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We propose a method based on synchronization to identify the parameters and to estimate the
underlying variables for an epidemic model from real data. We suggest an adaptive synchronization
method based on observer approach with an effective guidance parameter to update rule design only
from real data. In order, to validate the identifiability and estimation results, numerical simulations of a
tuberculosis (TB) model using real data of the region of Center in Cameroon are performed to estimate
the parameters and variables. This study shows that some tools of synchronization of nonlinear systems
can help to deal with the parameter and state estimation problem in the field of epidemiology. We
exploit the close link between mathematical modelling, structural identifiability analysis, synchronization,
and parameter estimation to obtain biological insights into the system modelled.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The spread of communicable disease is a dynamical process, as such, the understanding and control of infectious disease outbreaks and
epidemics is pertinent to the temporal evolution of disease propagation. Historically, this aspect of disease transmission has been studied
using coarse-grained dynamical representation of populations, known as compartmental models [1–5]. In these models, a population is
divided into a number of epidemiological states (or classes) and the time evolution of each state is described by a differential equation.
Deterministic nonlinear ordinary differential equation models of infection dynamics have proved to be very useful in terms of providing
insight into infection processes and their control [4]. A lot of basic results have been obtained. The basic and important research subjects
for these systems are the existence of a threshold value which distinguishes whether an infectious disease will die out, the local and
global stability of the disease-free equilibrium and endemic equilibria, the existence of periodic solutions, the persistence and extinction
of the disease, etc. Although these approaches, and their more complex variants, have been instrumental in understanding several features
of infectious diseases over the past three decades, a systematic construction of an epidemiological model that best matches parameter
estimation of the model equations from real data is needed. However, relating such models to observed data is not a straightforward
matter due to the complexity of the model and the noise in the data. A brief survey on previous studies provides the context of this
Letter. Some parameter estimation methods have been developed for longitudinal clinical data [6]. Huang and Wu [7], and Huang et
al. [8] have recently proposed a Bayesian approach to estimate the parameters in HIV dynamics models for a population of patients.
Their method is highly dependent on informative priors for most of the parameters and is computationally intensive, which may limit
its use. Xia [9], Xia and Moog [10], and Jeffrey and Xia [11] investigated the identifiability of HIV dynamics models, but the solution
of the identifiability problem was not provided for the case where only measurements of viral load are available. Hulin et al. [12] used
the concept of identification function and identification equation to study the parameter identifiability of a three-dimensional HIV/AIDS
dynamics, but two parameters are not identifiable (i.e., are indistinguishable). Unfortunately, nothing has been done in term of estimating
parameters of tuberculosis. The approach taken in this Letter is based on synchronization. Synchronization is a well-known phenomenon
in biology, physics, engineering and many other scientific disciplines [13–19].
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Adaptive synchronization based parameter identification methods, among others, are widely used and involve constructing a response
system (called “computational model”) to synchronize with the drive system (i.e., the “real” system with some or all unknown parameters
to be estimated) through the unidirectional coupling signal. Due to information acquisition restrictions (or cost), we often have to face
a challenging scenario in which multiple parameters need to be estimate but only a scalar (physical) variable is measurable. Because
one usually cannot find proper parameter update rules by exploiting information obtained from only a scalar time series, parameter
identification with adaptive synchronization from a scalar time series is not well understood and still remains challenging until now.
Therefore, it is not only of theoretical interest but also of practical value to synchronize nonlinear dynamical systems with (multiple)
unknown parameters from real data. Although, the parameter and state estimation problem for nonlinear systems, due to its difficulty
and its practical interest, is one of the most challenging in control theory, it has never been addressed for estimating state and unknown
parameters of epidemiological models.

In this Letter, we present a synchronization based parameter estimation approach to matching dynamical variables of an SEI epidemi-
ological model to real data. We show that the model is algebraically observable and identifiable with respect to the output data, hence,
a differential parametrization of the output and its time derivatives can be obtained. Based on these facts, we propose a synchronization
method based on an adaptive observer to parameter estimation by exploiting information obtained only from real data, which is crucial
for many practical applications such as the prediction and the control of an infectious disease. We analyze the convergence of the adaptive
observer. The proposed synchronization method includes three steps: (i) finding some proper control signals such that the system’s output
synchronizes with the real data; (ii) designing parameter update rules in terms of a necessary condition for ensuring local synchronization;
and (iii) determining the value for each parameter update rate for ensuring the local stability of the synchronization manifold. Simula-
tion studies are performed to estimate all parameters of a tuberculosis model (TB) from noisy data of the region of Center in Cameroon.
Compared to existing results [6–12], our method is less computationally intensive and easier to implement. In addition, all parameters are
identifiable which is not the case of many works in the literature and the proposed adaptive observer has fast convergence property. It
is our view that this study represents the first work that provides an in-depth parameter estimation based on synchronization. Although
we have applied the method to TB, the proposed methodology is generally applicable to any infectious disease modelled by ordinary
differential equations.

2. The model

The aim of this section is to describe the model and state the parameter estimation problem.

2.1. Model construction

In our model, each individual is in one of three permitted states: susceptible (S), latently infected (E) or infectious (I). The state of the
individuals evolves in time and depends on their previous state and the connections with other individuals. The probabilities of transitions
between different states are described with the following parameters: Λ is the recruitment into the population; β , the probability that
a susceptible individual will be infected by infectious (it is also denotes how contagious the disease is); α is the probability that a
latently infected individual becomes infectious (this value is connected with the average time of incubations); γ is the probability that an
infectious individual will recover or be isolated from the rest of the population (e.g., in a hospital); μ is the probability that an individual
in the population died from reasons not related to the disease; and d is the probability that an infectious individual died of the disease.
For the present case, the changes in time of individuals is one of the possible states S , E and I are described by the following system of
differential equations:⎧⎪⎨

⎪⎩
Ṡ = Λ − β S I − μS,

Ė = β S I + γ I − (μ + α)E,

İ = αE − (μ + d + γ )I.

(1)

2.2. Problem formulation

Setting x1 = S , x2 = E and x3 = I , the model (1) may be written as follows:⎧⎨
⎩

ẋ1 = Λ − βx1x3 − μx1,

ẋ2 = βx3x1 + γ x3 − (μ + α)x2,

ẋ3 = αx2 − (μ + d + γ )x3.

(2)

Let θ = (β,Λ,α,d, γ ,μ) denotes all the system parameters. We suppose that the number of infectious is available for measurement,
that is, the number of infectious x3 can be obtained from real data.

The problem addressed in this Letter consists in determining the unknown parameters Λ, β , α, γ , d and μ from a given recorded set

{
x3(tk)

}k=n
0 , tk ∈ T,

where T is a discrete set of observable times

T = (t1, t2, . . . , tn), t j+1 − t j = T , j = {1,2, . . . ,n − 1}.
To achieve this goal, we shall build an adaptive observer for system (1). This is the aim of the next section.
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3. Results

3.1. Some algebraic properties

Before tackling the practical problem of estimating the parameters in our epidemiological model from real data, one must first consider
a structural question relating to the model proposed. Assuming perfect, noise-free and continuous output data, it is necessary to check
whether all of the model parameters are uniquely determined by a given output. Should any of the parameters (or combinations of
parameters) have physical, or practical, significance then it is essential that the answer to this structural identifiability (see, for example
[20–23]) be established. It is important to note that an identifiable model does not automatically guarantee a good fit to experimental
data, or that a good fit is obtained only for a unique set of parameter values. However, for an unidentifiable model an uncountable number
of parameter vectors will give the same fit to the experimental data.

We introduce two useful properties [24] that system (2) satisfies.

Definition 1. Consider an undetermined system of ordinary differential equations:

X(t, x, ẋ, θ) = 0, (3)

where x = (xi)
i=n
1 ∈ R

n is a state vector and θ ∈ R
p is a constant parameter vector. Suppose that there exists a smooth, local and one to

one correspondence between the solution x(t) of system (3) and an arbitrary function y(t) = h(t, x(t)) ∈ R; then, the state xi is said to be
algebraically observable with respect to y(t) if it satisfies

xi = f i(y, . . . , y(q), θ)

gi(y, . . . , y(s), θ)
,

where f i , gi and h are smooth maps, y(k) is the kth derivative of y, q and s are integers with q � s. The variable y is the output. If xi is
observable for every i = 1, . . . ,n, then we say that the system is completely observable.

Indeed, we show that system (2) satisfies the previous definition when the output vector is y = x3. Clearly, the variables x1 and x2 can
be written as

x1 = ÿ + (2μ + α + d + γ ) ẏ + [μ(μ + d + γ ) + α(μ + d)]y

βαy
and x2 = ẏ + (μ + d + γ )y

α
, (4)

hence, system (2) is algebraically observable with respect to the selected output.
Identifiability is a basic system property and determines whether all parameters can be uniquely estimated based on measured outputs.

For a formal definition of identifiability of dynamics systems, we refer the readers to Refs. [25,26]. The basic idea of algebraic identifiability
is to allow one to identify parameters by solving algebraic equations based only on the initial values and the measurements of outputs
variables.

Definition 2. System (3) is said to be algebraically identifiable if there exists a time t∗ , a positive integer k, and a function W : R
p ×

R
p(k+1) → R

p such that

det
∂W

∂θ
�= 0, (5)

where det(.) stands for the determinant of ∂W
∂θ

and

W
(

y, ẏ, ÿ, . . . , y(k), θ
) = 0, (6)

hold on [0, t∗], where ẏ, ÿ, y(k) are the derivatives of y with respect to t . Eq. (6) is called the identification equation and the function
W (.) the identification function.

To formulate an identification function, we may need to eliminate the unobservable (susceptible and latent) state variables from the
original system (2) by taking higher-order derivatives of the output (observation) variables. For our model, based on the third equation
of (2), we have for the second derivative:

ÿ = βαx1 y − (2μ + α + d + γ ) ẏ − [
μ(μ + d + γ ) + α(μ + d)

]
y. (7)

Continuing to take the 3rd-order derivative and combining it with the first equation of system (2), we obtain

y(3) = ẏ ÿ

y
+ (2μ + α + d + γ )

(
ẏ2

y
− ÿ

)
+ [

βαΛ − μ
[
μ(μ + d + γ ) + α(μ + d)

]]
y

− β
[
μ(μ + d + γ ) + α(μ + d)

]
y2 − β y ÿ − β(2μ + α + d + γ )y ẏ − μ ÿ − μ(2μ + α + d + γ ) ẏ, (8)

an equation that does not depend on the unobservable (susceptible and latent) state variables x1 and x2.
Finally, we conclude that system (2) is identifiable with respect to the output y, because the above differential parametrization of the

output y can be written as

W
(

y, ẏ, ÿ, y(3), θ
) = 0.

For a dynamical system with unobservable (susceptible and latent) state variables such as the case of the dynamical model (2), when
the initial values of the unobservable (susceptible and latent) state variables are unknown, we may not be able to directly use the original
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dynamical system to estimate the identifiable but unknown parameters. In this case, we may need to employ the identification equation (8)
to obtain parameter estimates. For example, we can used Eq. (8) to deal with this problem for the epidemiological dynamical system (1)
when only the number of infectious y is observable. To do this, let y1 = y, y2 = ẏ and y3 = ÿ and rewrite Eq. (8) as⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẏ1 = y2,

ẏ2 = y3,

ẏ3 = y2 y3

y1
+ (2μ + α + d + γ )

(
y2

2

y1
− y3 − β y1 y2 − μy2

)
+ βαΛy1

− β y1 y3 − μy3 − [
μ(μ + d + γ ) + α(μ + d)

](
μy1 + β y2

1

)
.

(9)

This system is solvable if the initial values of the output (observable) variable y1 and its derivatives y2 and y3 are available. Thus, the
identifiable parameters can be estimated from this system of equations and the initial values of the unobservable (susceptible and latent)
state variables (S and E) are not needed. Usually, the initial values y1(t0), y2(t0) and y3(t0) are not known exactly and they can be treated
as additional parameters to be estimated from the data. This will add the number of unknown parameters and, hence will increase the
complexity of the parameter estimation problem. To summarize, the dynamical system (9) does not suffice to compute the value of the
states nor to estimate the unknown parameters of the system, because one needs to know the value of the real initial condition, which
is unavailable for measurement. To overcome this difficulty, we shall used a tool from control theory called adaptive observer. This is, we
shall construct another dynamical system whose state will provide an estimate of the real unmeasured state and unknown parameters of
the considered model, and this will be true regardless of the observer’s initial condition: we need not to take care about the choice of the
initial condition of the observer.

3.2. Model parameter estimation using an adaptive observer

One of the important problems in control theory is to reconcile the available data with the mathematical model. This problem is
known as the observability problem, and it is related to the construction of “observer” (called some times software sensors) for dynamical
systems. In this section, we show how to apply this theory to address the parameter estimation problem for the epidemiological model (1).
More precisely, we present an adaptive observer, i.e., a dynamical system that is driven by the given time series data and that possesses
additional ODEs governing (slow) variations of model parameters. Once the parameters have converged to the “right” values, the model
synchronizes with the driving time-series data. The adaptive observer is based on model (9). To build an adaptive observer some extra
terms are added to implement driving by real data s:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẏ1 = y2 − L1ρ(s − y1),

ẏ2 = y3 − L2ρ
2(s − y1),

ẏ3 = y2 y3

y1
+ (2μ + α + d + γ )

(
y2

2

s
− y3 − βsy2 − μy2

)
+ βαΛs − βsy3

− μy3 − [
μ(μ + d + γ ) + α(μ + d)

](
μs + βs2) − L3ρ

3(s − y1),

(10)

where ρ is the so-called high-gain parameter, and parameters β , Λ, α, d, γ and μ are adjusted as follows

β̇ = δ1N1(s, y2, y3)(s − y1), Λ̇ = δ2N2(s, y2, y3)(s − y1), α̇ = δ3N3(s, y2, y3)(s − y1),

ḋ = δ4N4(s, y2, y3)(s − y1), γ̇ = δ5N5(s, y2, y3)(s − y1) and μ̇ = δ6N6(s, y2, y3)(s − y1), (11)

where δi are suitably positive constants, the mappings Ni(s, y2, y3) (with i = 1,2, . . . ,6) need to be specified, and L1, L2 and L3 are
constants to be determined later.

Without loss of generality, we assume that higher-order derivatives of s can be estimated using local polynomials or other smoothing
methods based on the real data s. Also, suppose that the true values Λ̄, ᾱ, d̄, γ̄ and μ̄ of the parameters Λ, α, d, γ and μ, respectively
are known as a “preknowledge”. Notice that this assumption has been introduced only to show how to design the mappings Ni(s, y2, y3).
Therefore we assume this assumption in order to proceed with the discussion.

Let e1 = ρ2(s − y1), e2 = ρ( ȳ2 − y2), e3 = ȳ3 − y3, β̃ = β̄ − β , Λ̃ = Λ̄ − Λ, α̃ = ᾱ − α, d̃ = d̄ − d, γ̃ = γ̄ − γ and μ̃ = μ̄ − μ where
ȳ2 = ṡ and ȳ3 = s̈. Then, we obtain the following error system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ė1 = ρe2 + L1ρe1,

ė2 = ρe3 + L2ρe1,

ė3 = ˙̄y3 − y2 y3

y1
− [

2(μ̄ − μ̃) + ᾱ − α̃ + d̄ − d̃ + γ̄ − γ̃
]( y2

2

s
− y3 − (β̄ − β̃)sy2 − (μ̄ − μ̃)y2

)
− (β̄ − β̃)(ᾱ − α̃)(Λ̄ − λ̃)s + (β̄ − β̃)sy3 + (μ̄ − μ̃)y3

+ [
(μ̄ − μ̃)(μ̄ − μ̃ + d̄ − d̃ + γ̄ − γ̃ ) + (ᾱ − α̃)(μ̄ − μ̃ + d̄ − d̃)

][
(μ̄ − μ̃)s + (β̄ − β̃)s2] + L3ρe1,

˙̃
β = − δ1

ρ2
N1(z, θ)e1,

˙̃
Λ = − δ2

ρ2
N2(z, θ)e1, ˙̃α = − δ3

ρ2
N3(z, θ)e1,

˙̃d = − δ4

ρ2
N4(z, θ)e1, ˙̃γ = − δ5

ρ2
N5(z, θ)e1, ˙̃μ = − δ6

ρ2
N6(z, θ)e1,

(12)

where z = (s, y2, y3)
T .
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Notice that after the parameter estimation (β̃, Λ̃, α̃, d̃, γ̃ , μ̃ = 0) is ensured, the error system becomes

ė = ρ Ae + B f (z), (13)

where e = (e1, e2, e3)
T ,

f (z) = ˙̄y3 − y2 y3

y1
− (2μ̄ + ᾱ + d̄ + γ̄ )

(
y2

2

s
− y3 − β̄sy2 − μ̄y2

)
− β̄ᾱΛ̄s + β̄sy3

+ μ̄y3 + [
μ̄(μ̄ + d̄ + γ̄ ) + ᾱ(μ̄ + d̄)

](
μ̄s + β̄s2),

A =
[ L1 1 0

L2 0 1
L3 0 0

]
and B =

[ 0
0
1

]
.

Therefore, the necessary condition for a successful parameter estimation is that one can find a proper form for each Li (with i = 1,2,3)
such that the error system (13) is globally/locally asymptotically stable at the origin. The constants L1, L2 and L3 are chosen such that the
polynomial P (λ) = λ3 − L1λ

2 − L2λ − L3 satisfies the Routh–Hurwitz condition (i.e., all its roots are contained in the left-hand side of the
complex plane). For the error system (13), we choose a typical form for the Lyapunov function

V (e) = eT Pe,

where P is a positive definite and symmetric matrix, solution of the Lyapunov equation AT P + P A = −Q with Q a positive definite and
symmetric matrix. Since the trajectories of system (1) are bounded, we can assume that the trajectories of system (9) are also bounded.
Hence, ‖z‖ � r for a certain r > 0. Furthermore, since the parameters Λ̄, ᾱ, d̄, γ̄ and μ̄ are assumed to be constant, one can suppose that
| f (z)| � k f for some k f > 0. Differentiating V with respect to time yields

V̇ (e) = ėT Pe + eT P ė = ρeT (
AT P + P A

)
e + 2eT P B f (z)

� −λmin(Q )ρ‖e‖2 + 2λmax(P )‖B‖‖e‖∥∥ f (z)
∥∥

� −ρλmin(Q )‖e‖2 + 2rk f λmax(P ),

where λmin(Q ) and λmax(P ) are the minimum and maximum eigenvalues of the matrices Q and P , respectively. Therefore, the error
e exponentially decays and is ultimately bounded. Note that as ρ increases, e(t) will decrease, which also decrease the exponential
estimation error bound. This argument shows that with the proposed method, ρ should be made as large as possible. Notice that one can
also guarantee the local asymptotic stability according to the conditional Lyapunov exponents approach.

However, even when one can find the constants L1, L2 and L3 such that system (13) is locally asymptotically stable, it is easy to see
from the error system (12) that the difference between β , Λ, α, d, γ and μ and their trues values Λ̄, ᾱ, d̄, γ̄ and μ̄ which are unknown
for us in general will destroy the synchronization between the system’s output and the real data. To preserve synchronization, one has to
choose the functions Ni(z, θ).

To this purpose, by linearizing the error system (12) at the origin, the Jacobian matrix is given by

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L1ρ ρ 0 0 0 0 0 0 0

L2ρ 0 ρ 0 0 0 0 0 0

L3ρ 0 0 τ1(z, θ̄ ) τ2(z, θ̄ )s τ3(z, θ̄ ) τ4(z, θ̄ ) τ5(z, θ̄ ) τ6(z, θ̄ )

− δ1
ρ2 N1(z, θ) 0 0 0 0 0 0 0 0

− δ2
ρ2 N2(z, θ) 0 0 0 0 0 0 0 0

− δ3
ρ2 N3(z, θ) 0 0 0 0 0 0 0 0

− δ4
ρ2 N4(z, θ) 0 0 0 0 0 0 0 0

− δ5
ρ2 N5(z, θ) 0 0 0 0 0 0 0 0

− δ6
ρ2 N6(z, θ) 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where

τ1(z, θ̄ ) = −(2μ̄ + ᾱ + d̄ + γ̄ )sy2 + ᾱΛ̄s − [
μ̄(μ̄ + d̄ + γ̄ ) + ᾱ(μ̄ + d̄)

]
s2 − sy3, τ2(z, θ̄ ) = β̄ᾱs,

τ3(z, θ̄ ) = y2
2

s
− y3 − β̄sy2 − μ̄y2 + β̄Λ̄s − (μ̄ + d̄)

(
μ̄s + β̄s2), τ4(z, θ̄ ) = y2

2

s
− y3 − β̄sy2 − μ̄y2 − ᾱ

(
μ̄s + β̄s2),

τ5(z, θ̄ ) = y2
2

s
− y3 − β̄sy2 − μ̄y2 − μ̄

(
μ̄s + β̄s2),

τ6(z, θ̄ ) = 2

(
y2

2

s
− y3 − β̄sy2 − μ̄y2

)
− (2μ̄ + ᾱ + d̄ + γ̄ )

(
y2 + μ̄s + β̄s2) − [

μ̄(μ̄ + d̄ + γ̄ ) + γ̄ (μ̄ + d̄)
]
s − y3.

It follows that the characteristic polynomial of the Jacobian is defined by

φ(λ) = −λ5[λ4 − L1ρλ3 − L2ρ
2λ2 − L3ρ

3λ + Θ(z, θ̄ )
]
,
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Table 1
Numbers of reported TB cases in the region of Center in Cameroon from 2003 to 2007.

Quarter 2003 2004 2005 2006 2007

First quarter 525 618 719 748 707
Second quarter 515 594 729 770 644
Third quarter 524 557 716 675 691
Four quarter 569 731 731 657 772

where

Θ(z, θ̄ ) = δ1N1τ1 + δ2N2τ2 + δ3N3τ3 + δ4N4τ4 + δ5N5τ5 + δ6N6τ6.

Prediction regarding the local stability of the error system (12) requires at least a detailed analysis of the eigenvalues of the characteristic
equation φ(λ) = 0. The characteristic equation φ(λ) = 0 has five zero roots and the local stability of the error system (12) is determined
by the roots of the following polynomial:

Γ (λ) = λ4 − L1ρλ3 − L2ρ
2λ2 − L3ρ

3λ + Θ(z, θ̄ ) = 0.

In terms of the Routh–Hurwitz criterion, the necessary conditions for ensuring stability of the error system (12) is that L1, L2, L3 < 0 and
Θ is nonnegative. Since we do not have any preknowledge about the values of the estimated parameters β̄ , Λ̄, ᾱ, d̄, γ̄ and μ̄ of Λ, α, d,
γ and μ, we choose

N1(z, θ) = τ1(z, θ)

1 + |τ1(z, θ)| , N2(z, θ) = τ2(z, θ), N3(z, θ) = τ3(z, θ)

1 + |τ3(z, θ)| ,

N4(z, θ) = τ4(z, θ)

1 + |τ4(z, θ)| , N5(z, θ) = τ5(z, θ)

1 + |τ5(z, θ)| and N6(z, θ) = τ6(z, θ)

1 + |τ6(z, θ)| , (14)

which indicates

Θ(z, θ) = δ1τ
2
1 (z, θ)

1 + |τ1(z, θ)| + δ2τ
2
2 (z, θ) + δ3τ

2
3 (z, θ)

1 + |τ3(z, θ)| + δ4τ
2
4 (z, θ)

1 + |τ4(z, θ)| + δ5τ
2
5 (z, θ)

1 + |τ5(z, θ)| + δ6τ
2
6 (z, θ)

1 + |τ6(z, θ)| > 0.

Note that the right-hand sides of all parameters ODEs vanish in the case of perfect synchronization s = y1.

4. Application to tuberculosis and simulation validation

In this section, we address the problem of parameter estimation and reconstruction of tuberculosis from data of TB in the region of
Center in Cameroon. Tuberculosis according to the WHO [27] is now the world’s leading killer of adults; 30 million adults are expected
to die from TB in the next 10 years. With the spread of HIV, coupled with deterioration of conditions in many cities, not just only in
developing countries, but throughout the developed world as well, and the explosion in international travel, a resurgence of tuberculosis
has occurred in Tokyo, New York, London, and other major cities [28]. In Cameroon, despite government’s efforts towards providing free
treatment and other cost-cutting measures, statistics from the National Comittee of Fight against Tuberculosis [29] show that the rate of
tuberculosis infection is still not dropping. Cameroon has about 33 197 of estimated TB cases recorded each year, which result in 2000
deaths annually. Moreover, the total of the notified cases for TB of all forms increased from 2434 in 1980 to 24 062 in 2007. With the
introduction of the direct observation therapy strategy (DOTS) in Cameroon, the situation has not improved significantly as the detection
rate remains at 69%, while the treatment rate was 74% in 2006.

In the following, we perform computer simulation studies to validate the identifiability results from the theoretical analysis in the
previous section. Now, in the model (1), the state variables and parameters are as follows: S , E and I stand for susceptible, latently infected
(exposed to TB but not infectious) and infectious (has active TB), respectively. Susceptible individuals acquire TB infection following contact
with infectious. Latently infected individuals are assumed to acquire some immunity as a result of infection, which reduces the risk of
subsequent infection but does not fully prevent it. β is the effective contact rate of infectious that is sufficient to transmit infection to
susceptible; α is the progression rate from latent state to infectious state; we assume that the initiation of therapeutics immediately
remove individuals from active status and place them into a latent state at a rate γ ; μ is the natural mortality and d the TB-induced
death rate.

In the following, we perform computer simulation studies to validate the identifiability and parameter estimation results from the
theoretical analysis in the previous section.

Numerical simulations have been conducted using the estimation of the TB notification rate (based on the quarterly number of TB
notifications conducted in 2003, 2004, 2005, 2006 and 2007) as shown in Table 1.

We select a spline-based interpolating polynomial to approximate the selected set of data windows, since a lower-order polynomial
can be more accurate than higher-order polynomials. This is because, above all if the data set {tk, y(tk)}, includes local abrupt changes in
the values of y(t) for a steady change in the value of t , then higher-order interpolating polynomial produces more oscillations around the
abrupt changes.

Note that only in the ideal case with no measurement error, a rather small number of measurements is sufficient to determine the
identifiable parameters uniquely. In practice, all measurements are measured with some error. Consequently, more data are needed to
ensure that despite the measurement noise, we can get the estimation of the parameters with a desired accuracy. To minimize this, we
add a Gaussian noise to the real data. The noise level is set to σ = 1.

The comparison of the data with the curve of the interpolation spline polynomial is shown in Fig. 1.
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Fig. 1. The quarterly numbers of new reported TB cases and its fitted curve.

Fig. 2. (a) Synchronization of the measured signal s (red line) and the corresponding variable y1 (blue line); (b) Synchronization error s − y1 when σ = 1. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this Letter.)

The values of the estimator parameters were chosen to be L1 = −3, L2 = −3 and L3 = −1. Then, the eigenvalues of the polynomial
λ3 − L1λ

2 − L2λ − L3 = 0 are located at −1. The free parameter ρ was taken as ρ = 5.
Fig. 2 shows the temporal evolution of the measured signal data s (red line) and the corresponding variable y1 (blue line) of the

adaptive observer (10), (11) and (14). The underlying parameter estimation process is shown in Fig. 3. As can be seen in Fig. 2, the model
variable y1 converges to the driving signal s with a small synchronization error s − y1 (Fig. 2(a) and Fig. 2(b)). The fact that some of
the estimated parameters do not converge to fixed values but oscillate with a small amplitude may be interpreted as an indication for a
limited number of data that we used.

The parameter estimation results are reported in Table 2.
From Table 2, μ = 0.0170 per year gives an average life expectancy of 59 years which is approximately the average life expectancy of

Cameroonian people which was 52 year in 2008 [30]. Also, the value of γ = 0.64408 per year is not far from 0.74 per year which was the
TB treatment rate in Cameroon in 2008. In addition, the TB-induced mortality d = 0.0012 per year is also approximately the same than
the TB-induced mortality in Cameroon which is 0.008 per year.

Substituting those values of parameters into system (1), we obtain the following TB transmission model to predict the evolution of TB
in the region of Center in Cameroon:⎧⎪⎨

⎪⎩
Ṡ = 1000.2 − 2.04S I − 0.017S,

Ė = 2.04S I + 0.6408I − (0.017 + 0.0024)E,

İ = 0.0024E − (0.0170 + 0.0012 + 0.6408)I.

(15)

We take the first quarter of 2003 as the start time of simulation. The statistics show that the total population of the Center re-
gion of Cameroon population in 2003 is N(0) = 2 981 000 [30]. According to the National Committee of Fight against Tuberculosis in
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Fig. 3. Model parameter estimation when σ = 1. (a) Λ; (b) β; (c) α; (d) γ ; (e) μ and (f) d.
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Table 2
Estimation results for σ = 1.

Parameter β Λ α d γ μ

Estimated value 2.04 1000.2 0.0024 0.0012 0.6408 0.0170

Fig. 4. The trend of the three epidemiological populations when σ = 1. (a) New TB cases reported number (red line) and infectious (blue line); (b) Susceptible individuals
and (c) latently-infected individuals. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this Letter.)

Cameroon [29] the number of new and relapse cases of TB was 532, then we take I(0) = 532. We assume that 70% of the Cameroonian
population is infected with Mycobacterium tuberculosis. In this case S(0) = 894 300. Then, one can find that E(0) = 2 086 168. Numerical
simulations obtained are reported in Fig. 4. Fig. 4(a) illustrates the comparison of the quarterly reported data and the simulation of in-
fectious in the region of Center in Cameroon. These round in the curve demonstrate the reported number of infectious, from January
2003 to December 2007. Figs. 4(b) and 4(c) give the trends of the susceptible and latently-infected individuals in the future several years,
respectively.

In most epidemiological models discussed in the literature, the question of estimating unknown parameters has not been played a
central role. Although the estimation of unknown parameters in an epidemiological model has been established in HIV/AIDS models using
higher-order derivatives [10,11], multiple time point method and least square principle [12] to the author’s knowledge, this is the first
time the estimation of unknown parameters in an epidemiological model is based on tools of synchronization and has been applied to a
TB model.

5. Discussions

The development of a more complex model in the context of its simpler ancestor is shown as the latest step in an on-going modelling
process. This process of model validation and improvement includes structural identifiability and parameter estimation as essential com-
ponents. The benefit of the larger amount of biological information contained in a more complex mechanistic model must be weighed
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against its reduced tractability and appropriateness for application to data. The application of a model with a large number of state vari-
ables and parameters to data becomes more difficult both in terms of structural identifiability and, for parameter estimation, due to the
contribution of noise.

In this Letter, we have used a technique from engineering [24] to investigate the algebraic identifiability of a popular three-dimensional
SEI epidemiological dynamics model. We have exploited the algebraic properties of observability and identifiability that the SEI epidemi-
ological model fills with respect to the output. We have found that all parameters in the model can be identified if only the number
of infectious is measured. This fact permits us to obtain a differential parametrization to the output and its time derivative (from first
to third). The differential parametrization to the output contains the information necessary for determining the remaining states and the
unknown parameters.

We have used the concept of synchronization which is a promising alternative to the previously developed higher-order derivative
(HOD) method [10,11] and multiple time point method (MTP) [12]. We have proposed an adaptive synchronization approach to the
parameter estimation by exploiting information obtained only from real data, which is crucial for practical applications such as the
prediction and control of an infectious disease. Although the parameter estimation problem has been established in HIV/AIDS models
[9–12] using HOD and MTP methods, to the author’s knowledge, this is the first time that such a problem has been studied using tools of
synchronization. The proposed method has some advantages over the HOD and MTP methods in practical implementations. The proposed
method is less computationally intensive and easier to implement and permits to identify all parameters of the model which is rather not
the case of many works in the literature. In addition, the proposed adaptive observer has fast convergence properties.

Finally, to validate the identifiability analysis results, we have taken the TB as an example and we have performed simulation studies to
estimate all parameters from noisy data of TB in the region of Center in Cameroon. The simulation results have confirmed our theoretical
identifiability analysis. Although our analysis has been applied on a 3-dimensional TB dynamics model, the basic ideas and the proposed
methodologies are generally applicable to any nonlinear epidemiological model. Our results, if complete, are however only a first step in
this direction.
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