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a b s t r a c t

We investigate bifurcations in neuronal networks with a hub structure. It is known that
hubs play a leading role in characterizing the network dynamical behavior. However, the
dynamics of hubs or star-coupled systems is not well understood. Here, we study rather
subnetworks with a star-like configuration. This coupled system is an important motif in
complex networks. Thus, our study is a basic step for understanding structure formation
in large networks. We use the Morris–Lecar neuron with class I and class II excitabilities
as a node. Homogeneous (coupling the same class neurons) and heterogeneous (coupling
different class neurons) cases are considered for both excitatory and inhibitory coupling.
For the homogeneous system class II neurons are suitable for achieving both complete
and cluster synchronization in excitatory and inhibitory coupling, respectively. For the
heterogeneous system with inhibitory coupling, the class I hub neuron has a wider
parameter region of synchronous firings than the class II hub. Moreover, the class I hub
neuron with the excitatory synapse gives rise to bifurcations of synchronized states and
multi-stability (coexistence of a few different states) is observed.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Recently, complex network structures, such as small-world and scale-free, have been found in various real neuronal
networks [1–6]. Synchronization in neuronal networks is also found and it is considered that synchronous activities play
an important role in information processing in the brain. On the other hand, they are not desirable for several neurological
diseases such as epilepsy and tremor in Parkinson’s disease [7,8]. Thus the studies of synchronization in complex networks
are very important and have attracted much interest. Barahona and Pecora developed the MSF (Master Stability Function)
analysis to study synchronizability in complex networks [9], and Nishikawa and Motter extended it for an asymmetric
case [10]. In small-world networks average path length becomes short; thus it is considered that synchronization is easily
achieved than in a regular lattice. However, a heterogeneous distribution of nodes and the number of links of each node
are also important for obtaining synchronization [11,12]. In scale-free networks, the existence of hubs (nodes with many
connections) is a common feature [13,14]. It is well known that the hubs play a leading role in characterizing the network
dynamical behavior [15–21]. However, even the dynamics of a single hub is not well studied, especially when the properties
of nodes are not identical. Studying such a piece of complex networks called ‘‘network motifs’’ [22] is fundamental to
understand the phenomena in whole complex networks.
In this paper, we investigate neuronal networks with a star-like structure consisting of Morris–Lecar (ML) neurons

with class I and class II excitabilities. This is to mimic the action of a hub in a complex network of neurons. This coupled
system is a basic motif in complex networks. Many studies confirm that oscillatory dynamics of neural activity and its
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Fig. 1. A network with a hub structure. Circled numbers correspond to the index i in Eq. (3).

synchronization play a crucial role in information processing in the brain [7]. The oscillation mechanisms of neurons are
classified into two types by their bifurcations [23]: class I (saddle–node bifurcation) and class II (Hopf bifurcation). The
oscillation of the former and the latter has almost zero frequency and a finite frequency at the bifurcation point, respectively.
Recently, neurons with these characteristics have been experimentally found in the somatosensory cortex [24]. Thus, the
effect of these differences on neural activities has been studied using model equations [25,26]. For mutual synchronization
of two neurons, it is clarified by using the phase resetting curve (PRC) that class II neurons easily achieve synchronization
[27–29]. Also for a large number of neurons with random connections, class II neurons present a good level of
synchronization regardless of their connection topology [30]. For forced synchronization, class II neurons have the advantage
of acquiring synchronization [31,32]. However, Tsuji and coworkers showed that class I neurons have wider parameter
regions of synchronous firings than those of class II neurons by a detailed bifurcation analysis [33].
In this paper, we will connect class I and class II neurons bidirectionally by chemical synapses with a time delay and

consider homogeneous (coupling inside the same class) and heterogeneous (coupling between different classes) systems
for both excitatory and inhibitory coupling. In homogeneous systems, excitatory synapses have the advantage leading
to synchronous firings but the inhibitory ones promote cluster synchronization; i.e. neurons are divided into two or
three groups. In heterogeneous systems, the same class neurons are synchronized through excitatory synapses of the hub
neuron.

2. The model system

In this study, we focus on synchronous firings, i.e. the timing of firings is the same. In most cases it equals to complete
synchronization, but in some case neurons produce synchronous firings regardless of their distinct waveforms, i.e. phase
synchronization. For analysis of synchronization of periodic firings, we use the bifurcation theory to identify its observable
parameter regions. For non-periodic states, we use a brute-force method.
TheML neuronmodel [34] proposed as amodel for describing a variety of oscillatory voltage patterns of Barnacle muscle

fibers is described by

C
dV
dt
= −gl(V − Vl)− gcaM∞(V − Vca)− gkN(V − Vk)+ Iext

dN
dt
=
N∞ − N
τN

(1)

where V is the membrane potential, N ∈ [0, 1] is the activation variable for K+, Iext is the external current and t denotes
the time measured in milliseconds. The system parameters Vca, Vk and Vl represent equilibrium potentials of Ca2+, K+ and
leakage currents, respectively, and gca, gk and gl denote the maximum conductance of the corresponding ionic currents. The
functions of V ,M∞, N∞ and τN are given by

M∞ = 0.5[1+ tanh(V − Va)/Vb],
N∞ = 0.5[1+ tanh(V − Vc)/Vd],
τN = 1.0/[φ cosh(V − Vc)/(2Vd)],

(2)

where Va and Vc are the midpoint potentials at which the calcium current and the potassium current is halfactivated, Vb
is a constant corresponding to the steepness of voltage dependence of activation, Vd denotes the slope factor of potassium
activation and φ is the temperature-like time scale factor.
The class I and II excitability can be controlled by the parameter Vc ; the critical point is about V ∗c = 4.6 [35], i.e. the ML

model becomes class I for Vc > V ∗c and class II for V
∗
c > Vc > 0. In this study we use Vc = 12 and 2 for class I and class

II, respectively. We use Iext = 73.67 and 78.55 for class I and II neurons, respectively, to obtain almost the same oscillation
frequency (about 20 Hz) for the single neurons [35]. The other parameters in Eq. (1) are fixed as follows:
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(a) Inhibitory synapse. (b) Excitatory synapse.

Fig. 2. Bifurcation diagrams for the homogeneous case (class I) in Eq. (3) for n = 4. In the hatched and gray regions, we observe stable synchronous firings
for all peripheral neurons. The dashed and solid curves indicate a pitchfork and tangent bifurcation, respectively.

C = 20 µF/cm2, gk = 8 mS/cm2,
gl = 2 mS/cm2, gca = 4 mS/cm2,
φ = 1/15 s−1, Vca = 120 mV,
Vk = −80 mV, Vl = −60 mV,
Va = −1.2 mV, Vb = 18 mV,
Vd = 17.4 mV.

In this paper we consider a system of synaptically coupled ML neurons. The system equation is then described by

C
dVi
dt
= −gl(Vi − Vl)− gcaM∞i(Vi − Vca)− gkNi(Vi − Vk)+ Iext + Isyni

dNi
dt
=
N∞i − Ni
τNi

dαi
dt
=
βi

τ2

dβi
dt
= −

αi

τ1
−

(
1
τ1
+
1
τ2

)
βi (i = 1, . . . , n),

(3)

where τ1 and τ2 are the raise and the decay time of the synapse, respectively, and Isyni is the synaptic current given by

Isyn1 = gsyn
n∑
j=2

(Vsyn − V1)αj (4)

Isynk = gsyn(Vsyn − Vk)α1 (k = 2, . . . , n), (5)

where gsyn is the maximum coupling conductance and Vsyn is the reversal potential. The characteristics of neurons are the
same except for the parameter Vci and the synaptic current Isyni . In our model system, the neurons are arranged in a star-like
structure with neuron 1 acting as a hub (Fig. 1), i.e. neuron 1 (hub) and all other neurons are connected and all peripheral
neurons are only connected with the hub. The values of (τ1, τ2) are fixed as (0.5, 2.0) and (0.5, 7.0) ms for the excitatory and
the inhibitory synapse, respectively, according to experimental results [36]. The reversal potential Vsyn is set to 0 or−60 for
the excitatory or the inhibitory synapse, respectively, because Vsyn > Veq for the excitatory synapse and otherwise for the
inhibitory synapse, where Veq indicates the resting membrane potential (about −59 mV). Each vector (αi, βi) jumps to the
constant (0, 1) at t = ti + τd where ti is the time when the ith neuron fires. Then αi is given by [37]

αi(t) =
τ1

τ2 − τ1

(
− exp

(
−
t
τ 1

)
+ exp

(
−
t
τ 2

))
. (6)
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(a) Inhibitory synapse. (b) Excitatory synapse.

Fig. 3. Bifurcation diagrams for the homogeneous case (class II) in Eq. (3) for n = 4. The legends are the same as Fig. 2.

(a) Class I. (b) Class II.

Fig. 4. Schematic one-parameter bifurcation diagrams for the homogeneous system coupled by the excitatory synapse. Solid and dashed curves indicate
stable and unstable periodic solutions, respectively, which correspond to synchronous firings of three peripheral neurons. Subscript of Dmeans unstable
dimension of the periodic solutions. T and P means a tangent and pitchfork bifurcation point, respectively.

Namely, the firing information of the neuron transforms to the connected neurons with the time delay τd. We choose τd as
one of the control parameters, because it can be changed by temperature [38] (τd = 0.5 and 3.5 to 7.0 ms at 20 and 2.5 ◦C,
respectively.

3. Results

Now we show the results for n = 4, which is the minimal number of neurons forming a hub structure. We calculate
the bifurcation sets in the parameter plane (τd (ms), gsyn (mS/cm2)) using methods proposed by Yoshinaga and Kawakami
[39,40]. In the bifurcation diagrams, the solid and dashed curves indicate a tangent and pitchfork bifurcation, respectively.
In both shaded and hatched regions, we observe three synchronous firings except the hub neuron. We use the fourth-order
Runge–Kutta method with the time step 0.01 for solving Eq. (3). If neurons fire simultaneously in this time step, then we
determine that the neurons produce synchronous firings.
Figs. 2 and 3 show the bifurcation diagrams for n = 4. For the homogeneous case, we find that the neurons connected by

the inhibitory synapses can achieve synchronization for small values of the synaptic delay regardless of the neuron’s class.
On the other hand, in the excitatory synapse’s case, neurons fire synchronously for large values of the synaptic delay. These
properties are opposite compared with the case of n = 2 [41]. (In the case of n = 2, the inhibitory or excitatory synapse
needs a large or small delay for achieving synchronization.) Moreover, in the excitatory case, coexistence of synchronous
firings is observed for a large value of the delay and the bifurcation structure becomesmore complicated (Figs. 2(b) and 3(b)).
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(a) Inhibitory synapse. (b) Excitatory synapse.

Fig. 5. Bifurcation diagrams for the heterogeneous case; hub (class II) and the others (class I).
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(a) Inhibitory synapse. (b) Excitatory synapse.

Fig. 6. Bifurcation diagrams for the heterogeneous case; hub (class I) and the others (class II).

Fig. 4(a) and (b) show the schematic one-parameter bifurcation diagrams along the line l1 and l2 in Figs. 2(b) and 3(b),
respectively. Open and closed circles represent a pitchfork and tangent bifurcation, respectively. From these figures, we can
see that all pitchfork bifurcations are subcritical, two pitchfork bifurcations in Fig. 2(b) are bifurcations of the same periodic
solution and the tangent and the pitchfork bifurcations are for different periodic solutions. Note that the regions of existence
of stable periodic solutions corresponding to synchronous firings of three peripheral neurons overlap in the parameter
plane.
Figs. 5 and 6 represent the bifurcation diagrams for the heterogeneous case. Here, only the hub has a different class

from the others. For the inhibitory synapse, the region observed three synchronized firings is almost the same as that of the
homogeneous case. For the excitatory synapse, when the hub has the class II excitability, the regions observed synchronous
firings are spread and in the whole parameter region we observe synchronization of all peripheral neurons. Moreover,
increasing the value of the parameter τd along the line l3 in Fig. 5(b), before the tangent bifurcation, all four neurons produce
almost synchronous firings even when the hub has a dynamics different from the others. We never find the existence of
such a synchronous state in the homogeneous case. This means that the class II hub neurons promote synchronous firings of
connected class I neurons. For the excitatory synapse, when the hub has the class I excitability, the gray area and the tangent
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Fig. 7. Synchronization diagrams for the homogeneous case. The dashed curves indicate a pitchfork bifurcation.

bifurcation in Fig. 3(b) disappear and the region of synchronization becomes narrow. In the white region in Fig. 6(b), we
observe two synchronous firings.
Next, we analyze larger configurations with n = 11. Fig. 7(b)–(e) show the synchronization diagrams for n = 11. For

studying non-periodic synchronous firings, we use a brute-force method (here, ‘‘non-periodic’’ is used whenwe cannot find
periodicity of solutions by 1500 firings of neuron 1). The meaning of the colors is shown in Fig. 7(a).
We first show the results of the homogeneous case. For excitatory couping ((b) and (c)) regardless of the class, we observe

stable complete synchronization of all peripheral neurons in the parameter region of gsyn > 0.5. However, from an initial
state near the resting membrane potential, some non-periodic states appear for class I neurons for a small time delay. If we
change the class for the hub neuron, this non-periodic state disappears [41].
We give the results of the inhibitory connection in Fig. 7(d) and (e). For periodic synchronization, class I neurons have

a wide parameter region (dark blue) of synchronous periodic firings. Comparing with the case of n = 4, the region of
synchronous periodic firings is narrow, however further interesting phenomena explained below are observed in this case.
Class II neurons have a wide parameter region of cluster synchronization. In the region colored by light blue (Fig. 7(e)),

cluster periodic synchronization is observed (Fig. 8(a)). 10 peripheral neurons are divided into two in-phase synchronized
groups. Each group consists of five neurons.We call this clustering 0:5-5,where the numbers before and after a colon indicate
in-phase synchronized neurons with class I and II excitability, respectively, and a hyphen is used for dividing sub-clusters
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Fig. 7. (continued)

in the same class. Neurons in the same or different sub-cluster group are synchronized in in-phase or anti-phase,
respectively. By a subcritical pitchfork bifurcation, this solution becomes unstable, however 0:5-5 clustering and anti-phase
synchronization of both groups are kept.
For non-periodic synchronization, in the case of class I, we observe 3-3-4:0 cluster synchronization as shown in Fig. 9.

There are in-phase synchronized three groups and each group consists of three, three and four neurons. From this figure we
can see that three groups are synchronized in almost three-phase. In coupled class II neurons we observe a quasi-periodic
0:5-5 clustered state as shown in Fig. 8(b).
Next, we consider a system consisting of the same number of peripheral class I and class II neurons but change the class

of the hub neuron. Fig. 10(a) and (b) show the bifurcation diagrams for the excitatory coupling when the hub has the class
I and class II excitability, respectively. In this whole parameter region neurons with the same class form a cluster with
synchronous firings. We denote this state as 5:5. In the hatched and shaded region, 5:4-1 and 5:3-2 synchronized state
is observed, respectively. Neurons in the same group are synchronized in in-phase. In Fig. 10(b) (the hub has the class II
excitability) when gsyn < 1.0 we observe synchronous firings of all 11 neurons, qualitatively the same as in the case of
n = 4.
Fig. 11 (a) and (b) are the one-parameter bifurcation diagrams along the lines l1 and l2 in Fig. 10(a), respectively. The closed

circles indicate pitchfork bifurcations which break the symmetry; i.e. the in-phase property is broken at this bifurcation
point. In Fig. 11(a) the in-phase membrane potentials of three neurons bifurcate into two in-phase potentials and another.
Similarly, in Fig. 11(b) four neurons bifurcate to two and two. When the hub has the class I excitability, bifurcations of
cluster-synchronized states are observed and other clustering is generated. However, clustering always occurs for class II
neurons. A detailed analysis of this is one of the problems to be studied in future.
We show now our results for inhibitory coupling in Fig. 12. When the hub has the class I excitability (Fig. 12(a)), we

observe synchronous periodic firings. On the other hand, in the case of the class II hub neuron (Fig. 12(b)), synchronous
periodic firings cannot be observed and the region of synchronous non-periodic firings is very narrow. Thus, the class I hub
neuron has the advantage of achieving synchronization.

4. Summary

We have investigated synchronous firings in hub-based neuronal networks. This coupled system is a basic motif in
complex networks. The network is composed of ML neurons with the class I and class II excitabilities. We have considered
homogeneous (coupling the same class neurons) and heterogeneous (coupling different class neurons) systems for both
excitatory and inhibitory coupling.We have studied the effect of these two classes and two types of coupling on synchronous
firings in the parameter plane of themaximum synaptic conductance and the delay of the synaptic current. In homogeneous
systems, the excitatory synapses have the advantage leading to synchronous firings but the inhibitory ones promote cluster
synchronization; i.e. neurons are divided into two or three groups. In heterogeneous systems with inhibitory coupling, the
class I hub neuron has a wider parameter region of synchronous firings than the class II hub. Moreover, the class I hub
neuronwith the excitatory synapse gives rise to bifurcations of synchronized states andmulti-stability (coexistence of three
different states) is observed. This result is consistent with Ref. [33], which shows a system of coupled class I neurons has
many synchronized states.
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Fig. 10. Bifurcation diagrams for the heterogeneous case (excitatory coupling). The dotted curve indicates a Neimark–Sacker bifurcation.
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Fig. 12. Synchronization diagrams for the heterogeneous case (inhibitory coupling). Themeaning of colors is the same as Fig. 7. The dashed curves indicate
a pitchfork bifurcation.

Here, we have studied rather subnetworks with a star-like configuration and we consider that this is a basic step for
understanding structure formation in large networks. It is an open problem to study synchronization in neurons coupled by
both excitatory and inhibitory synapses.
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