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Many chaotic oscillators have rather coherent phase dynamics but strong fluctuation in the amplitudes.
Conversely, homoclinic chaos is characterized by quite regular spikes but strong fluctuation in their time
intervals. We study the effects of noise on the synchronization of homoclinic chaos to a weak periodic signal
and demonstrate numerically and experimentally in g G®er system that noise enhances synchronization of
homoclinic chaos. The system exhibits both conventional resonance versus driving frequency and stochastic
resonance with respect to noise intensity.
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Resonant response of a nonlinear system to a weak driyghase-coherent chaotic oscillations. Typically, these chaotic
ing signal has been investigated in various contexts. In @scillators possess a saddle pddembedded in the chaotic
self-sustained periodic oscillator, the system adjusts its timattractor, with an unstable manifold weaker than the stable
scale, achieving frequency and phase locking to the drivingpne (the Shilnikov condition for homoclinic chad46]: the
signal. This phenomenon of conventional resonance, charaeigenvalueg\ |<|\¢). The chaotic trajectories leaving a
terized by an Arnold tongue synchronization region is ofneighborhood ofS along its unstable manifold have very
fundamental importancgl]. Recently, the study of phase close recurrence t8 along its stable manifold. Typical dy-
synchronization(PS has been extended to chaotic modelnamics is characterized by rather regular orbits in the phase
oscillators[2,3] and to several experiments, such as lasergpace and widely fluctuating time intervalsbetween suc-
[4]. For example, in the chaotic Rsler oscillator, a phase cessive returngFig. 1), because the trajectory slows down
variable can be defined which is associated with the timggnsjderably andT depends on how close the orbit ap-
scales of the oscillations, e.g., the return timbetween tWo  r5achesS Such a structure underlies spiking behavior in
successive crossing of a Poincaection[2]. This system many neuron{17], chemical[18], laser[19], and El Nifo

?isglays ;/Tewlg]oherﬁrtl;tl phasel_:j)ijnan}:cstdute tot a STal%_E_UCfZO] systems. Noise acts in homoclinic chaotic systems in a
uation of 1, aithough the amplitudes fluctuate strongly. ISquite different way[20]. The motion is sensitive to noise

property is quite general in chaotic oscillations resulting . .

i . . . along the weaker unstable manifold, which on average
from a period-doubling bifurcatiof6], and PS and conven- kes th : | h iahborhoo® etrli d
tional resonance occur similar to coupled periodic oscillatorg ' 2<€S the trajectory leave the neighborhoo rier an
[2.3] reduces the average intervel So far, such effects of noise

. . . . on PS of homoclinic chaos have not been addressed.
Noise usually has a destructive effect on PS by inducing Here we show that a small noise changes not only the

phase slips and shrinking the synchronization redi]. average valud,=(T),, but also reduces the fluctuations of

On the'other hand, noise may play a constructive role ir]I'. As a result, noiseenhancesPS and the system displays
enhancing the response through stochastic reson@iee both conventic;nal and stochastic resonances.

[8]. Stochastic resonance has also been studied from the - L

: : . o . We demonstrate these nontrivial effects of noise in a
viewpoint of noise-enhanced synchronization of the SWItCh-S.n le-mode C@laser, both numerically and experimentall
ing events to the external signal, because noise controls t 9 ' y P Y.

average swiching aie of e System and th response (1 SXPernentl seup consste of a Laser wih a1
optimal when it is close to that of the external sigf#a+11]. y ’ y 9

This resonance behavior, however, is not the same as co-ﬁ- proporti_onal to the_'?‘ser output i_ntensity. The system is
’ ' gperating in a homoclinic chaos regime where the laser out-

ventional resonance in coupled self-sustained oscillators: . . ; .
P t consists of a chaotic sequence of spikex21] (Fig. 1).

while the synchronization exhibits a resonancelike behaviofl’_lrj1 - i dulated b " | iodi
with the change of noise intensity at a fixed driving fre- _. € pump parametgt, 1S modulated by an external periodic
(§_|gnal with amplitudeA and frequencyf,

guency, it does not display resonancelike behavior as a fun
tion of the driving frequency11]. When the driving signal
fluctuations are much slower than all system time scales, SR
is independent of signal frequencies; while it shows a sensi-
tivity to higher signal frequencies in excitable systems >
[12,13. In phase-coherent chaotic oscillators, noise may also
play a constructive role to indudd4] or enhance PS in the
weak coupling regim¢g15].

Homoclinic chao$16] represents a class of chaotic oscil-  FIG. 1. Time series of the laser output intensity in the experi-
lations that exhibit quite different behavior as compared tamental CQ system without external signal and noise.

time (ms)
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To investigate the role of external noise, a Gaussian noise
generator is inserted into the feedback loop. The noise gen- 8:8 .
erator has a high frequency cutoff at 50 kHz, which can be ﬂk
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regarded as a white noise source.
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We first carry out numerical simulations on the model, s
)

X1=kKoXq (X, — 1—kySinXg), 2 T(ms T (ms) T (ms)
] FIG. 2. Probability density of interspike intervals of noise-free
X2: - 'leZ_ 2k0XlX2+ gX3+ X4+ p(t), (3) [DZO, (a),(b)] and nO|Sy[D=00005, (C),(d), D=001, (e),(f)]
laser model. Upper panel, without external forcimg=0; lower
)'(3= — y1X3+ gXo+ X5+ p(t), (4) panel, with forcingA=0.01. The sign_al p_erioiﬂe in (b), (d)_, and(f)
corresponds to the average interspike inteivg{ID) (vertical dot-
)-(4: oy Xat 2+ OXe F ZP(L), 5) ted lines of the unforced model iifa), (c), and(e), respectively.
Xs= — yoXet ZXa+ gXa+ Zp(1), ©) ones[Fig. 2(c)]. This distribution ofT is typical for smallD

in the rangeD =0.000 05—-0.002. The experimental system
% with only intrinsic noise(equivalent toD=0.0005 in the
Xg— bo+ _1) +DE(L), (7)  mode) has a very similar distributio®(T) (not shown. At
1+ax, larger intensityD =0.01, noise eliminates most of the oscil-
_ _ _ lations aroundS, the fine structure of the peaks is smeared
which describes accurately the experimental sysi@ti. 4t andP(T) becomes a unimodal peak with a lower height
Here,x; represents the laser output intensky,the popula- [Fig. 2(e)]. Note that the average valdg(D) of T decreases
tion inversion between the two resonant leveisthe feed- \\ith increasingD. The measure of the coherer{@?] of the
back voltage signal which controls the cavity losses, Wh"espike trains byR=T,(D)/c7, whereor is the standard de-
X3, X4, andxs account for molecular exchanges between the,;ation of P(T), shows a maximal value &~0.013. Thus

two levels resonant with the radiation field and the otherpe gpiking sequence displays a coherence resonance feature
rotational levels of the same vibrational band. Furthermoresim"ar to excitable systen{@2].

Ko is the unperturbed cavity loss parametey, determines As a result of noise-induced changes in time scales, the
the modulation strengtig is a coupling constanty,, y, are odel displays quite different response to a weak sigAal (
population relaxation rateg, is the pump parametez,ac- =0.01) with a frequency,=fo(D)=1/T4(D), i.e., equal to
counts for an effective number of rotational levels, andy,q average spiking rate of the unforced model.D¥:0
B.bg,r,a are, respectively, the bandwidth, the bias voItage,P(T) of the forced model still has many peal@&g. 2(b)],

the amplification, and the saturation factors of the feedbac( e atD=0.0005.T is sharply distributed around the sig-
lEOp' With t_he followmg_ parameteisko=28.5214, Ki nal periodT,=To(D) [Fig. 2d)]. However, at larger inten-
=4.5556, y,=10.0643, y,=1.0643,9=0.05, po=0.016, &y, p=0.01, P(T) becomes lower and broader agéfig.

z=10, p=0.4286, «=32.8767,r =160, andbo=0.1032, ()] To examine phase synchronization due to the driving
the model reproduces the regime of homoclinic chaos Obéignal we compute the phase differend#t)= ¢(t)

served experimentallf21]. The previous stud}21] did not —2mf t. Here the phase(t) of the laser spike sequence
take into account the intrinsic noise present in the experi- simply defined as[2] ¢(t)=2mK+ (t—7)/(Tes1

mental system. We have measured the noise in the feedba{ﬁ(
variable g) in the case when the laser is off. This enables
us to estimate an intrinsic noise intendily= 7 mV, which is
about 0.14% of the feedback signal in the experimental
system. In the modeD =0.0005 is equivalent to the intrin-
sic noise intensity irxg.

Without noise and driving signal, the orbit approacl$es
via a few quickly decaying oscillatior{stable manifolgland
leavesSvia a series of slowly growing ondsnstable mani-
fold). It may have different number of oscillations before
generating a large spike, depending on the distance 8am . 80
the previous reinjection. As a result, the model displays a & 5°
broad range of time scales, and there are many peaks in the =20
distribution P(T) of the interspike intervall [Fig. 2(@)]. 0=
With a small noise D =0.0005), the orbits can no longer 0
perform some oscillations very close$presulting in a clear
change in the time scale®(T) is now characterized by a FIG. 3. Phase difference between the laser model and the driv-
dominant peak followed by a few exponentially decayinging signal(as in Fig. 2 at various noise intensities.

Xe=— 3

) 1, (<t<r7, 1), Where 7 is the spiking time of the

kth spike. As seen in Fig. 3, & =0, the phase of the laser
model is not locked by the external forcing. On the contrary,
with a small noiseD =0.0005, phase slips occur very rarely
and phase locking becomes almost perfect when noise gen-
erates a characteristic time scale in the system. At stronger
intensity D= 0.01, noise becomes dominant over the signal
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FIG. 4. Synchronization region of the laser model at various
noise intensities. A dot is plotted whéh()|<0.003.(a) D=0, (b)
D=0.0005, andc) D=0.005.

around the saddl§, and it induces many randomlike phase
slips. The behavior is similar for driving frequencies close to
fo(D).

We have investigated the synchronization regibri re-

sponsg of the laser model in the parameter space of thesynchronization region. Lower panel: coherence of the laser output.

driving amplitudeA and the relative initial frequency differ-
enceAw=[f.—fy(D)]/fy(D), where the average frequency
fo(D) of the unforced laser model is an increasing function
of D. The actual relative frequency difference in the presenc
of the signal is calculated asQ = (f—f.)/fy(D), wheref
=1KT),
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FIG. 6. Stochastic resonance for a fixed driving period. Left

panel: modelA=0.01T.=0.3 ms. Right panel, experiments: forc-

ing amplitude 10 mV A=0.01) and period ,=1.12 ms; here the

noise intensityD is of the added external noise. Upper panel: noise-
induced coincidence of average time scadtisshed lineA=0) and

a=0.1in Eq.(8).

vations of the noise-induced changes in the time scales and
‘?esponse to an external driving signal are consistent with the

model. A comparison of numerical and experimental results

is the average spiking frequency of the forced laset, 5 similar noise range is shown in Fig. 5. Very importantly,

model. The synchronization behavior of the noise-free mOdeéynchronization in the experimental system has been en-

is quite complicated and featureld$sg. 4(a)]: at weak am-
plitudes(aboutA<0.012), there does not exist a tonguelike

hanced further by adding some external noise, especially for
Aw>0; an external noise too strong degrades synchroniza-

region similar to the Arnold tongue in phase-coherent oscily;,, again, as seen in Fig(15.

lators; for a fixedA, AQ) is not a monotonous function dfw
and it vanishes only at some specific signal frequereks
see Fig. $a), D=0]; at stronger driving amplitude@bout

Thus, noise can play a constructive role to enhance fre-
quency locking and PS of homoclinic chaos to a weak driv-
ing signal. Without noise, the model system exhibits a very

A>0.012), the system becomes periodic at a large frequencyompiicated response to the signal due to a broad distribution

range. The addition of a small noide=0.0005, drastically
changes the response: a tonguelike redjiéig. 4(b)], where

of time scales; whereas a small noise eliminates some of the
small oscillations close t& and generates a dominant time

effective frequency locking[A[<0.003) occurs, can be scale; and the system displays a locking with respect to the
observed similar to that in usual noisy phase-coherent osCikignal frequency, as conventional resonance in phase-

lators. The synchronization region shrinks at a stronger nois
intensity D =0.005[Fig. 3(c)].

The very complicated and unusual response to a weak
driving signal in the noise-free model has not been observeg

€oherent oscillators.

Furthermore, the PS behavior is optimized at a certain
oise intensity, similar to SIRB—11]. We study how this SR
ehavior is affected by noise intensity. In bistable or excit-

in the experimental system due to the intrinsic noise whosgp|e systems, SR occurs when the noise-controlled average

intensity is equivalent t@® =0.0005 in the model. As has
been reported recent[23], the experimental system without

time scale is close to that of the driving sigh@+12]. Here,
in the unforced homoclinic chaotic lasers the average inter-

an additional external noise displays similar tonguelike synypike intervalT,(D) decreases with increasing noise inten-

chronization region as in Fig.(d). The experimental obser-
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sity. SR can be observed for a fixed signal period We
have employed the following measure of coherence as indi-
cator of stochastic resonangk3]

Te (1+a)Te
R=—° P(T)dT,
oT (1-a)Te

)

where 0< #<<0.25 is a free parameter. As pointed out in Ref.
[13], this indicator takes into account both the fraction of
spikes with an interval roughly equal to the forcing period

and the jitter between spikes. SR of the 1:1 response to the

FIG. 5. Noise-enhanced PS: a comparison between model arf1Ving signal with a fixed period has been demonstrated

experimental systemsa) Model, A=0.01. (b) Experiment: signal

both in the model and in the experimental system by the ratio

amplitude 10 mV A=0.01); the noise intensity denotes total noise { T)t/Te andR (Fig. 6). For Te<T,(0), there exists a syn-
measured in the feedback loop, abd=7 mV corresponds to the ~Chronization region Wheré.T)t/Tewl. The noise intensity
intrinsic noise. In both cases, the noise intensities are also indicate@ptimizing the coherencR is smaller than that inducing co-

in percent of the feedback signg.

incidence ofTy(D) and T, [dashed lines in Fig.(®),(c)]. It
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which means an aperiodic firing sequence with one spike for

< QLLLLL:LLLLLL:L‘L'LL‘LLLLLLLLE T L g e o e

—

——— T (b Note that the response of the homoclinic chaos to noise,
’" AR AT AV TR AT A R AT AT AT AVAY ‘|( ) i.e., more regular spike intervals with a smaller mean value,
T T is similar to excitable systems where resonances with respect

T I I
(©) to both signal frequency and noise intensity can also be ob-
L L LL L served 12,24. However, a noise-induced phase locking with
* respect to the signal frequency, especially for ith# ratios,

2 4 timee(ms) 8 10 12 to our knowledge, has not been demonstrated in excitable
systems for rather weak signal.

FIG. 7. Noise-enhanced 2:1 response of the laser matlel. In summary, we have shown that in homoclinic chaotic
=0.01T.=0.6. () Laser outputx, at D=0, (b) external signal, Systems which are characterized by a strong fluctuation of
and (c) x, at D=0.004. the interspike interval, the time scales become more regular
in the presence of a small noise. Consequently, the PS of the
. . system to a weak driving signal can be enhanced signifi-
turns out that _maX|maI coherence occurs when the domina ntly, and the noisy system exhibits locking and resonance
peak of P(T) is located afTe. For Te>To(0), noise may it the change of both the signal frequency and noise in-
induce am:1 response where the laser produsepikes per  yonsity Both conventional and stochastic resonances have
signal period. For example, @t=0.6, a 2:1 response can be paan demonstrated experimentally. A wide class of sensory
observed in the laser model which generates two spikes Wit rons demonstrates homoclinic chaotic spiking activity
alternately small and large intervals, and T, satisfying 17 25, Coexistence of conventional and stochastic reso-
T, +T,=T,, as seenin Fig. 7. The: 1 response also exhib- nances may be significant for information processing in bio-
its a locking and resonance with the change of both the siggical systems, since noise enhances both sensitivities to

nal frequency and noise intensity. This different nOise'ampIitude and frequency of the external signals.
induced synchronization has not been reported in usual SR

systems. Conversely, in usual SR systems, at [Rggaumer- This work was supported by Grant No. SFB555,
ous randomlike firings per period cause an exponential backdumboldt-Foundation, and EC Network HPRN under Grant
ground of P(T), and at smalll, a 1:n response may occur, No. CT 2000 00158.
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