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This paper focuses on a paced genetic regulatory small-world network with time-delayed coupling.
How the dynamical behaviors including temporal resonance and spatial synchronization evolve
under the influence of time-delay and connection topology is explored through numerical
simulations. We reveal the phenomenon of delay-induced resonance when the network topology is
fixed. For a fixed time-delay, temporal resonance is shown to be degraded by increasing the
rewiring probability of the network. On the other hand, for small rewiring probability, temporal
resonance can be enhanced by an appropriately tuned small delay but degraded by a large delay,
while conversely, temporal resonance is always reduced by time-delay for large rewiring
probability. Finally, an optimal spatial synchrony is detected by a proper combination of time-
delay and connection topology. © 2011 American Institute of Physics. [doi:10.1063/1.3629984]

Complex networks have been used to model many self-
organizing systems such as food webs, genetic control net-
works, neural networks, or social networks. Much work
has been devoted to understanding the collective response
emerged in complex networks. In the case that the ele-
ments constituting the network are subject to random
forcing and periodic modulation, the most widely studied
phenomena are stochastic/coherence resonance and spa-
tial synchronization. Interactions among the individual
oscillators are generally assumed to be instantaneous.
However, the information from one unit reaches the
others after a certain time-delay if taking into account the
finite velocity of propagation of the interactions. Thus,
some researchers have gradually shifted their attentions
to the dynamics of a time-delayed network. Some interest-
ing results such as delay-induced multiple resonance and
delay-enhanced resonance have been discussed in delayed
neural networks. There is an ongoing debate about the
functional role played by time-delay. Here, we further
participate in this issue by elaborating the profound
effects of delayed-coupling on the temporal resonance and
spatial synchrony in a paced genetic regulatory network
with different small-world connection topologies. When
the delay in the coupling is fixed, we find that temporal
resonance is degraded by adding the randomness of net-
work connectivity and we also detect an optimal spatial
synchrony at certain connection topology. On the other
hand, the phenomenon of delay-induced temporal
resonance is uncovered when varying the time-delay.
Moreover, for small rewiring probability, temporal reso-
nance is enhanced by an appropriately tuned small time-
delay, but it is depressed by a large time-delay, while con-
versely, temporal resonance is always reduced by the
time-delay for large rewiring probability. Since noise and
time-delay are important for the proper functioning of
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genetic network, our results may have implications, in
particular, in understanding the complexity in genetic
regulation.

Il. INTRODUCTION

It is well known that noisy fluctuations can interact with
the system nonlinearities to render counter-intuitive effects
such as stochastic resonance or coherence resonance. ' Thus,
the properties of nonlinear systems under the influence of ran-
dom noise have become a subject with relevance in diverse
fields including biology, physics, and chemistry.** Stochastic
resonance is one of the aspects which has received substantial
attention after it emerged in the early 1980s.”® Frank Moss
was the first to demonstrate it in biological systems and
human perception.”'® Seminal papers on stochastic reso-
nance are related with analyzing the output of a stochastic
overdamped particle in the presence of an external driving
force and noise, revealing that an optimal amount of noise
can enhance the response of the system to a weak periodic
modulation in a resonant manner.''™"® Following initial
advances in understanding the mechanism of stochastic reso-
nance in an individual dynamical oscillator, variations and
extensions of the classical definition of stochastic resonance
have also appeared in the literature, e. g., in connection with
an array of regularly coupled elements and low-dimensional
systems involving time-delay.'*2*

In 1998, Watts and Strogatz proposed a small-world net-
work of coupled oscillators.” This is a kind of complex net-
work with small-world connection topology and it lies
between two extremes of a completely regular lattice and a
completely random graph. Since that time the collective

© 2011 American Institute of Physics
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dynamics over small-world network has been widely investi-
gated and it has been found that such network is excellent
for modeling many self-organizing systems ranging from bi-
ological oscillators, excitable media to social network.?%~%°
Meanwhile, the scope of stochastic resonance in a regular
diffusively coupled network has also been shifted towards
complex networks with small-world properties. For instance,
the striking effects induced by random shortcut links in an
ensemble of bistable units are discussed,30’31 from which one
can find that temporal stochastic resonance and spatial syn-
chronization are remarkably improved by increasing the ran-
dom long-range connectivity. Later on, the profound effect
of the randomness or disorder of the underlying network on
the width of the stochastic resonance peak is revealed in an
Ising-like system with small-world connection topology.*?
Recently, the emergence of stochastic resonance has been
expanded to complex networks under the influence of sub-
threshold pacemaker activity.**=” Precisely, the external
periodic driving, acting as a pacemaker to impose its rhythm
on the whole network, is introduced only to a single unit of
the network rather than to all oscillators of the network as
usual. Pacemaker activity has showed its important role in
real life systems.>

Time-delay is ubiquitous in nature and it often funda-
mentally changes the dynamical behavior of the systems.
Thus, it is naturally to stimulate researchers to explore reso-
nance properties of complex networks with time-delay. At
present, some novel phenomena have been observed by
numerically simulating networks. In particular, delay-
induced multiple stochastic resonance was reported in paced
scale free neural ne:tworl<s,36’37 effects caused by random
delay and topology structure on diversity-induced stochastic
resonance were discussed in an array of bistable systems
with Newman-Watts small-world connectivity,*® and delay-
enhanced temporal coherence and spatial synchrony were
uncovered in a small-world network of noisy neuron oscilla-
tors.> Though some advance on delay-induced effects has
already reported, the combined influence of noise, time-
delay, and complex topology on the dynamics of the net-
works as well as the underlying mechanism is not yet fully
understood.

In this work, we aim to investigate this issue by explor-
ing the cooperative influences of time-delay and connection
topology on temporal resonance and spatial synchronization
in a delay-coupled genetic regulatory small-world network.
For vanishing time-delay between interacting units, Perc has
discussed resonance behaviors not only in the case that the
potential of the constitute gene oscillator is symmetric, but
also in the case of an asymmetric potential.35 In fact, time-
delay has considered to be one of the fundamental operating
constraints in ideal genetic networks.*” Recent work has al-
ready demonstrated the important role played by time-delay
in gene networks, e.g., time-delay in gene networks could
strongly affect stimulus responses, and it can generate oscil-
lations and complex transients.*!*? Thus, it has become
increasingly evident that time-delay needs to be included to
fully understand the dynamics of genetic network. In the fol-
lowing, the key role of time-delay and topology connection
on the behavior of the gene network will be analyzed.

Chaos 21, 047522 (2011)

This paper is structured as follows. In Sec. II, the
delayed genetic regulatory small-world network together
with two measures is introduced. The main results are pre-
sented in Sec. III, followed by the conclusion in Sec. IV.

Il. DYNAMICAL MODEL AND SETUP

In this paper, we consider a genetic regulatory model by
Smolen e al.*' which incorporates a signal activated tran-
scription and positive feedback on the rate of the transcrip-
tional activator x. Perc®® studied the effects of asymmetric
potential on stochastic resonance in this model in a network
with small-world topology but without any delay. In particu-
lar, in this work, we consider time-delay coupling in a small-
word network of noisy genetic regulatory oscillators and
investigate the effects of this delay in the coupling on sto-
chastic resonance and the synchronization properties of the
network. The individual transcriptional activator, denoted by
X;, in the network is described by the following differential
equation:

dx; kpx?
7; = m - kdxi + Ripas

+ Z &ij(x;(t — ©) — x;) + V2DE (1), )

where i=1,2,...,N. Here, k;is the saturation rate of x;, K, is
the dissociation constant, and &, and R, denote the degrada-
tion reaction rate and the synthesis reaction rate, respec-
tively. ¢; describes the coupling strength between the units.
If the units i and j are connected, we set the coupling strength
to a constant value of ¢;=¢; = ¢, otherwise ¢;=¢;=0. 7 is
the time-delay in the coupling, so that the state of each ele-
ment influences that of the other elements only after a certain
time. 2D is the variance of the Gaussian noise with zero
mean and autocorrelation (E(NE(!)) =0,0(t—1). We set
kp=5.6352, K;=10.0, k;=1.0, Rp,;=0.4, and ¢=04
throughout this work unless otherwise stated. A subthreshold
periodic pacemaker of the form f cos(Q7) with f=0.08 and
Q=m/300 is introduced to the arbitrary ith unit of the
network.

We study such coupled genetic regulatory elements on a
network with small-world topology. According to the proce-
dure proposed by Watts and Strogatz,” the network is con-
structed as follows: starting from a one-dimensional regular
lattice with N=300 genetic regulatory units with periodic
boundary condition and k=4 nearest neighbors, and then
rewiring each edge at random with a probability p. The final
degree of randomness or disorder of the network is deter-
mined by the rewiring probability p. Two extreme cases are
the completely regular and completely random network cor-
responding to p =0 and p = 1, respectively. A complex net-
work with small-world properties, i.e., a relative high
clustering coefficient and small characteristic path length,
corresponds to 0 <p < 1.

We are here mainly interested in the impacts of time-
delay, random noise, and the rewiring probability on the col-
lective response of temporal resonance and spatial synchro-
nization of system (Eq. (1)). To study these influences

Downloaded 18 Jan 2012 to 193.174.18.1. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



047522-3

Key role of time-delay and topology

0.04

0.03

0.02

Chaos 21, 047522 (2011)

0.03

0.025

0.02

0.015

0.01

0.005

1 1.5
D

FIG. 1. (Color online) The whole network response S as a function of the time-delay t and noise strength D (left panel) and its resulting contour (right panel).

vividly, we introduce two indexes. One is the response of the
whole network obtained by averaging the Fourier coeffi-
cients over all units,43 i.e.,

1N
S:N;Qia 2

R? +82, Ry = -2 ™ x; sin(Qe)dt, S; =2

tmax J0 Tmax

where Q; =

Jo'* x; cos(Q)dt. Note that the Fourier coefficients are pro-
portional to the square of the spectral power amplification,*
S is frequently used as a measure for stochastic resonance. If
there is a maximum in the evolution of S, one can pronounce
that this is a characteristic signature of stochastic resonance.

The other index is the mean square deviation,

1 Tmax
o= *J G, 3)

t max J0O

in which ¢ = 17" 22(r) — (2321, xi(1))*. Clearly, o can
be used to quantitatively measure the synchronous property
of the interacting elements and a smaller one means better
spatial synchronization.

lll. RESULTS

In this section, we discuss the combined effect of the
time-delay, rewiring probability p, and the noise intensity on
temporal resonance and synchronization properties of the
network of bistable genetic regulatory units, Eq. (1).

A. The role of time-delay in temporal resonance

First, we describe how temporal resonance manifests
itself in the small-world paced gene network under the com-
bined influence of time-delay and random noise. Note that
the final results presented in the following figures are
obtained by averaging over 80 independent realizations for
each set of parameter values to guarantee appropriate statisti-
cal accuracy with respect to small-world configurations and
numerical calculations. To globally reveal the collective

response of the whole network dependent on delay and noise,
a three-dimensional plot of the whole network response S
over noise intensity 0 <D <2 and time-delay 0 <t <5 is
illustrated in Fig. 1(a), when the rewiring probability is fixed
as p=0.04, and its resulting contour plot is depicted in
Fig. 1(b). We find that there is a peak in S, i.e., a maximum
in S, for an appropriate noise value. Once upon increasing
the delay, the peak first decreases, then increases, and
reaches a maximum, after which it gradually lowers and
broadens on the whole. At the same time, the peak shifts to
slightly higher values of noise as the time-delay increases.
This can be further confirmed by the characteristic curves
shown in Fig. 2.

Figure 2(a) demonstrates the evolution of S as a function
of time-delay for various noise intensities. We can easily
note that for small D, S decreases rapidly at the first increase
of delay, then reaches almost a horizontal level with a further
increase of the delay, implying that in this case a large time-
delay has no profound influence on S. For intermediate D, S
first increases and later decreases with delay, showing a peak
at a proper amount of time-delay, which we call delay-
induced stochastic resonance. While for large D, the peak
broadens and lowers during the course of time-delay.

Figure 2(b) features the resonance curves in the depend-
ence on D in case of different time-delay. The results pre-
sented in this figure evidence that § first increases with the
addition of noise level, reaches a maximum, and then
decreases again. This is a characteristic signature of classical
stochastic resonance. Moreover, the maximum of S first
decreases a bit and then increases for small time-delay, after
a critical value of 1, it decreases again with increasing delay.
Meanwhile, upon increasing delay, the position of the peak
moves to a larger value of D. To give a better quantitative
view of the above findings, variations of the peak of S
(denoted by S,,.) and the optimal value of noise intensity
(denoted by D) are plotted in Figs. 3(a) and 3(b), respec-
tively. Clearly, S,,.. first decreases at the beginning of time-
delay, then increases, and reaches a maximum value, after
which it decreases instead with a further increase in time-
delay, and simultaneously, D,, increases basically as t
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FIG. 2. (Color online) S as a function of time-delay for various noise intensities (left panel); S as a function of the noise intensity for different time-delays

(right panel).

increases. The variations of S,,,,, indicate that either weak or
strong time-delay can remarkably suppress temporal reso-
nance with respect to that without time-delay, while an inter-
mediate delay can significantly enhance stochastic
resonance. Thus, we can conclude that the introduction of a
delay in the coupling can be used as a method to control tem-
poral resonance in the paced gene network.

The underlying mechanism for the significant effects
induced by the time-delay can be interpreted from an intui-
tive picture of stochastic resonance. Imaging that a classical
particle subject to an external periodic signal and noise
moves in a symmetric double-well potential, as implied in
the seminal works,45’46 it manifests stochastic resonance by a
synchronization of noise-activated hopping events between
the potential minima under a weak periodic driving. In fact,
this stochastic synchronization takes place when the time-
scale associated with the transition rate of the particle equals
approximately half of the external signal period. On the other
hand, Tsimring and Pikovsky?’ have reported that the transi-
tion rate can be dependent on earlier states of oscillators

0.036 T T T T T T
0.0344
8

0.032 p¥S

0.028 - 1

0.026 P

0.024 . . . . . . .
0 0.5 1 1.5 2 25 3 35 4

when introducing a time-delay in the involved oscillator.
Hence, we can infer that time-delay plays a crucial role in
noise-induced inter-well transitions. Thus, for a given period
of the external forcing, the time-matching condition for the
occurrence of stochastic resonance can be fulfilled not only
by tuning the noise level, but also by the value of the time-
delay or other system parameters. So, it is reasonable for our
above findings that under certain conditions time-delay can
induce stochastic resonance, as well as enhance and depress
stochastic resonance.

B. The role of connection topology in temporal
resonance

The connection topology of the underlying network may
also has drastic effects on the network’s response. Thus, it is
natural to explore whether the above delay-enhanced or
depressed resonance would appear when the rewiring proba-
bility of the network is changed. Now, we elaborate it by
analyzing the correlation of the peak of the whole network

opt

0.6 5

0.4 b

0.2 . . . .
0 0.5 1 1.5 2 25 3 3.5 4

FIG. 3. (Color online) The peak of S(S,,,,) and the optimal noise intensity (D) versus time-delay.
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FIG. 4. (Color online) S,,,, in dependence on the rewiring probability p for
different time-delays.

response S with the network connectivity. Figure 4 gives the
evolution of the peak of S in dependence on the rewiring
probability p for different time-delays. From this figure, one
can detect two distinctive aspects as p increases: For small p,
especially when p lies in the interval p € (0.04, 0.11), an
appropriate amount of small time-delay, for example,
t=0.3, raises the value of §,,,,, while a proper amount of
large time-delay, for example, T=2.0, lowers the value of
Smax- The vivid variation of S,,,,, imposed by p and 7 is fur-
ther described in the inset of Fig. 4. This result implies that
time-delay not only can enhance but also can depress tempo-
ral resonance when the gene network has a suitable small-
world connection topology. However, for large p, S, is
reduced by the presence of time-delay, moreover, the larger
the delay, the smaller S,,,,. That is to say, a large rewiring
probability together with a large delay has an unfavorable
role on the resonance dynamics.

On the other hand, we note that §,,,. decreases on the
whole with the increase of p. Upon increasing the rewiring
probability, more edges are rewired and thus additional
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short-cut links are introduced, which in return makes the
pacemaker impact spread to more distant units of the net-
work. Then the Fourier coefficients Q; for the units that are
within an immediate proximity to the pacemaker are
decreased, and the values of Q; for some oscillators rela-
tively far from the location of the pacemaker are increased.
If the increase in Q; cannot compensate for the simultaneous
decrease in Q;, the maximum of S is decreased. So, the
decrease in the peak of S is reasonable. In particular, through
a clear inspection of the inset in Fig. 4, in the absence of
time-delay, we can detect a local maximum around p =0.22
in the evolution of S,,,.. As expounded in Ref. 35, the ratio
R=C/L between the normalized clustering coefficient C
and the normalized characteristic path length L is selected as
a suitable quantity to assess the optimal property of a small-
world network to facilitate the spreading of a localized pace-
maker-emitted subthreshold rhythm. The higher the value of
this ratio, the better the network structure is adapted to trans-
mit the pacemaker’s activity to units far from the pacemaker.
For our gene network, the maximal value of R is roughly
obtained at p = 0.209,47’48 Thus, there is a local maximum in
S,nax around p =0.22. The network with this detected small-
world network topology can warrant the best outreach of the
pacemaker to units that are not in its immediate proximity.
When a delay is present in the coupling of interacting ele-
ments, S,,,. shows a decreasing tendency during the course
of p, and a small peak of S, disappears.

C. Spatial synchronous dynamics in the gene network

Finally, we focus on the joint influences of noise, time-
delay, and topology on the synchronization dynamics of the
network. The degree of spatial synchronization is measured
by the mean square deviation ¢, Eq. (3). First, the depend-
ence of ¢ on 7 is plotted in Fig. 5(a), when the topology of
the network is generated for p =0.04. From this figure, it is
seen that for a fixed noise level, o decreases monotonically
as T increases; at the same time, the ¢ ~ 7 curve gets higher
and higher as the noise level D increases. That is to say, the
larger the time-delay, the better the spatial synchronization,

-V —1=0
= i =2=1
-9 —1=2
~ - -1=3
- b —1=4
- % —1=7

FIG. 5. (Color online) ¢ in dependence on 7 for various D (left panel); ¢ in dependence on p for various t (right panel).
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and the larger the noise intensity, the less the spatial synchro-
nization. In the following, we will explore how the combina-
tion of connection topology and time-delay affects the
synchronous property when the noise level is fixed. Figure
5(b) depicts ¢ in dependence on p for various time-delay in
the case of D = 0.85, from which we can see that ¢ decreases
rapidly at the first increase of p. Nevertheless, because the
elements in the gene network are not identical, ¢ cannot get
zero during the course of p. We also note that the ¢ ~ p curve
gets lower and lower as the delay increases. More interest-
ingly, at a closer inspection of Fig. 5 (especially in the inset
of Fig. 5(b)), we observe an asymmetric valley in each g ~p
curve. That is to say, with the assistance of time-delay there
exits an optimal topology connectivity warranting the units in
the network to achieve the best spatial synchrony. Moreover,
the optimal p moves to larger values as the delay increases.

IV. CONCLUSION

This paper generalizes the paced small-world network of
coupled genetic regulatory oscillators® to allow time-delayed
interactions. We focus on the collective dynamics of temporal
resonance and spatial synchrony over this network. The most
important parameters in our analysis are noise intensity, time-
delay, and rewiring probability. By introducing two suitable
measures in Sec. II, the crucial influences of these parameters
on the spatial dynamics can be described as follows: First, for
fixed network topology, the whole network response S passes
through a maximum with varying noise intensity irrespective
of time-delay, which shows a characteristic signature of clas-
sical stochastic resonance in the network. Similarly, at certain
noise strength, there also exhibits a peak in the evolution of S
as the time-delay increases; we call this phenomenon delay-
induced temporal resonance. Second, for fixed time-delay,
the peak of S shows a decreased tendency as the rewiring
probability increases, which implies that temporal resonance
is degraded by the randomness of the network. On the other
hand, temporal resonance is enhanced by an appropriately
tuned small delay but depressed by a large time-delay for
small rewiring probability, while temporal resonance is
always reduced by time-delay for large rewiring probability.
Third, we find that time-delay as well as the randomness of
the network can dramatically enhance the spatial synchrony
of the noisy network. Moreover, with the assistance of time-
delay there exits an optimal connection topology warranting
the units in the network to achieve the best spatial synchrony.

Since noise and time-delays are important factors in the
genetic network function, our results may have implications, in
particular, in understanding the complexity in genetic regulation.
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