Chaos

Journal Homepage: http://chaos.aip.org/

Journal Information: http://chaos.aip.org/about/about_the journal
Top downloads: http://chaos.aip.org/features/most_downloaded
Information for Authors: http://chaos.aip.org/authors

ADVERTISEMENT

Explore AIP’s new
open-access journal

AIP

Article-level metrics
now available

Join the conversation!
Submit Now Rate & comment on articles

Downloaded 11 Jul 2012 to 193.174.18.1. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions


http://chaos.aip.org/?ver=pdfcov
http://aipadvances.aip.org?ver=pdfcov
http://chaos.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=K. Srinivasan&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://chaos.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=D. V. Senthilkumar&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://chaos.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=I. Raja Mohamed&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://chaos.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=K. Murali&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://chaos.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=M. Lakshmanan&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://chaos.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4711375?ver=pdfcov
http://chaos.aip.org/resource/1/CHAOEH/v22/i2?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4731265?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4731263?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3695370?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4729459?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4729456?ver=pdfcov
http://chaos.aip.org/?ver=pdfcov
http://chaos.aip.org/about/about_the_journal?ver=pdfcov
http://chaos.aip.org/features/most_downloaded?ver=pdfcov
http://chaos.aip.org/authors?ver=pdfcov

CHAOS 22, 023124 (2012)
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We construct a new RC phase shift network based Chua’s circuit, which exhibits a period-doubling
bifurcation route to chaos. Using coupled versions of such a phase-shift network based Chua’s
oscillators, we describe a new method for achieving complete synchronization (CS), approximate
lag synchronization (LS), and approximate anticipating synchronization (AS) without delay or
parameter mismatch. Employing the Pecora and Carroll approach, chaos synchronization is achieved
in coupled chaotic oscillators, where the drive system variables control the response system. As a
result, AS or LS or CS is demonstrated without using a variable delay line both experimentally and

numerically. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4711375]

Synchronization of coupled chaotic systems is a funda-
mental nonlinear phenomenon observed in diverse areas
of science and technology. Since its detection, different
kinds of synchronizations have been demonstrated both
theoretically and experimentally. The existence and/or
transition between different kinds of synchronization in a
single coupled system have also been reported by tuning
certain system parameters. In particular, transitions
between anticipatory, complete, and lag synchronizations
have been demonstrated in dynamical systems described
by both ordinary and delay differential equations by tun-
ing the delay coupling and also in systems with parameter
mismatch without delay coupling. In this investigation, we
will demonstrate the existence of all the above three types
of synchronizations in coupled RC phase-shift network
based Chua’s circuits by using the Pecora and Carroll
method without any parameter mismatch or delay cou-
pling both experimentally (by using electronic circuits)
and theoretically (by simulating the normalized evolution
equations). The novelty of our approach is that we intro-
duce a RC phase-shift network circuit to the coupled
Chua’s circuit which results in complete, lag, and antici-
pating synchronizations depending upon the drive vari-
able. The method is particularly simple and elegant to
implement and control. Just by simply switching the con-
nection of response circuit with the drive system variable,
different Kinds of synchronization is shown to result in.

. INTRODUCTION

Synchronization of chaotic oscillations has been an
area of extensive research, since the pioneering works of
Fujisaka and Yamada' and of Pecora and Carroll.> Chaos
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synchronization properties of uni- or bidirectionally
coupled chaotic systems have attracted the attention of
many researchers due to their potential applications in a
variety of fields.>® Apart from identical or complete
synchronization (CS), other important forms of synchroni-
zation have also been identified.>>® Among other forms of
interesting types are the lag synchronization (LS) (Ref. 7)
and anticipating synchronization (AS),*'® where coupled
systems follow identical phase space trajectories but shifted
in time relative to each other. The anticipating and lag syn-
chronization have been observed in lasers,“’12 neuronal
models,13 ‘1% and electronic circuits.>'>18

By using an explicit time delay or memory, both lag and
anticipating  synchronizations between unidirectionally
coupled oscillators can be obtained.'® While lag synchroni-
zation is achieved by coupling the response system to a past
state of the drive, anticipating synchronization can be
obtained by a feedback control using the current state of the
drive compared to the past state of the response.®” In both
cases, an explicit time delay appears in the coupling. In par-
ticular, the transition between anticipatory, complete, and
lag synchronizations has been demonstrated in dynamical
systems described by delay differential equations by tuning
the delay coupling.®?® Another way to achieve approximate
lag synchronization in mutually coupled chaotic oscillator is
by using parameter mismatch.” Notably, intermittent and
continuous lag synchronizations have been observed as inter-
mittent steps in a route from phase to complete synchroniza-
tion by increasing the coupling strength.”'® In general, both
lag and anticipating synchronizations with some finite ampli-
tude error in unidirectionally coupled chaotic oscillators can
be achieved using specific intentional parameter mismatch
between the drive and the response systems.”' Also a new

© 2012 American Institute of Physics
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method for estimating the correlation and time shift between
drive and response oscillators, using a new coupling scheme
and linear filter theory, has been demonstrated in Ref. 16.
Hence, it is of interest to investigate other potential simple
methods which can identify lag/anticipating synchroniza-
tions similar to the above procedures (that is time delay or
parameter mismatch).

In this connection, Chua’s circuit and its variants are
well known chaotic circuits that exhibit a wide variety of
nonlinear dynamics phenomena, such as bifurcations and
chaos.*?*?® Pecora and Carroll have proposed that a sub-
system of a chaotic system can be synchronized with a sep-
arate chaotic system under certain conditions.>*° This idea
of synchronization has been successfully applied to a vari-
ety of nonlinear systems including phase-locked loops,
hysteresis circuits, etc.>**! In this paper, we have con-
structed a well-known simple RC phase shift network®>
based Chua’s circuit, which exhibits a period-doubling
bifurcation route to chaotic attractor. Then, we present a
new method for achieving complete, lag, and anticipating
synchronizations in unidirectionally coupled chaotic Chua’s
oscillators. In this method, by switching the parameter in
the drive system, the response system is shown to exhibit
CS or LS or AS, where neither a time delay nor a parame-
ter mismatch is necessary. In short, the mechanism pro-
posed in this paper is a very simple and elegant way of
achieving different types of synchronizations in unidirec-
tionally coupled chaotic oscillators. This method can also
be extended to various applications including signal proc-
essing, temporal pattern recognition, secure communica-
tion, and cryptography. We demonstrate complete, lag, and
anticipating synchronizations in the designed circuit both
numerically and experimentally.

The organization of this paper is as follows. In Sec. II,
the circuit realization of the RC phase shift network based
Chua’s circuit is presented, while in Sec. III, the dynamics of
the modified Chua’s circuit is given. In Sec. IV, we discuss
the three types of synchronizations (complete, lag, and
anticipating) exhibited by a single set of unidirectionally
coupled Chua’s circuits of the above type through appropri-
ate switching. The paper concludes with a summary in
Sec. V.

Il. CIRCUIT REALIZATION
A. Circuit design

The standard Chua’s circuit*® contains an LC oscillator
connected to a nonlinear element, namely, a Chua’s diode
through an RC circuit. The possibility of constructing an
n-dimensional Chua’s circuit using either an LC or an RC
ladder network is indicated in Ref. 33. In this paper, we
design and implement a phase shift network of modified
Chua’s circuit by introducing three RC circuits in it as in
Fig. 1. Each RC circuit introduces a finite phase shift with an
attenuation of the signal. The main objective to design such
a circuit is to study different types of chaotic synchroniza-
tions in a simple and elegant way without the introduction of
an explicit time delay or parameter mismatch. Two or more
circuits of this kind can be coupled to form a network and

Chaos 22, 023124 (2012)
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FIG. 1. Circuit realization of phase shift network based Chua’s circuit.
Here, N is Chua’s diode. The parameter values of the other elements are
fixed as L=18.0 mH, C;, =C, =C; =4.7nF, C, = 100.0nF, and
Ry =R, =R; =610 Q.

this coupling is made by connecting any one of the three RC
circuits of the drive system to the response system. We find
that depending upon the choice of the RC circuit used for
coupling, the system exhibits different kinds of synchroniza-
tion and this is the prime reason for introducing the RC cir-
cuits for phase shift.

B. Circuit equations

The RC phase shift network based Chua’s circuit is
shown in Fig. 1. It contains four capacitors C;,C5,Cj3,
and C;, an inductor L, three linear resistors R,R;, and
R; and only one nonlinear element, namely, Chua’s
diode (N).

By applying Kirchhoff’s laws to this circuit,* the gov-
erning equations for the voltage v; across the capacitor Cy,
voltage v, across the capacitor C;, voltage vs across the ca-
pacitor C3, voltage v¢ across the capacitor Cy, and the cur-
rent i; through the inductor L are given by the following set
of five coupled first-order autonomous nonlinear (piecewise)
differential equations,

C1%=RL1(ULC—U1)+RL2(02—01), (la)
ngdi::Riz(v] —Uz)-i-R%(U3—U2)7 (1b)
3%:1%3(1)2 —03) — i, (1)
CL%:RLI(UI —vre) +iL, (1d)
L%: —vrc. (le)

The term iy = f(vs3) represents the v—i characteristics of
Chua’s diode and is given by

f(l)3) = Gpv3 + O.S(Ga — Gh)[\v3 +Bp| — |v3 — Bp”, )

where G, and G, are the inner and outer slopes of the charac-
teristic curve, respectively. Here *B, denotes the break
point of the characteristic curve. The experimental parame-
ters of the circuit elements are fixed at L=18.0 mH,
C1 = Cz =C3 :4.7HF, CL = IO0.0nF, R1 :Rz :R3 :610Q7
G,=-0.76mS, Gy =—0.41mS,and =B, =*1.0 V.
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Equation (1) can be converted into a normalized form,
convenient for numerical analysis by using the following
rescaled variables and parameters, vy = xB,, v, = yB,,
vy = ZBP, Ve = G)Bp, i, = (BPG)]’!, t= CLZ‘//G, G = 1/R3.
Note that here t’ is in dimensionless unit. The set of normal-
ized equations so obtained are

i=po-0+po-n(=5) G

dr
y=B3(x—y)+ Bz =), (3b)
z=dof(y—z) —g(2)], (3¢)
o =7p(x—w)+h, (3d)
h = —foo, (3e)

where o = (CL/C3R3G),7 = 1/(GR1), By = CL/(LG?),
By = CL/(CiGRy), B, = CL/(CIGR2), B3 = CL/(C2GR,),
and f, = C./(C,GR3). The term g(z) is obviously repre-
sented in the rescaled form as

g(z) =bz4+05(a—>b)[]z+ 1| — |z —1]]. 4)

Here, « = G,/G and b = G,/G. The dynamics of Eq. (3)
now depend on the rescaled parameters o, y, fy, By, b2,
f3, P4 a and b. The parameter values are fixed as
o=, =py=p3=Ps,=212765 y =1, a = —0.462 and
b=-0.25, while varying f5,,.

0.8

0.4

0.4

038
45 3

0.8

0.4

-0.4

-0.8

FIG. 2. Phase portraits of Eq. (3). (a) f, =3.383 (Period-T), (b)
fo = 3.2356 (Period-2T), (c) f, = 3.194 (Period-4T), (d) i, = 3.05 (one-
band chaos), and (e) ff, = 2.953 (double-band chaos).
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lll. DYNAMICS OF RC PHASE SHIFT NETWORK
BASED CHUA'’S CIRCUIT

In this section, we first present the results of our numeri-
cal study of system (3) so as to make the underlying dynam-
ics clear and then present the corresponding experimental
results of the associated circuit (Fig. 1) described by Eq. (1).
We fix all the parameter values as mentioned in Sec. II B.
From the nature of the numerical results obtained by solving
Eq. (3), using the standard fourth order Runge-Kutta
algorithm, we infer the following picture. We use the system
parameter f3, as the control parameter. When f, is varied
from 3.381 downwards, the system exhibits the familiar
period-doubling bifurcation route to chaos, followed by
periodic windows, etc. In addition, a few other interesting
dynamical phenomena are also identified by a careful study
through f, scanning. This is illustrated in Fig. 2 in the
(z — w) phase plane. Experimentally, the phase trajectory is
obtained by measuring the voltage levels v3 and v;¢ in the
circuit of Fig. 1 and connected to the X and Y channels of an
oscilloscope. The phase trajectory so obtained is shown in
Fig. 3. Similar to numerical studies, experiments reveal a
transition from periodic attractor to chaotic attractor through
universal period doubling route.

The above details can be easily inferred from the one
parameter bifurcation diagram in the (f, — x) plane and the

(@) (b)

FIG. 3. The corresponding experimental results of Fig. 2. Vertical scale
2 v/div., horizontal scale 0.5 v/div.
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FIG. 4. One parameter bifurcation diagram (f, — x) for the parameter val-
ues o = fi; = f, = f3 = f4 =21.2765,y = 1,a = —0.462 and b = —0.25.

corresponding three maximal Lyapunov exponents in the
(Bo — Am), m=1, 2, 3, plane associated with Eq. (3), which
are given in Fig. 4. In particular, the standard period-
doubling bifurcation sequence to chaos and windows has
been observed for a range of parameter values,
3.0 < fy < 3.5. For example, it is clear that for f§; > 3.3
there is a limit cycle attractor of period-7. At f, = 3.26, a
period doubling bifurcation occurs and a period-27 limit
cycle develops and is stable in the range 3.26 > f3, > 3.2.
When f, is decreased further, the period-27 limit cycle
bifurcates to a period-4T (3.19 > f, > 3.18) attractor. Fur-
ther period doubling occurs when f, < 3.18 giving rise to
8T and 16T period limit cycle, respectively. The chaotic
attractor (single band) is first observed at f§, = 3.175. Fur-
ther decrease in the parameter (f3;) of the system causes it to
admit double band chaotic nature. For 3.0 > f, > 2.5, the

Chaos 22, 023124 (2012)

dynamics is even more complicated and intricate. This inter-
val of f3, is not fully occupied by chaotic orbits alone. Many
fascinating changes in the dynamics like reverse period-
doubling bifurcations, periodic orbits (windows), period-
doubling of windows, intermittency, and antimonotonicity
take place at different critical values of f3, in this range.

At f = 2.067, the system (3) exhibits double band cha-
otic attractor which is shown in Fig. 5(I) for different projec-
tions of phase space and the corresponding experimental
analysis is shown in Fig. 5(I). For the same f§ value, the
time series plot is presented in Fig. 6. The phase shift in x, y,
and z can be clearly seen in Fig. 6 due to the three RC phase
shift circuits shown in Fig. 1.

IV. COUPLED RC PHASE SHIFT NETWORK BASED
CHUA’S CIRCUITS: LAG AND ANTICIPATING
SYNCHRONIZATIONS

Next, we study the dynamics of coupled phase-shift net-
work based Chua’s circuits which is shown in Fig. 7. The
network is made by connecting the drive circuit to the
response circuit through a buffer and a gain amplifier. Here,
the single phase-shift network based Chua’s circuit acts as
the drive circuit and the governing circuit equation for the
drive part is nothing but Eq. (1). Depending upon the value
of the feedback resistance of the standard inverting amplifier,
the gain can be fixed. Using the Pecora and Carroll approach
of building an identical copy of the response subsystem, we
demonstrate three types of chaos synchronization, namely,
complete, lag, and anticipating synchronizations in the pro-
posed Chua’s circuit both experimentally and numerically
without the introduction of any time-delay or parameter
mismatch. When the voltage across C, is used to drive the
subsystem, complete synchronization is observed. On the
other hand, when voltage across C; and C; is used, lag and
anticipating synchronizations are observed. By simply con-
necting (switching) the response system to the drive system
through either of the three terminals 1, 2, and 3 (shown in
Fig. 7), we observed three types of synchronizations. The

0.5
8 0
0.5

(IT1)

FIG. 5. (I) Double band chaotic attractors of the
system (3): (a) (x — w) plane, (b) (y — w) plane,
z and (¢) (z — w) plane. (II) Phase portraits (ex-
perimental) of chaotic attractor from the circuit
(Fig. 1), (a) (v; — vLc): vertical scale 1 v/div.,
horizontal scale 0.5 v/div.; (b) (v2 — vrc): verti-
cal scale 1 v/div., horizontal scale 0.5 v/div.;
and (c) (v3 — vrc): vertical scale 2 v/div., hori-
zontal scale 0.5 v/div.
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1200 1210 1220 1230
¢

FIG. 6. Time-series plot for double band chaotic attractor of system (3).
Note the phase shift between the three dynamical variables x, y, and z.

reason for introducing the different coupling of state varia-
bles vy, v,, and v3 is to observe all the three types of syn-
chronization, namely, lag, identical, and anticipating
synchronizations, in a simple manner. This is achieved by
exploiting the finite phase-shift that is being introduced by
the individual RC network element.

A. Dynamical systems

The governing circuit equations are given below.

(a) Drive system:
Same as Eq. (1), including the circuit parameter values.
(b) Response system:

v’ 1 1
o (e — V) F o (e Xt — 1), (52)

Var TR R,
dv) 1 .
lf R (v) = tpe) + g, (5b)
di,
’EL =~} (5¢)

The term iy = f(v3) represents as before the v—i char-
acteristics of the Chua’s diode. The parameters of the circuit
elements are fixed at L'=18.0 mH, C|=4.7nF,C}
=100.0 nF, R} =610 Q, and R, =610 Q. Here € is the
gain term. Equation (5) is now rescaled as follows: with
v} =x'B,, v = &'B,, iy = (B,G)N, t=C,f'/G. Then the
rescaled version of the equation is given as follows:

(a) Drive system:
Same as Eq. (3), including the parameter values.
(b) Response system:

BUFFER

Chaos 22, 023124 (2012)

X' = B0 —X) + By x y =), (6a)
o =9y —ao)+ 1, (6b)
B = —By, (6¢)

where f=Cj /(L'G), f=C/(CIGR}), B, =C} /(CIGRY),
y'=1/(GR'), and € =e¢. The parameter values become (due
to the above choice of the circuit parameters)
By =p,=21.2765,7'=1.0, and B, =2.0672.

B. Chaos synchronization

The unidirectionally coupled RC phase shift network
based Chua’s circuit (Fig. 7) shows that the response subsys-
tem contains an identical oscillator as that of the drive sys-
tem. Here, the drive system controls the response, through the
drive component in Eqgs. (5a) and (6a). Connecting the
response system to the terminal 2 (see Fig. 7) of the drive sys-
tem, we observed complete synchronization. With ¢ = 1.0
and the y-drive component coupled through one way coupling
with the response subsystem, the coupled oscillators exhibit
identical synchronization. Time series of the drive and
response variables (w and ®') is shown in Fig. 8(a) and the
corresponding experimental plot is shown in Fig. 9(a). In
Fig. 9 the horizontal axis is calibrated as 200 ps/div. and the
vertical axis is 0.5 v/div. From these figures, it is clearly seen
that both the phase and amplitude of the drive and response
systems are coinciding, proving that the coupled system of
Fig. 7 exhibits complete synchronization. The same is
observed in the phase space plots, shown in Fig. 10(a).

Now, connecting the response system to the terminal 1
(see Fig. 7) of the drive system, variable v; is coupled with
the response subsystem and correspondingly Egs. (5a) and
(6a) get modified, respectively, as

dv; 1 1
V=g e ) T exo—n) @)
and
i =B =)+ Bi(€ x x —X). 8)

For ¢ = 1.66 and x-drive component coupled through one
way coupling with the response subsystem, the coupled

GAIN
52
1 2 3
R, R, R, Ry Ry’
iy a Al FIG. 7. Circuit realization of coupled
+ I RC phase shift network based Chua’s
circuit.
é[_ - CL - C1 - Cz _— 03 N é[_r - CL' - C1r
DRIVE RESPONSE
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FIG. 8. Numerically observed drive (red, w) and response (black, o) wave
forms showing: (a) identical synchronization, (b) approximate anticipating
synchronization, (c) approximate lag synchronization in coupled chaotic
oscillators, and (c’) enlarged version of (c).

oscillators exhibit anticipatory synchronization. Figures 8(b)
and 9(b) depict the time series plot of « and «’ numerically
and experimentally. From these figures we can observe that
o' anticipates . In other words, the response system antici-
pates the drive system, thereby we can infer the anticipatory
synchronization of the system shown in Fig. 7. Anticipating
synchronization can also be inferred from the phase space
plot shown in Fig. 10(b). The degree of synchronization with
the corresponding time shift T can be quantified using the
similarity function’ defined as

([/(¢ = 7) — o(!)])
({2 (1)) (2())]'/*

where (@) means the time average over the variable . If the
signals () and «'(¢) are independent, the difference
between them is of the same order as the signals themselves.
If w() = o'(7), as in the case of complete synchronization,
the similarity function reaches a minimum S$%(t) =0 for
7 = 0. But for the case of a nonzero value of time shift 7, if
$?(t) = 0, then there exists a time shift T between the two
signals o(7) and o'(#) such that o'(f — 1) = o(¢'), demon-
strating anticipating synchronization. Figure 11 shows the

§*(1) = 9)

Chaos 22, 023124 (2012)

FIG. 9. Experimentally observed drive (yellow, v;¢) and response (green,
v;¢) wave forms showing: (a) identical synchronization, (b) approximate
anticipating synchronization, (c) approximate lag synchronization in coupled
chaotic oscillators and (¢’) enlarged version of (c). Vertical scale 0.5 v/div.:
horizontal scale 200 ps/div.

similarity function $?(t) as a function of the coupling delay
7 for the three different values of e. One may note that the
minimum of §?(t) ~ 0.024 occurs at t ~ 0.25 for € = 1.66.
This indicates that there exists a time shift, corresponding to
an anticipating time 7 ~ 0.25 time units, between the two
signals in Fig. 8(b) such that o'(¥ — 1) ~ w(¢) demonstrat-
ing approximate anticipatory synchronization. Translated
into experimental units (see Sec. III) this time shift works
out to be approximately 15.25 us. The nearness of S?(t) to
the value zero quantifies the degree of synchronization and
hence S?(t) a2 0.024 attributes to the approximate anticipa-
tory synchronization as observed in Figs. 8(b) and 9(b). It is
also to be noted that for slightly higher and lower values of
¢, the minimum of $?(t) occurs at the same t but with further
reduced degree of synchronization, indicated by their respec-
tive minima of $?(t), than that for e = 1.66.

Next, connecting the response subsystem to the terminal
3 (see Fig. 7) of the drive system variable v is coupled and
correspondingly Eqs. (5a) and (6a) get modified as

dv 1 1

L = (e = ) (X vy =), (10)
Var — RV VTR, 1

& =Bl =)+ By x 2= X). D
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1} (a)i

FIG. 10. (i) Numerically observed drive (w) and response (') phase plane
in (w — '): (a) identical synchronization, (b) approximate anticipating syn-
chronization, and (c) approximate lag synchronization in coupled chaotic
oscillators. (ii) Experimentally observed (v;¢) and response (vj.) phase
plane in (v.c — v}). Vertical scale 1 v/div., horizontal scale 1 v/div.

For € = 0.7 and the z-drive component coupled through one
way coupling to the response subsystem, the coupled oscilla-
tors exhibit lag synchronization. Numerical and experimental
plots of time series of w and ' or v;¢ and v} are shown in
Figs. 8(c) and 9(c). In this case, the response system variable
' lags the drive system variable . In other words the cir-
cuit (Fig. 7) exhibits lag synchronization. The phase space
plots for lag synchronizations are shown in Fig. 10(c). Fur-
ther, in the present case also we can use the same similarity
function $%(7) to characterize lag synchronization with a
positive time shift 7 instead of the negative time shift 7 in
Eq. (9). Figure 12 shows the similarity function $?(t) vs t

0 01 02 03 04 05 06
T

FIG. 11. Similarity function $?(z) corresponding to Fig. 8(b) confirming an-
ticipatory synchronization for different values of € (red, ¢ = 1.66; black,
e = 1.58; cyan, e = 1.72).

Chaos 22, 023124 (2012)

0.02 .
€=0.68

0.016 | €=0.70 ——
_ =072 ——
- 0012 |
[}

0.008 |

0.004

0 004 008 0.12 0.16 02 024
T

FIG. 12. Similarity function S?(t) corresponding to Fig. 8(c) confirming lag
synchronization for different values of € (red, ¢ = 0.7; black, ¢ = 0.72; cyan,
e = 0.68).

for three different values of e. The minimum of similarity
function becomes S?(t) ~ 0.004 at © ~ 0.078 indicating that
there is a time shift (Fig. 12) between the drive and response
signals o() and '(¢), such that o'(¢ 4+ t) = o('), con-
firming the occurrence of lag synchronization. The minimum
of §%(t) ~ 0.004 corresponds to the approximate lag syn-
chronization with lag time 7 ~ 0.078 between w(#) and
' (') in Fig. 8(c), which corresponds to an experimental lag
time 4.76 us, approximately.

V. SUMMARY AND CONCLUSION

In this paper, we have constructed a three RC phase shift
network based Chua’s circuit, which exhibits a period-
doubling bifurcation route to chaos. Further, we have con-
firmed the generation of chaos by calculating the Lyapunov
exponents and have investigated the related bifurcation phe-
nomena. Without introducing any time delay or parameter
mismatch, different chaotic synchronizations are achieved
by switching the drive system variables, using a one way
coupling approach to the response subsystem. We have
explored the effectiveness of the approach using numerical
simulations and the corresponding experimental results. As a
result, the complete, lag, and anticipating synchronizations
are controlled by the drive component on the response sys-
tem. It is worth mentioning that the three types of synchroni-
zation can also be realized for a similar identical response
circuit with error feedback coupling, which will be discussed
separately. By extending the RC phase-shift networks cas-
cadingly, one can realize a simple delayed chaotic circuit
with the delay element simply made-up of RC networks. Fur-
ther, by exploiting phase synchronization in such networks,
one can realize phase-synchronization based logic ele-
ments.>* Such possibilities will be explored in future.

ACKNOWLEDGMENTS

The authors are very grateful to an anonymous referee
for some very valuable and critical comments which helped
to improve the presentation of the results in Sec. IV B. The
work of K.S. and M.L. has been supported by the Depart-
ment of Science and Technology (DST), Government of
India sponsored IRHPA research project, and DST Ramanna
program and DAE Raja Ramanna program of M.L. D.V.S.
and J.K. acknowledges the support from EU under Project
No. 240763 PHOCUS (FP7-ICT-2009-C).

Downloaded 11 Jul 2012 to 193.174.18.1. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



023124-8 Srinivasan et al.

"H. Fujisaka and T. Yamada, Prog. Theor. Phys. 69, 32 (1983).

2. M Pecora and T. L Carroll, Phys. Rev. Lett. 64, 821 (1990).

3A.S. Pikovsky, M. G. Rosenblum, and J. Kurths, Synchronization—A Uni-
versal Concept in Nonlinear Sciences (Cambridge University Press, Cam-
bridge, 2001).

“M. Lakshmanan and K. Murali, Chaos in Nonlinear Oscillators: Control-
ling and Synchronization (World Scientific, Singapore, 1996).

SD. V. Senthilkumar, K. Srinivasan, K. Murali, M. Lakshmanan, and
J. Kurths, Phys. Rev. E 82, 065201(R) (2010).

K. Srinivasan, D. V. Senthilkumar, K. Murali, M. Lakshmanan, and
J. Kurths, Chaos 21, 023119 (2011).

™. G. Rosenblum, A. S. Pikovsky, and J. Kurths, Phys. Rev. Lett. 78,
4193 (1997).

8H. U. Voss, Phys. Rev. E 61, 5115 (2000).

°H. U. Voss, Phys. Rev. Lett. 87, 014102 (2001).

10K . Pyragas and T. Pyragiene, Phys. Rev. E 78, 046217 (2008).

'C. Masoller, Phys. Rev. Lett. 86, 2782 (2001).

L. Wu and S. Zhu, Phys. Lett. A 315, 101 (2003).

13C. Li, X. Liao, and K. Wong, Physica D 194, 187 (2004).

M. Ciszak, F. Marino, R. Toral, and S. Balle, Phys. Rev. Lett. 93, 114102
(2004).

158, D. Pethel, N. J. Corron, Q. R. Underwood, and K. Myneni, Phys. Rev.
Lett. 90, 254101 (2003).

16]. N. Blakely, M. W. Pruitt, and N. J. Corron, Chaos 18, 013117 (2008).

7H. U. Voss, Int. J. Bifurcation Chaos Appl. Sci. Eng. 12, 1619 (2002).

18S. Taherion and Y. C. Lai, Phys. Rev. E 59, R6247 (1999).

Chaos 22, 023124 (2012)

M. Lakshmanan and D. V. Senthilkumar, Dynamics of Nonlinear Time-
Delay Systems (Springer-Verlag, Berlin, 2010).

2°D. V. Senthilkumar and M. Lakshmanan, Phys. Rev. E 71, 016211 (2005).

2IN. J. Corron, J. N. Blakely, and S. D. Pethel, Chaos 15, 023110 (2005).

221, 0. Chua, C. A. Desoer, and E. S. Kuh, Linear and Nonlinear Circuits
(McGraw-Hill, Singapore, 1987).

M. J. Ogorzatek, Chaos and Complexity in Nonlinear Electronic Circuits
(World Scientific, Singapore, 1997).

24G. Chen and T. Ueta, Chaos in Circuits and System (World Scientific,
Singapore, 2002).

M. Lakshmanan and S. Rajasekar, Nonlinear Dynamics: Integrability,
Chaos and Pattern Formation (Springer-Verlag, Berlin, 2003).

2°R. N. Madan, Chua’s Circuit: A Paradigm for Chaos (World Scientific,
Singapore, 1993).

27L. 0. Chua, M. Komuro, and T. Matsumoto, IEEE Trans. Circuits Syst.
CAS-33, 1072 (1986).

25M. P. Kennedy, Frequenz 46, 66 (1992).

L. M Pecora and T. L Carroll, Phys. Rev. A. 44, 2374 (1991).

39T, Endo and L. O Chua, Int. J. Bifurcation Chaos Appl. Sci. Eng. 1,701 (1991).

3IM. De Sousa Vieira, A. J. Lichtenberg, and M. A. Lieberman, Int. J. Bifur-
cation Chaos Appl. Sci. Eng. 1, 691 (1991).

2y, Hosokawa, Y. Nishio, and A. Ushida, IEICE Trans. Fundamentals E84-
A, 2288 (2001).

BM. Gotz, U. Feldmann, and W. Schwarz, IEEE Trans. Circuits Syst. I 40,
854 (1993).

K. Murali and S. Sinha, Phys. Rev. E 75, 025201(R) (2007).

Downloaded 11 Jul 2012 to 193.174.18.1. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions


http://dx.doi.org/10.1143/PTP.69.32
http://dx.doi.org/10.1103/PhysRevLett.64.821
http://dx.doi.org/10.1103/PhysRevE.82.065201
http://dx.doi.org/10.1063/1.3591791
http://dx.doi.org/10.1103/PhysRevLett.78.4193
http://dx.doi.org/10.1103/PhysRevE.61.5115
http://dx.doi.org/10.1103/PhysRevLett.87.014102
http://dx.doi.org/10.1103/PhysRevE.78.046217
http://dx.doi.org/10.1103/PhysRevLett.86.2782
http://dx.doi.org/10.1016/S0375-9601(03)01004-1
http://dx.doi.org/10.1016/j.physd.2004.02.005
http://dx.doi.org/10.1103/PhysRevLett.93.114102
http://dx.doi.org/10.1103/PhysRevLett.90.254101
http://dx.doi.org/10.1103/PhysRevLett.90.254101
http://dx.doi.org/10.1063/1.2840778
http://dx.doi.org/10.1142/S0218127402005340
http://dx.doi.org/10.1103/PhysRevE.59.R6247
http://dx.doi.org/10.1103/PhysRevE.71.016211
http://dx.doi.org/10.1063/1.1898597
http://dx.doi.org/10.1109/TCS.1986.1085869
http://dx.doi.org/10.1515/FREQ.1992.46.3-4.66
http://dx.doi.org/10.1103/PhysRevA.44.2374
http://dx.doi.org/10.1142/S0218127491000518
http://dx.doi.org/10.1142/S0218127491000506
http://dx.doi.org/10.1142/S0218127491000506
http://dx.doi.org/10.1109/81.251827
http://dx.doi.org/10.1103/PhysRevE.75.025201

