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Abstract

In the present paper, two kinds of dynamical complex networks are considered. The first is
that elements of every node have different time delays but all nodes in such networks have the
same time-delay vector. The second is that different nodes have different time-delay vectors,
and the elements of each node also have different time delays. Corresponding synchronization
theorems are established. Numerical examples show the efficiency of the derived theorems.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

It has been shown that complex networks exist in various fields of real world, such
as in the Internet, the World Wide Web, telephone call graphs, food webs, neural
networks, electrical power grids, cellular and metabolic networks, scientific citation
web, living organisms, etc. The nature of complex networks is their complexity,
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including topological structure, dynamical evolution, node diversity and meta-
complication, etc. ([1] and many references cited therein).

Among all kinds of complex networks, the random networks, small-world
networks and scale-free networks are most noticeable. The random networks were
first introduced by Erdds and Rényi [2]. Their random model has dominated the
mathematical research of complex networks for nearly half a century, mainly due to
the absence of super-computational power and detailed topological information
about various large-scale real-world networks. The small-world networks were
introduced by Watts and Strogatz [3,4] in the process of investigating the transition
from regular networks to random ones. Such networks behave a high degree of
clustering as in the regular networks and a small average distance among nodes as
the random distribution of the network peaks at an average value and decays
exponentially (e.g., Refs. [5,6] and references therein). The latter ones were
introduced by Barabasi and Albert [7], which exhibit power-law distribution.
Generally speaking, power law is regarded to be equivalent to the scale free property,
see Ref. [1]. However, as far as we know, there is no rigorous mathematical proof for
this equivalence. There are many interesting works on such networks [8,9].

Time delays commonly exist in the world, some of them are trivial so can be
ignorant whilst some of them can not be ignored, such as in long-distance
communication and traffic congestions, etc. Recently, Masoller and her cooperators
have considered the coupled map lattice with time delay [10-12]. More recently, Li
and Chen have discussed continuous complex dynamical networks with (same) time
delays in the whole networks [13], where the stability theorem of synchronization is
established by constructing a Lyapunov—Krasovskii functional [14] which is often
difficult to be found.

In the present paper, we study the complex dynamical networks which have
different time delays. We show that the stability theorems of synchronization are
easily derived just by using the definition of matrix measure [15,16]. The layout of the
paper is organized as follows. In Section 2, two kinds of complex dynamical
networks with time delays are considered and some new theorems of synchronization
for networks with time delays are established. Numerical examples are given in
Section 3, and some remarks are included in Section 4.

2. Synchronization stability for networks with time delays

In Ref. [13], Li and Chen studied the following networks:

N
Xi=f()+e Y edx(t—1), i=12,...,N, (1)
Jj=1

where f:R"— R" is a continuously differentiable function, x;=
(Xi1, X2, .. . ,)c,~,,)T € R" are the state variables of node i, >0 represents the coupling
strength, 4 = (aj),,, € W"™" indicates inner-coupling between the elements of the
node itself, while C = (¢;j)y, denotes the outer-coupling between the nodes of the
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whole network (it is often assumed that there is at most one connection between
node i and another node j, and that there are no isolated clusters, i.e., C is an
irreducible matrix). The entries c; are defined as follows: if there is a connection
between node i and node j (j #1), then we set ¢; = 1; otherwise ¢;; = 0(j#1), and the
diagonal elements of C are defined by ¢; = —Zjlilij#ic,-j, i=1,2,...,N, tis the time
delay. Obviously all time delays in the network are the same. And the outer coupling
configuration matrix Cis a real symmetric and irreducible one. The following lemma
can be found in Refs. [8,17]:

Lemma 1. Suppose that C = (cj)yyn is a real symmetric and irreducible matrix,
where ¢; =0 (i#]), i = —>_y;.Cij» then

(1) 0 is an eigenvalue of C with multiplicity 1, associated with the eigenvector
(I, 1.,

(2) all the other eigenvalues of C are less than 0;

(3) there exists a unitary matrix, ® = (¢, P, ..., Py) such that

Cp =iy, k=12,...,N,

where 0 = A1 >7,>=13> --- = Ay are the eigenvalues of C.

At present, the following more general complex networks are analyzed,

N
Gi=f)+e Y At — 1), xXp(t = 1), Xt — ) 21 (x)
j=1

N
+¢ Z cjid - xi(t —1) 2
=

in which £, ¢, x; (i=1,2,...,N), C and A have the same meanings as those in (1).
The only difference is that in Eq. (2) every node has the same retardation time vector
(T1,T25 . o, Tn)-

Hereafter, the network (2) with delays is said to achieve (asymptotical)
synchronization if

xi(t)=s(t)ast — +o0, i=1,2,...,N, 3)
in which s(f) € R" satisfies
5() =f(s(0)) .

where s(¢) can be either an equilibrium point, or a (quasi-)periodic orbit, or an orbit
of a chaotic attractor.

Before the establishment of the synchronization theorem, the definition of the
“matrix measure” [15,16] is introduced below.

Definition 1. Suppose that | -|; is an induced matrix norm in ™", then the
corresponding matrix measure of a given matrix A is a function .#; : ¢"" — R,
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defined by

. I +04|; -1
D= I s

s

in which 7 is the identity matrix.

In general, the matrix measure is difficult to calculate. But for some special norms,
it is easy to find the associate matrix measures. For example, .#>(A) is half of the
maximum eigenvalue of A" + 4. Here || 4|, is the spectral norm of A4, and A4’ is the
transpose and complex conjugate of A.

Theorem 1. Consider the delayed dynamical network (2), let 0 = 11> A= -+ = Ay be
the eigenvalues of the coupling configuration matrix C. If the following (N — 1) systems
of n-dimensional linear time-varying delayed differential equations are asymptotically
stable about their zero solutions:

() = Df(s()m(t) + eld -yt —71), i=2,...,N, 4)

where Df(s(t)) € W™ is the Jacobian of f(x(t)) at s(t), n(t) € R, n(t—1)=
@ —r1),...,n,(t— 1)) € R, then the synchronized states of (3) are asymptoti-
cally stable.

Proof. To investigate the stability of the synchronized states (3), let

xi(1) = s(1) + ei(1) . (5
Substituting in (2) gives

N
&(t) = f(s() + e(1) = f(s(0) + 6 Y cyd -t =), 1<i<N (6)

j=1
in which e;(t — 1) = (ei(t — 1), ..., €ju(t — rn))T € R". Its linearized system reads as
éit) = D (s(t)ei(t) + e - (er(t — 1), e2(t — 1), ..., en(t — D) (city -, en) . (7)
Let e(r) = (e1(1), ex(?), ..., en(1)) € RV, one gets
&(t) = Df (s(0)e(t) +eA - e(t — 1) CT , (8)

where e(f — 1) = (e1(f — 1), e2(t — 1),...,en(t — 1)) € RV,

By Lemma 1, there exists a nonsingular matrix @, such that
CT® = oI, I = diag(/1, ..., y). If one sets e(t)® = v(7) = (v1(2), v2(7), . .., vN(1)) €
RN then (8) can be transformed into the following matrix equation

o(t) = Df (s()v(t) + edv(t — )T, 9
that is,
0i(t) = Df (s())vi(t) + edid - vi(t — 1), i=1,...,N, (10)

in which v;(f — 1) = (i (t = 11), . . ., in(t — T0)) " € R".
Note that 4; =0 corresponds to the synchronization of the system (3). If
the following (N — 1) pieces of the n-dimensional linear time-varying delayed
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differential equations

0i(t) = Df (s())vi(t) + ediAd - vi(t — 1), i=2,...,N
are asymptotically stable, then e(¢) will tend to zero asymptotically, which shows that

the synchronized states (3) are asymptotically stable. This completes the proof. [

Theorem 2. Assume that all eigenvalues of the matrix C in (2) are listed in order,
—I(A+ A" LA
<0,
2AT 0
MA[Df (s(t)) + 1;A1<a<0 for all t>1ty, where i =2,3,...,n,j=1,2,...,n, then the

synchronous states (3) of the dynamical network (2) are exponentially stable for any
fixed delay 7, >0(k =1,2,...,n).

0=21>1= - =Ay. If there exist an i and a j such that <

Proof. Consider the linear time-varying system
x(t) = Df (s(0)x(t) + elid - x(t — 1), i=2,3,...,
where x(1 — 1) = (x|( — 11), X2(t = T2), ..., xu(t — 7,))" € R". Since
dllx(0)]|? /dr
= [(x()" Df (s(0))x(t) + edix(t)' A - x(t — 7) + x(t)" (Df (s(1)))" x(1)
edx(t — 1) ATx(0)]
= x()) {[Df (s(1) + 4 A]" + [Df (s(0) + Z; A1 x(2)

( x(1) >T< —if(A + A7) /L-A>< x(1) )
+el —
x(t—1) 2AT 0 x(t—1)

<x(O{[Df(s(2)) + A" + [Df (s(2) + 2 AN} x(2)
<2x(0)" MH[Df (5(1)) + 2 AIx(0) < 2allx (1)),

one has ||x(¢)|| <|Ix(to)||e*”. That is, all the linear time-varying systems (4) are
exponentially stable around their zero solutions. From Theorem 1, the synchronous
states of dynamical network (2) are exponentially stable. The proof is thus
complete. [J

In network (2), the elements of any node have different time delays, but all nodes
in the whole network have the same time-delay vector, i.e., the time-delay vector is
(t1,72,...,7,). In the following, a somewhat more general network can be similarly
studied. Consider

N
Xi=f) ey At — 1) Xp(t = T, Xt = 1) 21 (x;)
J=1

N
+SZC,‘/‘A~XJ‘(Z—‘EJ‘), (11)
Jj=1
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where f, ¢, x; i=1,2,...,N), C and 4 have the same meanings as those in (2), the
unique difference is that in (11) a different node j has the different time-delay vector,
(tj1,Tj2, - - -, Tjn). The synchronous states of (11) are also defined as (3). Similar to
Theorems 1 and 2, one gets

Theorem 3. Consider the delayed dynamical network (11). Let 0 = 1> A= -+ =y
be the eigenvalues of the coupling configuration matrix C. If the following (N — 1)
systems of n-dimensional linear time-varying delayed differential equations are
asymptotically stable about their zero solutions

n(t) = Df(s())n(t) + eld -yt —1;), i=2,...,N, (12)

where Df(s(t)) € W™ is the Jacobian of f(x(t)) at s(t), n(t) € R, nt —1;) =
it —7i),...,n,(t— ri,,))T € W', then the synchronized states of the equilibria
to (11) are asymptotically stable.

Theorem 4. Assume that all eigenvalues of the matrix C in (11) are listed in order,
0=A41>4=---=Ay. If there exist an i and a j such that

( —J(A+ AT ;4

4T 0 > <0, .4-[Df (s(t)) + 2;A]<a<0

for all t=ty, where i =2,3,...,N,j=1,2,..., N, then the synchronous states of (3)
the equilibria to the dynamical network (11) are exponentially stable for any fixed delay
‘L'k]>0(k,l =1,2,.. .,I’l).

The proofs of Theorems 3 and 4 are almost the same as those of Theorems 1 and 2,
so are omitted here. Some notes on network models (1) and (2) are presented in
Ref. [18]. And some other related results are studied in Refs. [19,20].

3. Several illustrative examples

The following simulations illustrate the theoretical results derived in Section 2. For
simplicity, we consider a four-node network, in which each node is a simple 3-
dimensional stable linear system described in Ref. [13] ()'c“,xiz,)‘cB)T =
(—xil,—2xi2,—3xi3)T, and its Jacobian matrix is Df(s(f)) = diag(—1, =2, =3)&J.
Assume that the coupled configuration matrix (c;)y, v 18

-2 1 1 0
I -3 1 1

C = s
1 I -3 1

the coupling strength ¢ = 0.2 and the inner-coupling matrix 4 = diag(l, 1,1).
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At first, the time-delay vector (1, 2, 3) is considered. So the corresponding network
reads below

X1 X1 Y1
x y
= diag, 7,00 | +e| . (13)
X3 V3
X4 X4 V4

in which x; = (x;1, xp,x3)" € R}, i=1,2,3,4, and
=2xn(t =D+ x0(t=1)+x3(—1)

Y= —2X12(l — 2) =+ XQQ(I — 2) 4+ X32(l — 2)
—2x13( — 3) + x23(¢ — 3) + x33(£ — 3)

bl

xu(t—=1)=3x0( =)+ x31( = 1)+ x41( = 1)
yo = | X12(t = 2) = 3x02(t = 2) + x32(f = 2) + x42(2 — 2)
x13(t = 3) = 3x3(¢ — 3) + x33(t — 3) + x43(¢ — 3)

Xt = 1)+ x(t = 1) = 3x31(f = 1) + x41( = 1)
yy = | X12(2 = 2) + x22(2 — 2) — 3x32(7 — 2) + x2(¢ — 2)
x13(f = 3) + x23(f — 3) — 3x33(¢ — 3) + x43(2 — 3)

Xt =D+ x31(t—1)=2x41(t = 1)
Yy = | X220t = 2) + x32(t = 2) — 2x42(¢ = 2)
x03(t — 3) + x33(f — 3) — 2x43(2 — 3)

In the following, we show its synchronous states R® 5 x; = (x,-l,x,g,x,g)T =s(t) =
0 is asymptotically stable by numerical simulations. Set e; = Xiy1,1 — X1,
epn = Xiy12 — X, €3 = X;+13 — X;3. The curves of the synchronous states for (13)
are plotted in Fig. 1.

Next, we only use Theorem 1 to verify it. Consider the following system in R?,

b =M m@—1)
m|=|-2m|+x|mt=2|, i=234, (14)
3 —3n; ns3(t—3)

where 1y = —2,13 = A4 = —4 are three nonzero eigenvalues of C (the first one is

ZEr0).

The characteristic matrix [21] of (14) is diag(A— e "+ 1,4 — e 2 +2, 71—
Jie 734 +3), all its eigenvalues are negative, so the trivial solution to (14) is
asymptotically stable for 4, 43, 44. So by Theorem 1, the synchronous states (3) for
(13) are asymptotically stable, which coincides with the above numerical results.
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Fig. 1. Synchronization errors for the delayed networks (13): (a) e;1(¢) vs 7, (b) en(?) vs 1, (c) ei(7) vs t.

In the following, a more general case is considered. The time-delay matrix is read
as,

1.1 1.2 1.3\ « 1Ist node,
21 22 23| <« 2nd node,
31 32 33| <« 3rd node,

41 42 43/ <« 4th node.

The network is explicitly expressed as follows,

X1 X1 Y1
X2 X2 b
. = diag(J,J,J,J +¢ s 15
i g( ) 3 95 (15)

X4 X4 Y4
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in which x; = (x;1, xp,x3)" € R}, i=1,2,3,4, ¢ =0.2, and

=2x11(t = L.1) 4+ x21(¢t — 2.1) 4+ x31( — 3.1)

V= —2x12(t — 1.2) + x20(t — 2.2) 4+ x32(t — 3.2) ,
—2x13(t — 1.3) + x23(¢ — 2.3) 4+ x33(¢ — 3.3)
x11(t — 1.1) = 3xp1(t — 2.1) + x31(¢t — 3.1) + x41(t — 4.1)
Yy = x12(t — 1.2) = 3x0(t — 2.2) + x32(¢ — 3.2) 4+ x40(2 — 4.2) ,
x13(t — 1.3) — 3xp3(¢t — 2.3) + x33(¢ — 3.3) + x43(t — 4.3)
x11(t— L1) + xp1(t — 2.1) — 3x31(¢ — 3.1) + x41(t — 4.1)
V3= X1p(t = 1.2) + x00(t = 2.2) = 3xn(t = 3.2) + x2(t — 4.2) |,
x13(t — 1.3) + x23(¢ — 2.3) — 3x33(¢ — 3.3) 4+ x43(2 — 4.3)
; synchronization error synchronization error
0.8 1.5
0.6 T
0.4 !
__ 02 R
< 0 < %
@ @
-0.2 0
-0.4
—0.6 -0.5 it2
-0.8
_10 5 10 15 20 25 30 35 40 45 50 _10 2 4 6 8 10 12 14 16 18 20
(2) t (b) t

synchronization error

0.5 —1

eia(t)

0
w

_0'50 2 4 6 8 10 12 14 16 18 20

(© t

Fig. 2. Synchronization errors of networks (15): (a) e;;(?) vs ¢, (b) en(?) vs t, () ei(f) vs t.
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X21(t — 2.1) + x31(t — 3.1) — 2x4,(t — 4.1)
V4= xXoo(t —2.2) + x30(t — 3.2) — 2x40(t — 4.2)
x3(t — 2.3) + x33(¢ — 3.3) — 2x43(¢ — 4.3)

Set again e = Xj111 — X1, €2 = Xit12 — Xi2, €3 = Xit13 — Xi3-
From the simulations of this network (Fig. 2), one can see that the synchronous
states (3) for (15) are asymptotically stable. Next, we use Theorem 4 to verify it.

A+ A" A <0
JnAT 0 M\

holds, since all its eigenvalues are less than or equal to =zero. And
MAH[Df (s(¢)) + 21 A]< — 1<0. So by Theorem 4, the synchronous states (3) for
(15) are shown to be asymptotically stable, which is in line with the above numerical
calculations.

With the increase of the node number N, it is difficult even impossible to directly
judge the synchronous states (3) for networks (2) and (11), but by the aid of the
theorems derived here, it becomes easier.

4. Conclusion

In the present paper, general dynamical networks with different time delays are
considered. Several theorems on the synchronization properties are established. Two
illustrative examples are presented, which show the efficiency of the derived results.
Generally speaking, the number N of the coupled scale of a complex dynamical
network is often very large (e.g., the metabolic system), so the considered network is
fairly high dimensional with N dimensions if the dimension of the identical node is
n. To directly investigate the synchronous states of such a high dimensional system
with/without time delay is quite difficult even impossible. From our theorems, we
only consider the stability of the attractor of an n dimensional system, which makes
the consideration of the synchronous state much easier. Further research will be
contributed to directed networks (where C is not symmetric) and time-varying outer
coupling networks (where C depends upon the time ).
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