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Experimental evidences point out the participation of nonsynaptic mechanisms (e.g., fluctuations in

extracellular ions) in epileptiform bursting and spreading depression (SD). During these abnormal

oscillatory patterns, it is observed an increase of extracellular potassium concentration [K+]o and a

decrease of extracellular calcium concentration [Ca2+]o which raises the neuronal excitability. However,

whether the high [K+]o triggers and propagates these abnormal neuronal activities or plays a secondary

role into this process is unclear. To better understand the influence of extracellular potassium dynamics

in these oscillatory patterns, the experimental conditions of high [K+]o and zero [Ca2+]o were replicated

in an extended Golomb model where we added important regulatory mechanisms of ion concentration

as Na+–K+ pump, ion diffusion and glial buffering. Within these conditions, simulations of the cell model

exhibit seizure-like discharges (ictal bursting). The SD was elicited by the interruption of the Na+
�K+

pump activity, mimicking the effect of cellular hypoxia (an experimental protocol to elicit SD, the

hypoxia-induced SD). We used the bifurcation theory and the fast–slow method to analyze the

interference of K+ dynamics in the cellular excitability. This analysis indicates that the system loses

its stability at a high [K+]o, transiting to an elevated state of neuronal excitability. Effects of high [K+]o

are observed in different stages of ictal bursting and SD. In the initial stage, the increase of [K+]o creates

favorable conditions to trigger both oscillatory patterns. During the neuronal activity, a continuous

growth of [K+]o by outward K+ flow depresses K+ currents in a positive feedback way. At the last stage,

due to the depression of K+ currents, the Na+–K+ pump is the main mechanism in the end of neuronal

activity. Thus, this work suggests that [K+]o dynamics may play a fundamental role in these abnormal

oscillatory patterns.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In the cerebral tissue, there are different oscillatory patterns.
Individual neurons typically present electrical activities as spiking
and bursting (Izhikevich, 2007). However, in experimental models
of brain slices these electrical activities can be altered with high
increase of neuronal excitability. This situation happens during
epileptiform bursting and spreading depression (SD). In interictal
phase (between seizures), each neuron within an epileptic focus
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has an electrical response called paroxysmal depolarizing shift
(PDS). PDS consists of a large depolarization (20–40 mV) with
50–200 ms duration that triggers a burst of spikes, followed by an
after hyperpolarization (Kandel et al., 2000). In an ictal event
(seizure), cells depolarize as the PDS, but the bursting persists for
seconds to tens of seconds (Xiong and Stringer, 2001). Another
electrical activity is the SD discovered by Leão (1944). It is a slow
wave that has been associated to migraine preceded by sensory
hallucinations called aura (Gorji, 2001; Dahlem and Chroniclec,
2004). SD is characterized by large membrane depolarization
(�20 to 0 mV) with spike inactivation and 1–2 min duration,
propagating at velocities of a few mm/min to adjacent areas of the
stimulated region (Müller and Somjen 2000; Martins-Ferreira
et al., 2000).
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Table 1
Currents of the cell–somatic model for high [K+]bath and zero [Ca2+]bath

(hippocampal region CA1).

Currents (mA/cm2) Source

INa ¼ GNa (V�VNa), where GNa ¼ gNam3h (a)

INaP ¼ GNaP (V�VNa), where GNaP ¼ gNaPp (a)

IKdr ¼ GKdr (V�VK), where GKdr ¼ gKdrn
4 (a)

IKM ¼ GKM (V�VK), where GKM ¼ gMz (a)

IKA ¼ GKA (V�VK), where GKA ¼ gAa3b (a)

IL ¼ gL (V�VL) (a)

INaL ¼ gNaL (V�VNa) (b)

IKL ¼ gKL (V�VK) (b)

Ipump ¼ INapump+IKpump, where, IKpump ¼ �2Imax Apump,

INapump ¼ 3 ImaxApump

Apump ¼ (1+2.5/[K+]o)�2 (1+10.0/[Na+]i)
�3 (b)

Source: (a) Golomb et al (2006) and (b) Kager et al. (2000).
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Despite of the differences between epileptiform bursting and
SD, there are similarities in the process of neuronal excitability
(Kager et al., 2000.). During seizures and also in SD, there are
a decrease of extracellular calcium concentration ([Ca2+]o) and an
increase of extracellular potassium concentration ([K+]o) (Heine-
mann et al., 1986; Nicholson 1980; Müller and Somjen, 2000).
These changes in ionic concentration raise the cellular excitability
(Pumain et al., 1985; Jensen and Yaari, 1997; Amzica et al., 2002;
Cohen and Fields, 2004; Bikson et al., 1999), mainly because a
decrease of [Ca2+]o and an increase of [K+]o depress the inhibitory
mechanisms. Low [Ca2+]o tends to block neurotransmitter release
from active inhibitory interneurons (weakening synaptic trans-
mission) and diminishes the hyperpolarization through a reduc-
tion in the calcium-activated potassium conductance. High [K+]o

decreases the K+ driving force (difference between membrane
potential and Nernst potential), lowering outward potassium
currents (Pan and Stringer, 1997). It happens because high [K+]o

raises the Nernst potential of potassium (VK), reducing the
difference between membrane potential and VK.

The basic notion about the influence of [K+]o on the neuronal
excitability is not new. Decades ago, Frankenhaeuser and Hodgkin
(1956) initially observed that the potassium accumulates in
interstitial space during repetitive stimulation of the squid giant
axon which vanishes the hyperpolarizing after potential. In the
same period, Grafstein (1956) presented the potassium hypothesis
for SD. According to Grafstein0s hypothesis, potassium releases
into interstitial space would depolarize adjacent neurons, pro-
moting SD propagation. Subsequently, Green (1964) and Fertziger
and Ranck (1970) suggested that the potassium accumulation in
the interstitial space during sustained neuronal activity could
initiate and maintain epileptiform seizures. The central idea of the
potassium accumulation hypothesis is that the raise of [K+]o

would trigger a regenerative process which high [K+]o increases
the neuronal excitability, leading to a spontaneous firing rate that,
in turn, causes further raise of [K+]o in a positive feedback way
(Fertziger and Ranck, 1970).

While several studies have suggested that an increase of [K+]o

would only maintain the cellular hyperexcitability and not be
involved in the seizure onset (Lux, 1974; Moody et al., 1974; Fisher
et al., 1976; Heinemann et al., 1977; Somjen, 1979; Somjen et al.,
1985) and SD onset (Somjen et al., 1992; Somjen, 2001, 2002;
Herreras and Somjen, 1993; Herreras et al., 2005), it is still unclear
whether [K+]o can initiate seizures and SD. Hence, it is yet to be
determined whether high [K+]o is a primary factor of increased
neuronal excitability or it is a secondary factor as a consequence
of augmented neuronal firing (Somjen, 1979, 2001, 2002).

However, a series of studies have shown that the raise of [K+]o

may act as a primary factor of the cellular hyperexcitability.
Changing the extracellular ionic milieu by the direct application
of a high potassium solution can provoke seizures (Feldberg
and Sherwood,1957; Zuckermann and Glaser, 1968) and SD (Gorji,
2001). In hippocampal tissue slices, high [K+]o in the bathing
solution induces epileptiform bursting (Korn et al., 1987;
Leschinger et al., 1993; Traynelis and Dingledine, 1988). Elevation
of [K+]o generates the transition from interictal to ictal discharges
(Dichter et al., 1972; Jensen and Yaari, 1988; Borck and Jefferys,
1999) and further increase of [K+]o elicits SD (Somjen, 2001). In
solutions with low [Ca2+]o, the potassium diffusion between
neighboring neurons can play an important role in the propaga-
tion and synchronization of the ictal discharges (Konnerth et al.,
1984; Lian et al., 2001). Recently, single neuron and network
models have shown the influence of [K+]o in the modulation of
paroxysmal activity (Bazhenov et al., 2004; Fröhlich et al., 2006),
the nonsynaptic epileptiform activity (Park and Durand, 2006;
Almeida et al., 2008), the neuronal synchronization (Park and
Durand, 2006), the seizure afterdischarges (Kager et al., 2007) and
SD (Kager et al., 2000; Teixeira et al., 2008). In in-vitro
experiments performed with hippocampal slices, elevated basal
[K+]o elicits ictal discharges (Jensen and Yaari, 1997). Therefore,
besides the role of the [K+]o during intense neuronal activity, these
studies have evidenced the primary influence of high [K+]o in the
cellular hyperexcitability.

Hence, such evidences stand out the importance of nonsynap-
tic mechanisms in the transition to an elevated state of neuronal
excitability (Feng and Durand, 2006). However, the extracellular
potassium dynamics underlying the oscillatory patterns observed
during seizure and SD remain poorly understood. Due to the
restricted comprehension of the neuron biophysics and the lack of
computational techniques, the propositions presented in early
studies concerning the potassium accumulation hypothesis (e.g.,
Grafstein, 1956; Fertziger and Ranck, 1970) are oversimplified.
Thus, the intention of this paper is to better understand the role of
[K+]o dynamics in theses oscillatory patterns. This work analyzes
cellular mechanisms of the CA1 pyramidal cells and explains their
dynamic behaviors using the fast–slow analysis (Bertram et al.,
1995) and bifurcation theory. Based on these studies, we suggest
that the high [K+]o may act as a primary factor of increased
cellular excitability and influence the neuronal activity in the
different stages of seizure discharges and SD.
2. Cell model

The cell model used here was based on the somatic, single-
compartment model of the hippocampal region CA1 (for zero
[Ca2+]o) proposed by Golomb et al (2006). The ionic currents
(mA/cm2) of the soma and of proximal dendrites are transient Na+

current (INa), persistent sodium current (INaP), delayed rectifier K+

current (IKdr), muscarinic-sensitive K+ current (IKM), A-type K+

current (IKA) and leak current (IL). Other currents were added,
pump current (Ipump), Na+ and K+ leak currents (INaL and IKL) that
determine the membrane potential in the resting state. The
equations of these currents are given in Table 1. The calcium and
Ca2+-activated K+ currents were not considered in this model,
because we analyzed the neuronal excitability for zero [Ca2+]o. The
variable V is the membrane potential, VK and VNa are the
potassium and sodium Nernst potentials: Vion ¼ 58 log([ion]o/
[ion]i), respectively. The gating variables are m, h, p, n, z, a and b

(their equations are given in Table 2).
Na+–K+ pump, glial buffering and ion diffusion have been used

in network models to represent the extracellular potassium
variations (Bazhenov et al., 2004; Park and Durand, 2006).
Experimental studies have pointed out the influence of Na+–K+

pump and glial buffering on extracellular potassium regulation
and their possible implications on epileptic seizure and SD
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Table 2
Gating variables of the cell–somatic model for high [K+]bath and zero [Ca2+]bath.

Gating variable Kinetics/time constant (ms) Parameters Source

m m ¼ mN(V) ym ¼ �30 mV, sm ¼ 9.5 mV (a)

h dh/dt ¼ (hN(V)�h)/th(V), where th(V) ¼ 0.1+0.75/(1+exp(�(V+40.5)/�6)) yh ¼ �45 mV, sh ¼ �7 mV (a)

p p ¼ pN(V) yp ¼ �47 mV, sp ¼ 3 mV (a)

n dn/dt ¼ (nN(V)�n)/tn(V), where tn(V) ¼ 0.1+0.5/(1+exp(�(V+27)/�15)) yn ¼ �35 mV, sn ¼ 10 mV (a)

a a ¼ aN(V) ya ¼ �50 mV, sa ¼ 20 mV (a)

b db/dt ¼ (bN(V)�b)/15 yb ¼ �80 mV, sb ¼ �6 mV (a)

z dz/dt ¼ (zN(V)�z)/75 yz ¼ �39 mV, sz ¼ 5 mV

XN(V) ¼ {1+exp[�(V+yx)/sx]}�1, where x ¼ m, h, p, n, z, a, b. (a)

Source: (a) Golomb et al (2006).

Table 3
Ion concentration flux of the cell–somatic model for high [K+]bath and zero

[Ca2+]bath.

Potassium concentration flux (mM/ms) Source

[K+]glial-buffering ¼ k1 ([B]max–[B]o)–k2 [K+]o [B]o, where K2 ¼ 0.0008/

(1+exp(([K+]o–15)/�1.09))

(a) and (b)

[ion]bath diffusion ¼ �([ion]o�[ion]bath)/tbs (c)

[ion]lateral diffusion ¼ �([ion]o�[ion]L)/tss (c)

[ion]i (currents) ¼ (IS(ion)10�3Area)/(F Volumecell), where Area ¼ 4pR2,

Volumecell ¼ 4pR3/3

(a)

[ion]o (currents) ¼ �(IS(ion)10�3Area)/(F Volumeextracellular), where

Volumeextracellular ¼ Rv Volumecell

(a)

Source: (a) Kager et al. (2000); (b) Bazhenov et al. (2004); (c) Park and Durand

(2006). In [ion]i (currents) and [ion]o (currents) equations, IS(ion: K) is Iktotal (IKdr, IKM, IKA,

IKL) plus IKpump and IS(ion: Na) is INatotal (INa, INaP, INaL) plus INapump. We multiplied by

10�3 to convert to ms. The [ion]bath diffusion is only considered in the equations of

the first and last cells in the network.
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(Haglund and Schwartzkroin, 1990; D’Ambrosio et al., 2002;
D’Ambrosio, 2004; Benarroch, 2005; Takano et al., 2007). Hence,
to simulate the ionic variations, we added these three mechan-
isms in the Golomb model. The equations of ionic regulations are
given in Table 3. [K+]glial-buffering is potassium concentration
removed by glial cell from extracellular space, [B]o is free buffer
extracellular concentration. [ion]lateral diffusion and [ion]bath diffusion

are extracellular ion (K+, Na+) concentrations originated from
adjacent cells (lateral diffusion) and from the bath solution,
respectively. [ion]i (currents) and [ion]o (currents) are intracellular and
extracellular ion (K+, Na+) concentrations, respectively, produced
by Na+, K+ and pump currents during neuronal activity. Here, in
the one dimension network, the first and last cells are embedded
in a bath solution with high [K+]bath (8 mM/l), zero [Ca2+]bath and
normal [Na+]bath (140 mM/l) and the other cell between them is
only coupled by ion lateral diffusion (Fig. 1). Then, the membrane
potential, gating variables, free buffer extracellular concentration
and total extracellular and intracellular ion (K+, Na+) concentra-
tions can be expressed by the following differential equations (the
parameters are given in Table 4):

dV=dt ¼ � ðINa þ INaP þ IKdr þ IKM þ IKA þ IL

þ INaL þ IKL þ IpumpÞ=C (1)

dX=dt ¼ ðX1ðVÞ � XÞ=tXðVÞ; where X : h;n; z; b (2)

d½B�o=dt ¼ k1ð½B�max � ½B�oÞ � k2½K
þ
�o½B�o (3)

d½Kþ�o=dt ¼ ½Kþ�glial-buffering þ ½K
þ
�lateral diffusion

þ ½Kþ�bath diffusion þ ½K
þ
�oðcurrentsÞ (4)
d½Naþ�o=dt ¼ ½Naþ�lateral diffusion þ ½Naþ�bath diffusion

þ ½Naþ�oðcurrentsÞ (5)

d½Kþ�i=dt ¼ ½Kþ�iðcurrentsÞ (6)

d½Naþ�i=dt ¼ ½Naþ�iðcurrentsÞ (7)

The analyses of this model focused on effects of high [K+]o on
the neuron behavior. In the simulation of ictal bursting, using a
bath solution with high [K+]bath, the raise of basal extracellular
potassium concentration is initially promoted by K+ diffusion from
the bath solution to the interstitial space of the first and last
neurons in the network and, in sequence, by K+ lateral diffusion
from one neuron to the neighbor neuron, increasing the cellular
excitability. Afterwards, [K+]o raises more during intense neuronal
activity which increases the cellular excitability in a positive
feedback way and spreads this high [K+]o by lateral diffusion to
adjacent neurons. In other simulation, using an experimental
protocol to elicit SD (Somjen, 2001), the transition from bursting
to SD was simulated by the blockage of Na+–K+ pump current. In
this case, there is an initial deep raise of [K+]o that it is also
maintained afterwards by a positive feedback way between the
neuronal activity and the raise of [K+]o. Then, the high [K+]o

diffuses by lateral diffusion to adjacent neurons. To better
understand the effects of high [K+]o on these abnormal oscillatory
patterns, in the dynamic analysis we used the fast–slow method
(Hoppensteadt and Izhikevich, 1997) and bifurcation theory. [K+]o

varies on a slow time-scale. Therefore, we could treat [K+]o as a
parameter in the bifurcation analysis (Fröhlich et al., 2006;
Fröhlich and Bazhenov, 2006), interrupting the regulatory me-
chanisms of [K+]o. This reduction of the full model allowed a
detailed bifurcation analysis, evaluating the neuron behavior for
different levels of [K+]o within the physiological range. All
bifurcation diagrams were calculated by using the software XPP-
AUTO (Ermentrout, 2002).

Further bifurcation analysis was performed to understand the
role of Na+–K+ pump current (Ipump) in the slow modulation of
ictal bursting and SD dynamic behaviors within the conditions of
high [K+]bath and low [Ca2+]bath. Concerning the slow modulation
of neuronal activities, the fast–slow method is frequently applied
to analyze the mechanism that terminates the neuronal activity
(Hoppensteadt and Izhikevich, 1997). In general, the bursting
consists of oscillations with two time scales: fast currents that
modulate spiking oscillation within a burst and slow currents
which modulate the slow oscillation between bursts (Izhikevich,
2007). Muscarinic-sensitive K+ current in zero [Ca2+]o (Golomb
et al, 2006) and Ca2+-activated K+ currents in normal [Ca2+]o

(Fröhlich and Bazhenov, 2006) are examples of burst slow
modulation in nonsynaptic neuronal activity. However, other
studies point out the role of Na+–K+ pump current in the modu-
lation of seizure discharges (Kager et al., 2007; Almeida et al.,
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Fig. 1. Schematic diagram of the model. This schematic diagram was based on the configuration of cell model proposed by Park and Durand (2006), considering the cell

shape as a sphere and three mechanisms of potassium regulation: Na+–K+ pump, glial buffering and ion diffusion. Here, there are three neurons within one dimension

network. Each neuron is involved by interstitial space. The first and last cells are embedded in a bath solution with high [K+]bath (8 mM/l), zero [Ca2+]bath and normal

[Na+]bath (140 mM/l). The middle cell is only coupled to adjacent cells by ion lateral diffusion. Thus, potassium and sodium ions can diffuse between the bath solution and

the interstitial space (diffusion) and inside interstitial spaces (lateral diffusion). The IK, INa, IKpump, INapump correspond to potassium, sodium, pump currents, respectively.

Potassium and sodium ions can accumulate in the interstitial space and within the cell.

Table 4
Parameters of the cell–somatic model for high [K+]bath and zero [Ca2+]bath.

Parameters Source

gNa Transient Na+ conductance 35 mS/cm2 (a)

gNaP Persistent sodium conductance 0.3 mS/cm2 (a)

gKdr Delayed rectifier K+ conductance 6 mS/cm2 (a)

gM Muscarinic-sensitive K+ conductance 1 mS/cm2 (a)

gA A-type K+ conductance 1.4 mS/cm2 (a)

gLNa Na+ leakage conductance 0.0548 mS/cm2 (b)

gLK K+ leakage conductance 0.1374 mS/cm2 (b)

gL Leakage conductance 0.2 mS/cm2 (c)

VL Leakage Nernst potential �70 mV (a)

C Soma capacitance 1mF/cm2 (a)

Imax Pump maximal current 63mA/cm2 (d)

[B]max Maximal buffer capacity 265 mM/l (e)

K1 Rate constant of buffer mechanism 0.0008 (c)

tss Lateral diffusion time constant 20 ms (e)

tbs Diffusion time constant 240 ms (d)

F Faraday’s constant 96.49 C/mMol (f)

Rv Volume ratio ( ¼ Volumeextracellular/Volumecell) 0.15 (e)

R Radius of cell 8.9�10�4 cm (e)

[K+]bath K+ concentration in the bath 8 mM/l (e)

[Na+]bath Na+ concentration in the bath 140 mM/l (c)

Source: (a) Golomb et al. (2006); (b) Kager et al. (2007); (c) Kager et al. (2000); (d)

modified values; (e) Park and Durand (2006) and (f) definition. In the transition

from ictal bursting to SD, we usedtbs ¼ 18�103 to decrease the influence of the

bath solution. Since the network has few neurons, the bath solution absorbs the

potassium from the extracellular space, limiting the raise of [K]o during the

spreading depression.
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2008) and SD (Kager et al., 2000). In this case, high [K+]o

impairs potassium currents to end the neuronal activity. There-
fore, within these conditions, the negative current (electrogenic
effect) produced by the pump current (Ipump) plays a role in
cellular repolarization.
3. Epileptiform bursting dynamics

The dynamic analysis of epileptiform bursting involves
different aspects such as alterations in cellular components (e.g.,
ionic concentrations) which are determinant to the behavior
of each neuron within the network, the propagation of cellular
activity and neuronal synchronization in a global network
behavior. Here, this first aspect was analyzed, studying the effects
of high [K+]o on the different stages of the abnormal neuron
activity. We simulated the cell model containing high [K+]bath
(8mM/l) and zero [Ca2+]bath. Herewith, it was possible to elicit
seizure-like discharges (ictal bursting) without any external
stimulus, as seen in Fig. 2(a). In this case, the high extracellular
K+ concentration ([K+]o) raises the cellular excitability in each
neuron within the network, creating the conditions to produce
ictal bursts. On the other hand, the pump current (Ipump) acts to
repolarize the cell, finishing the bursting after some seconds.

The effects of [K+]o and Ipump in the neuronal behavior are
shown in the bifurcation diagrams (Fig. 3). In the Fig. 3(a), the
[K+]o was considered as a control parameter of the cellular
excitability. At normal [K+]o, the cell stays in the resting state
(stable branch of equilibrium points). With the raise of [K+]o, the
neuron becomes more excitable, reaching the bifurcation point FB
where the system shifts from the resting state to the ictal bursting
regime (limit cycle branch). The other studied case is shown in the
Fig. 3(b). Here, the bifurcation diagram presents a z-shaped line
of equilibrium points as a function of Ipump which provides a slow
modulation of the ictal bursting. Along the z-shaped line, three
bifurcation points are identified. These points determine the
transitions to different ictal bursting stages. The transition from
the resting state to the repetitive spiking (limit cycle attractor)
happens via a fold bifurcation. During the bursting, the changes
in spiking amplitude and frequency happen via a supercritical
Hopf bifurcation. At the end of bursting, the repetitive spiking
disappears via a saddle homoclinic orbit bifurcation, returning to
the resting state. Then, the bursting starts again following a
typical hysteresis loop (Izhikevich, 2007) between the resting
state (stable branch of equilibrium points) and the bursting (limit
cycle branch).

In the first stage of the ictal bursting, the membrane potential
(V) increases slowly as an indirect effect of the K+ diffusion from
the bath solution with high potassium concentration to the
cellular interstitial space. The K+ diffusion provokes a gradual
growth of [K+]o, depressing the potassium leak current (IKL). The
consequence of low IKL is an unbalance between the currents
responsible for the cellular resting state. This current unbalance
produces a positive resultant current (dV/dt ¼ �(�IR)/C, IR ¼ SI(cell

currents)). Then, the positive IR causes an initial augment of
V. During this process, the persistent sodium current (INaP) is
activated, producing a fast growth of V that culminates in the
bursting eruption, as seen in Fig. 4(a). Thus, with the augment of
[K+]o, the membrane potential becomes more depolarized, creat-
ing the conditions to the bursting eruption. This happens at a [K+]o

of 6.688 mMol/l where the stable equilibrium coalesces with
an unstable equilibrium, annihilating each other via a fold
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Fig. 2. Membrane potential (V) and extracellular potassium concentration [K+]o: (a) in this simulation with [K+]bath ¼ 8 mMol/l, seizure like-discharges persist for

0.5�104 ms and (b) the transition from bursting to SD occurs when we interrupt pump current in t ¼ 1.1�104 ms. In t ¼ 20.0�104 ms, pump activity is restored, finishing

SD. In both situations, the initial increase of [K+]o is provoked by K+ diffusion and during neuron activities the high increase of [K+]o is caused by K+ currents.
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bifurcation (Fig. 3(a)). Straight afterward, the trajectory jumps up
to the limit cycle attractor corresponding to repetitive spiking.

About the second stage, after each spike the INaP elevates V,
activating the INa to produce a new spike. Thus, the INaP

continuously triggers the spikes within the bursting regime. Here,
the interplay between INaP and depressed K+ currents (caused by
high [K+]o) results in an increase of the spike frequency and a
decrease of the spike amplitude. The variations of frequency and
amplitude can be explained by the difficulty of depressed K+

currents to reduce the level of membrane potential after each
spike in opposition to INaP. In this case, a new spike will initiate
earlier (increasing the spike frequency) when the conductance
of IKdr is still high (decreasing the spike amplitude) (Fig. 4(b)).
Nevertheless, during the bursting, the conductance of IKM slowly
increases, reducing the effect of INaP (Fig. 4(c)). Herewith, the IKM

diminishes the level of the membrane potential between spikes,
decreasing the frequency and increasing the amplitude by a
supercritical Hopf bifurcation (Fig. 3(b)). However, due to the high
[K+]o, the IKM is not strong enough to generate a negative IR within
interspike intervals. Hence, the bursting continues for seconds.

As shown before, the high [K+]o acts as a primary factor
of neuronal excitability, since it creates the conditions to elicit
the ictal bursting. Furthermore, our simulations yield that it
also raises the cellular excitability in a positive feedback way
(McCormick and Contreras, 2001). With high [K+]o, the depressed
K+ currents can not interrupt the bursting. The elevated
membrane potential allows the K+ channels to remain open all
time during the bursting, leading to a continuous growth of [K+]o,
as seen in the Fig. 2(a). Then, in a feedback way, the continuous
growth of [K+]o will provoke further depression of K+ currents.
Herewith, the [K+]o increases from 6.688 mMol/l to around
10 mM/l (the ‘‘ceiling’’ level). This state of increased neuronal
excitability changes in the last stage of ictal bursting (Fig. 4(d)),
when the mechanisms of K+ regulation slowly decrease [K+]o.
Here, the Ipump plays an important role. The Na+–K+ pump begins
to restore ion concentrations (reducing [K+]o) and also to produce
a negative resultant current sufficiently to deactivate the voltage-
sensitive channels. The bursting finishes when the Ipump over-
comes the effect of INaP, producing a negative IR within interspike
intervals that will hyperpolarize the membrane potential. In this
moment, the limit cycle branch contacts the unstable branch at a
saddle point (Fig. 3(b)) and becomes a homoclinic orbit. At last,
the Ipump provides the system to cross the stable manifold of this
saddle point, and then the ictal bursting disappears by a saddle
homoclinic orbit bifurcation (Izhikevich, 2007). After this bifurca-
tion, the membrane potential jumps down to the resting state,
completing the hysteresis loop.
4. The transition to SD

The transition from bursting to SD was simulated by reducing
INapump and IKpump to zero and this resulted in a SD-like depolariza-
tion (Fig. 2(b)). The reduction of the Na+–K+ pump activity is an
experimental protocol to elicit SD (Somjen, 2001). With an
interruption of pump currents, the K+ recovery is impaired, causing
a raise of [K+]o above the ‘‘ceiling’’ level that will induce SD.
Afterwards, the Na+–K+ pump activity is restored, ending the SD.
These effects of [K+]o and Ipump in the neuronal behavior are shown
in Figs. 3(a) and (c). In Fig. 3(a), the raise of [K+]o above the ‘‘ceiling’’
level changes the neuronal behavior. It happens at a [K+]o ¼ 15.86
mMol/l, when the limit cycle disappears via a supercritical Hopf
bifurcation, inactivating the spikes. In Fig. 3(c), the bifurcation
diagram presents a z-shaped line of equilibrium points where two
stable branches are separated by an unstable branch. In this
diagram, with the increase of Ipump, the membrane potential is
repolarized, ending the SD via a fold bifurcation.

The first stage of SD is characterized by the spike inactivation
(Fig. 5(a)), keeping some similarities with the second stage of the
ictal bursting (Fig. 4(b)). However, without pump currents,
the [K+]o raises faster. Herewith, the high [K+]o causes a large
depression in the K+ driving force which reduces the influences of
the IKM in the membrane repolarization. Thus, there are an
increase of the spike frequency and a decrease of the spike
amplitude, culminating in the spike inactivation by a supercritical
Hopf bifurcation (Fig. 3(a)). After this bifurcation, the system
shifts from the ictal bursting to the SD.

The next stage is a slow membrane depolarization provoked by a
small positive IR (Fig. 5(b) and (c)). After the spike inactivation
process, the delay between INa and IKdr oscillations disappears, but
both continuously activated, decreasing gradually their amplitudes.
In addition, the total Na+ currents (INatotal) overcome the total K+

currents (IKtotal), producing a positive IR which will slowly depolarize
V. During this process, the SD is maintained by a positive feedback
between increasing [K+]o and membrane depolarization. This raises
the delayed rectifier K+ conductance (GKdr) which releases even
more K+. This situation changes in the third stage when the Na+–K+

pump is activated (Fig. 5(d)). Here, the Na+–K+ pump restores ion
concentrations and also generates a negative IR that deactivates all
voltage-sensitive channels, ending the SD by a fold bifurcation.
5. Discussion

Simulations of neuron models have shown possible effects of
[K+]o in the epileptiform activity and SD. These effects are related
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Fig. 3. Bifurcation diagrams: (a) the raise of [K+]o causes two bifurcations. First one

is a fold bifurcation (at the point marked FB) that determines the transition from

the resting state to the bursting regime. Second one is a supercritical Hopf

bifurcation (at the point marked SHB), when the SD initiates, (b) the Ipump provides

a slow modulation of the ictal bursting. Here, three bifurcations happen along the

z-shaped line, fold bifurcation (at the point marked FB) in the transition to limit

cycle, supercritical Hopf bifurcation (at the point marked SHB) during the bursting

and saddle homoclinic orbit bifurcation (at the point marked SHOB) in the

transition to the resting state. This diagram was performed for [K+]o ¼ 9.5 mMol/l.

In the right corner, the phase space (V, hfast Na channel) shows the increasing limit

cycle causes by the augment of Ipump until the transition to the resting state and (c)

along the z-shaped line, there are two bifurcation points, FB1 and FB2. The Ipump

finishes the SD (upper stable branch) via fold bifurcation (at the point marked

FB1), returning the system to the resting state (lower stable branch). In this case, it

was considered [K+]o ¼ 35 mMol/l.
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with the modulation of paroxysmal activity (Bazhenov et al.,
2004; Fröhlich et al., 2006), the neuron synchronization (Park and
Durand, 2006), the increasing neuronal excitability via the
chloride Nernst potential overcoming the membrane potential
as a consequence of the high [K+]o (Almeida et al., 2008) and via a
positive feedback between rising [K+]o and the neuron activity
during seizure after discharges (Kager et al., 2007) and SD (Kager
et al., 2000). Furthermore, Teixeira et al. (2008) proposes a critical
condition for the wave propagation during SD which the total K+

currents have to overcome the IKpump earlier than the total Na+

currents become smaller than the INapump. In this paper, simulat-
ing a model of hippocampal region CA1 containing high [K+]bath

and zero [Ca2+]bath and using the bifurcation theory and fast–slow
method in reduced model we suggest that the extracellular
potassium dynamics may play an important role in the different
stages of ictal bursting and SD. Although epileptic seizures are
understood as abnormal function of complex neuronal nets and
only the brain as a whole can produce real convulsions, the brain
could not malfunction without some abnormality of its elements
(Kager et al., 2007). Neurons are basic units of the brain
and analyzing the effects of altered cellular components on the
dynamics of neuron behavior is crucial for understanding the
organism operation during anomalous neuronal oscillatory pat-
terns. Hence, three important points are shown here. First, in the
initial stage the model simulations and the bifurcation analysis
indicate that high [K+]o may act as a primary factor of increased
neuronal excitability. Second, during the neuronal activity
neurons present a complex behavior determined by the interac-
tions between the fast and slow currents. The depression of K+

currents caused by high [K+]o changes the neuron behavior to
produce abnormal oscillatory patterns. Moreover, the depressed
K+ currents are not strong enough to terminate the neuronal
activity. Within these conditions, the electrogenic current of
Na+–K+ pump may be an important mechanism in the modulation
of these abnormal neuronal activities. Third, specific mechanisms
may act to increase the excitability and modulate the neuronal
activity in both oscillatory patterns, suggesting that there could be
an underlying mechanistic similarity common to epilepsy and
migraine preceded by aura.
5.1. High [K+]o as a primary factor of increased neuronal excitability

It is well established that the [K+]o dynamics influence the
neuronal excitability in a positive feedback between rising [K+]o

and neuronal depolarization (Fröhlich et al., 2006). This positive
feedback mediated by elevated [K+]o plays an important role
during seizure discharges and SD (Kager et al., 2000). Never-
theless, there is a controversy about the primary function of [K+]o

in the neuronal excitability (Herreras et al., 2005). The SD and ictal
bursting are usually not preceded by K+ oscillations, as seen in the
Fig. 2. Hence, the absence of a prior deep variation in [K+]o seems
to refute the idea that increasing [K+]o provides the eruption of
ictal bursting and SD (Somjen, 1979, 2002). However, in our
studies with high [K+]bath, the K+ diffusion causes an augment
of the basal extracellular K+ concentration that produces a slow
cell depolarization. The initial cell depolarization shifts the
membrane potential closer to the firing threshold. At this
moment, the Na+ voltage-sensitive currents (INaP and INa) are
activated, starting the ictal bursting. Yet, increasing more the
[K+]o, the SD can be elicited. Therefore, besides the positive
feedback effect of potassium during the neuronal activity, our
work suggests that a high [K+]o may act as a primary factor
of increased neuronal excitability, creating favorable conditions to
trigger seizure discharges and SD.

The effects of [K+]o in the neuron behavior are uncovered in the
bifurcation diagram of Fig. 3(a). With augment of [K+]o, the system
loses its stability via a fold bifurcation when the resting state
disappears to start the ictal bursting regime. In addition, the
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Fig. 4. Different stages of the ictal bursting. To facility the analysis, we plotted the absolute values of K+, Na+ and pump currents, multiplying the negative currents by (�)1:

(a) in first stage, the depressed K+ currents by high [K+]o provoke a positive IR (due to the depression of K+ currents, the absolute value of S positive currents becomes higher

than absolute value of S negatives currents, |INatotal+IKpump| 4|(�)INapump+(�)IKtotal+(�)IL|). Then, this positive IR raises the membrane potential (V). If we compare INapump

and IKpump with INatotal and IKtotal, the pump currents are higher than Na+ and K+ currents. However, the S (IKpump+(�)IKtotal+(�)INapump+INatotal) produces a positive resultant

current, because |IKpump+(�)IKtotal| 4|(�)INapump+INatotal|. With the raise of V, the INap is activated. At this moment, the ictal bursting is triggered. Herewith, the INatotal

overcomes the INapump, (b) the activation of INaP elicits a train of spikes, during the active state of the neuron, (c) during second stage, the GKM increases slowly, reducing the

effect of INaP, but not enough to finish the bursting and (d) In the last stage, Ipump (Ipump ¼ INapump�IKpump) is the main current which causes a negative IR (because

|(�)INapump+(�)IKtotal+(�)IL|4|INatotal+IKpump|) within the interspike intervals that finishes the bursting.
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Fig. 5. Different stages of SD elicited by interruption of pump activity. As the Fig. 4, we plotted the absolute values of K+, Na+ and pump currents, multiplying the negative

currents by (�)1: (a) in first stage, the GKdr remains elevated, hindering the spike oscillations. (b), (c) in second stage, the Na+ and K+ currents continue activated, producing

a small positive IR (because |INatotal|4|IKtotal|) that slowly depolarizes the neuron and (d) pump activity is restored, finishing SD. In this stage, due to VoVK, K+ currents

become positive (here, K+ currents appear negative, because in all figures we multiplied the negative currents by (�)1). Then, Ipump is the only negative current that acts to

finish the SD.
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continuous growth of [K+]o inactivates the spikes and elicits the
SD via a supercritical Hopf bifurcation. In this case, the growth of
[K+]o happens with the interruption of the Na+–K+ pump activity.
Within this condition, the [K+]o can raise in a positive feedback
manner, allowing a slow depolarization with spike inactivation
that characterizes the SD wave.
5.2. Alterations in the neuron behavior by the depressed K+ currents

and the modulation of neuronal activity by the Na+–K+ pump

The ictal bursting shows a complex behavior determined by
the interactions between specific cellular mechanisms. The first
stage of the ictal bursting is characterized by a slow increase of V
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caused by K+ diffusion. Here, the K+ diffusion depresses the IKL,
raising the neuronal excitability. During the bursting, the INaP

guarantees a level of cellular depolarization above the firing
threshold that allows a repetitive spiking (within the limit cycle
attractor). The interactions between the INaP and the IKM influence
the spike amplitude and frequency. Moreover, the INa and the IKdr

play an important role in the spike modulation (the INa causes a
fast raise of V, and after the IKdr produces the decline of V). In the
last stage of ictal bursting, due to the high [K+]o, the depressed IKM

is not strong enough to finish the seizure discharges. At this
moment, the Na+–K+ pump restores the ion concentrations and
produces a negative IR within interspike intervals that will end the
bursting. In all these stages, the K+ currents directly influence the
neuron activity. Thus, the depression of K+ currents by high [K+]o

provokes a profound alteration in the neuronal behavior that
results in an abnormal oscillatory pattern.

Experimental and theoretical works have demonstrated that
brief bursts (50–200 ms) typically associated to the interictal
phase (Kandel et al., 2000; Xiong and Stringer, 2001) are
modulated by K+ currents in nonsynaptic neuronal activity, e.g.,
IKM in zero [Ca2+]o (Golomb et al, 2006) and Ca2+-activated K+

currents in normal [Ca2+]o (Fröhlich and Bazhenov, 2006). Never-
theless, other studies have emphasized the importance of Na+–K+

pump in the modulation of seizure discharges (Kager et al., 2007;
Almeida et al., 2008) and SD (Kager et al., 2000). Our simulations
confirm these studies and our dynamic analyses explain how the
Ipump may modulate the neuron behavior and determine their
stages. Here, the bifurcation points define the transitions between
three different stages during the ictal bursting. In the first one, the
neuron leaves the resting state via a fold bifurcation with a
decreasing of Ipump which raises the neuronal excitability. The
second stage has a similar scenario shown in the Golomb model.
There, the Hopf bifurcation point is shifted into the bursting
oscillations when gNaP ¼ 0.41 mS/cm2. This scenario presents a
bursting with fast, low-amplitude spikes whose amplitude first
declines and afterward raises until the end of bursting (Golomb et
al., 2006). In our simulations, the depressed IKM also increases the
spike amplitude and reduces the spike frequency with time, but
does not stop the bursting. Then, in the last stage the Ipump

continues this process reaching the saddle homoclinic orbit
bifurcation point where the system jumps to the resting state.
Modulating effects of Ipump are also observed in the transition to
SD. With the interruption of Ipump, there is a large augment
of [K+]o. Hence, the depressed K+ currents can not maintain the
spikes, changing the system behavior to a slow depolarization
wave. At the end, the membrane is repolarized by Ipump via a fold
bifurcation. Therefore, in our simulations with high [K+]o and zero
[Ca2+]o when the K+ currents are depressed and synaptic
transmission are blocked, the Na+–K+ pump is the main mechan-
ism in the modulation of neuronal behavior.
5.3. Mechanistic similarity between ictal bursting and SD

In spite of the differences between epilepsy and migraine, they
are comorbid-distinct health conditions in the same individual
(Aguggia et al., 2007). In some cases, headaches are following
epileptic attacks and seizures cause a syndrome similar to the
headache phase of migraine in 50% of epileptics (Gorji, 2001).
Moreover, some antiepileptic drugs are effective therapies
for both epilepsy and migraine prevention, suggesting that
these conditions arise from a common brain state wherein an
abnormally increased neuronal excitability is observed (Welch,
2005). Thus, there may be an underlying mechanistic similarity
common to both disorders that induces the increased neuronal
excitability (Kager et al., 2000).
In this work, high [K+]o and zero [Ca2+]o present favorable
conditions for the occurrence of ictal bursting and SD. This situa-
tion depresses the inhibitory mechanisms, raising the neuronal
excitability. Here, the augment of [K+]o changes the neuron
behavior. At high [K+]o, it is possible to elicit ictal bursting
without any external stimulus and, above the ‘‘ceiling’’ level, the
system bifurcates from bursting to SD. On the other hand, the
Na+–K+ pump modulates their dynamic behaviors. In both cases,
this is the mechanism responsible for the cell repolarization.
Therefore, the results denote that specific mechanisms may be
able to alter the neuronal excitability in both disorders.
6. Conclusion

For the advance in the investigations of more effective drugs
and therapies, it is crucial to better understand the underlying
causes of neurological diseases. However, due to their complex
dynamics, mathematical models with biological plausibility have
presented considerable insight into how the cellular mechanisms
produce abnormal oscillatory patterns within these neurological
conditions. Using a model of hippocampal region CA1, our
simulations reproduce with high [K+]bath (8 mM/l) and zero
[Ca2+]bath seizure-like discharges (ictal bursting) without any
external stimuli and the transition to spreading depression by the
interruption of the Na+–K+ pump activity. Important regulatory
mechanisms of ion concentration were added in the Golomb
model. Herewith, we analyzed the consequences of high [K+]o in
the interactions between the ionic currents. Based on the
fast–slow method, it was possible to verify the effects of [K+]o

and Ipump on the neuronal behavior, understanding the transitions
to different stages of the ictal bursting and SD. These studies are
consistent with data from hippocampal slices where increasing
neuronal excitability is caused by high [K+]o while the Na+–K+

pump modulates the neuronal behavior (Jensen and Yaari, 1997).
Based on experimental evidences that still need theoretical
explanations, this work suggests how the [K+]o dynamics may
raise the cellular excitability and influence the neuronal behaviors
in the different stages of seizure discharges and SD. Nevertheless,
other mechanisms may also change the neuronal excitability such
as gap junctions, cellular volume variations, excitatory and
inhibitory synapses. Hence, further studies involving all these
mechanisms are important to provide new insights into how the
neuron works within these neurological conditions. Moreover,
additional studies concerning the global behavior of the network
are necessary to better understand the epileptiform synchroniza-
tion and the propagation of SD wave through the network.
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