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Experimental Chua-plasma phase synchronization of chaos
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Experimental phase synchronization of chaos is demonstrated for two different chaotic oscillators: a plasma
discharge and the Chua circuit. Our technique includes real-time capability for observing synchronization-
desynchronization transitions. This capability results from a strong combination of synchronization and con-
trol, and allows tuning adjustments for search and stabilization of synchronous states. A power law is observed
for the mean time between 2p phase slips for different coupling strenghts. The experimental results are
consistent with the numerical simulations.
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The recurrence property of chaotic flows suggests that
corresponding flow trajectories can, in general, be viewed
an infinite number of rotational motions. In the particul
situation where these rotational motions go around a fi
axis, an angle coordinate can be introduced as a state s
variable and be regarded as the oscillator’s phase. For
ample, in the case of a chaotic trajectory going around thz
axis, we can define the phase on the (x,y) projection of the
attractor asf5arcsin(y/r) where r 5Ax21y2. This phase
can synchronize with the phase of a periodic forcing funct
properly connected to the chaotic system@1#. The phase syn-
chronous state then is characterized by the chaotic and
periodic oscillators having their phases in pace with e
other, while keeping their amplitudes uncorrelated@2#. Phase
synchronization of chaos has been extensively demonstr
@3#, including chaotic plasmas forced with a periodic wa
function @4#, and with a music signal@5#. Moreover, the ex-
perimental effect of additive noise on phase synchronizat
associated with chaotic transients has been the subjec
recent investigation@6#.

In this paper we report experimental and numerical ph
synchronization results involving a plasma discharge t
coupled to a Chua electronic circuit. We introduce a te
nique for real-time observation and control of experimen
synchronization. To our knowledge this is the first expe
mental realization of phase synchronization between
very different experimental chaotic oscillators, in associat
with supporting numerical results. The setup of our expe
ment is shown in Fig. 1. It includes the Chua circuit@7# with
R51025V, C1510 nF, C25133 nF, L521.5 mH, andr 0
510 V. This circuit is unidirectionally coupled to a plasm
circuit through a LM 741 operational amplifier and a curre
limiting resistorRc . The plasma circuit contains a comme
cial Geissler discharge tube filled with helium gas. The dr
ing signal from the Chua circuit is the voltage across
capacitorC1. The coupling strength is controlled by the va
able resistorRc in the range from 30V to 5 kV. A ballast
resistorRb549 kV sustains the tube discharge while the
sistorR052 kV provides a low potential point in the circu
(VA;3 V), where the voltage driving signal from the Chu
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circuit is introduced. A stabilized high voltage source set
E5916 V is used to power the discharge. Ap-i -n photodi-
ode is utilized for acquiring the local light intensity oscilla
tions of the plasma discharge at the positive column. Ti
delay embedding is then applied to the acquired light sig
to produce the plasma attractor.

The attractor obtained from the dynamical trajectory
the chaotic plasma discharge resembles a smeared circle@4#,
continually circulating around its center. Both plasma a
Chua oscillators are phase coherent and exhibit broad po
spectra with a predominant characteristic frequency. In
beginning of the experimental run, the characteristic frequ
cies of the two uncoupled oscillators are far apart from e
other. Prior to coupling the two systems, we tune the Ch
oscillator to make its characteristic frequency approach
value of the characteristic frequency of the plasma. This f
ture of the setup enhances the synchronization process,
can be used for controlling purposes after the coupling
turned on. It works as follows. On the screen of the compu

FIG. 1. Schematic representation of the Chua-plasma exp
mental setup.
©2003 The American Physical Society02-1
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we plot the power spectra of both oscillators. These po
spectra are obtained from time series acquired with a c
puter automated measurement and control Lecroy 6810 w
form recorder, and acquisition period adjusted toTs
550 ms. The recorded data sets contain 2.623105 points
which account for about 13.1 s of continuous monitoring
the two systems. Initially the peaks of the power spectra
the two oscillators are far apart, as expected, since the o
lators are running independent of each other. To make
characteristic frequencyf Chuaapproach the characteristic fre
quency of the plasmaf plasma, we have the options of thre
variable parameters: the resistanceR, the capacitorC2, and
the inductorL ~see Fig. 1!. These three variable paramete
with corresponding reference values ofR52 K V, C2
5100 nF, andL518 mH @7#, allow a smooth change of th
dynamics of the Chua oscillator. The other capacitor is se
C1510 nF and kept unchanged. We fixR at 1025 KV, and
slowly increaseC2 andL to the values of 130 nF and 20 mH
respectively. A fine tuning of the inductanceL from 20 mH to
21.5 mH, and of the capacitanceL from 130 nF to 133 nF,
brings f Chua to about 1810 Hz, whereasf plasmais kept at the
constant value of 1760 Hz~Fig. 2!. As we shall see, this
mismatch of about 50 Hz betweenf Chua and f plasma for the
uncoupled oscillators (Rc→`) is not large enough to pre
vent the onset of phase synchronization when the couplin
turned on.

Simultaneously with the power spectra, while the two o
cillators are still uncoupled, we plot on the real-time sco
the plasma light intensity signal versus the Chua signal.
ellipselike figure oscillates back-and-forth around its cen
sometimes tilted to the right sometimes tilted to the left,
depicted in Fig. 3. The back-and-forth oscillations happ
due to the 2p phase slips between plasma and Chua. Th
phase slips do not happen instantaneously, rather the
oscillators may go around a few cycles before their pha
get much far apart from each other, and eventually catch
again after a full 2p phase difference. One of the oscillato
goes faster than the other and the phase difference g

FIG. 2. Power spectra of the uncoupled plasma and of the C
oscillator. Notice the small mismatch between the dominant
quencies.
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until the faster oscillator has gone a full cycle ahead. The
fore the back-and-forth oscillations of the ellipse on t
scope. We proceed with the tuning described in the preced
paragraph, and notice that the back-and-forth oscillations
the ellipse slows down asf Chuaapproachesf plasma. When the
mismatch between these two frequencies is about 50 Hz
back-and-forth oscillation of the ellipse is reduced to a mi
mum. At this point, withRc set at 0.7 KV, we switch the
coupling connection on and observe a sudden shift of
peak of the plasma spectrum toward the peak position of
Chua spectrum. As shown in Fig. 4, the coupled oscillat
are now running with the same characteristic frequen
f Chua5 f plasma51810 Hz. For this specific value, our recor
ing capability allows the checking for phase synchronizat
over 23 710 consecutive cycles of oscillation, with an av
age sampling of 11 points per cycle. The ellipse plotted
the scope, and depicted in Fig. 5, becomes stable with
back-and-forth oscillations. It remains stable for long tim

ua
-

FIG. 3. Plot of the voltage across capacitorC2 of the Chua
circuit vs the light intensity of the plasma discharge when the t
oscillators are not coupled.

FIG. 4. Power spectra of the coupled plasma and of the C
oscillator. The two dominant frequencies match.
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intervals, a clear indication of a robust phase synchroni
state between the plasma and the Chua oscillator. The am
tudes of the two oscillators remain uncorrelated but th
phases are now in step with each other. There is a s
phase difference but this differenceDf5fChua2fplasma
does not grow in time. It remains small and bounded wit
an angle less than 2p.

Next we vary the coupling resistanceRc in order to mea-
sure the effect of different coupling strengths. We notice t
the phase synchronous state is more robust for lower va
of Rc ~which means stronger coupling!. In this case, long
periods of phase synchronization are observed in real t
with the stable ellipse plotted on the scope. However, as
increase the value ofRc , therefore weakening the coupling
we observe intermittent oscillation bursts of the ellipse
the scope. These bursts occur at irregular time intervals
correspond to slips of 2p in the phase differenceDf, con-
firmed when we analyze the data acquired in the compu
The bursts become more frequent with the further lower
of the coupling strength, as demonstrated in Fig. 6, wh
clearly shows the overall decrease in the average time
tween 2p slips as the coupling strength is lowered. The
2p slips have been observed numerically@2# and experimen-
tally @6#, and identified in both cases with chaotic transie
@8#. Chaotic transients have been extensively investigate
association with unstable-unstable pair bifurcations wh
two unstable periodic orbits of the same period coalesce
disappear as a system parameter is raised@9#. Approaching
the bifurcation from above, i.e., increasing the coupli
strength, the average length of the chaotic transient diver
and below the critical value of the coupling bifurcation p
rameter, the chaotic transient may be regarded as conve
into a chaotic attractor. Typically, long chaotic transients p
sist even for parameter values relatively far from the bif
cation point. This is experimentally relevant because, for
duration of the measurement, long-lived chaotic transie
may prevent the system from reaching the time asympt
state. In the second paper of Ref.@6#, experimental chaotic

FIG. 5. Plot of the voltage across capacitorC2 of the Chua
circuit vs the light intensity of the plasma discharge when the t
oscillators are coupled.
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phase synchronization has been observed to be superp
tent transient, following the scaling lawt;exp@A(p2pc)

b#,
with p.pc , whereA.0 is a constant,b.0 is the scaling
exponent, andpc is the critical parameter value for the cou
pling strengthp. In this Ref.@6#, chaotic transient is observe
to happen due to the influence of additive noise. That is
the case in our present experimental study. Here, e
though the intrinsic presence of noise in the experimen
setup is unquestionable, we observe transient chaos in a
ciation with the strength of the coupling parameter betwe
the two systems. We run the experiment many times w
different values for the coupling resistance. For each valu
total of 20 data sets are acquired in order to compute
mean time interval for sustained phase synchronization
tween consecutive phase slips of 2p. These measurement
show that the mean timet between the phase slips obeys t

o FIG. 6. Time evolution of the phase difference between
phase of Chua circuit and the phase of the plasmaDf5fChua

2fplasmafor several values of the coupling resistanceRc , as indi-
cated.

FIG. 7. Scaling of the chaotic transient wheret is the average
transient time andAc51/80.
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scaling ln,t;const3uR2Rcrit u21/2, whereRcrit'1000V is
the critical value of the coupling resistance. This result is
agreement with the numerical results for flows@2# and maps
@8#, and is also consistent with the unstable-unstable
bifurcation crisis theory@9#. Furthermore, it is consisten
with our numerical simulation of the plasma circuit coupl
to the Chua oscillator which is described in the followin
paragraph.

Model equations for the plasma circuit can be obtained
treating the plasma discharge as a nonlinear component,
a piecewise linear voltage-current characteristic. We ap
Kirchoff’s laws to the plasma circuit only and get~see Ref.
@4# for details! ẋ5aE/R2a(x2y)2VP(x)a/R, ẏ5x2y

1z1AvC2
, andż52by. Here,x, y, andz are related to the

currents and voltages in the circuit, with parameter val
a58.0, E5850, R530 000, andb510.2.VP(x) represents
a piecewise linear resistor@10#, andAvC2

is the input coming
from the numerical solution of the Chua equations@7#. The
factor A corresponds to the coupling strength, analogous
the variable resistorRc of the experimental setup displaye
in Fig. 1, andvC2

is the voltage across capacitorC2 in the
ev
.
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Chua system@7#. This is a straightforward coupling wher
the output of a system is directly introduced into anoth
through a coupling resistance. The incoming Chua signa
multiplied by a reducing factor (0,A,1) in order to con-
trol its amplitude. For small values ofA, the incoming Chua
signal can be viewed as a small chaotic perturbation
forces phase synchronization between plasma and Chua.
ferent values ofA produce different levels of coupling, with
extended times of phase synchronized states intercal
with short bursts of 2p phase slips between plasma a
Chua. Here too, the mean timet between phase slips obey
the scaling lnt;const3uA2Acrit u21/2, as shown in Fig. 7. It
clearly demonstrates that the statistics of the phase slips
responds to the statistics of Poincare´ recurrence times for a
chaotic system.

The experimental technique presented here for the im
mentation of phase synchronization between two differ
chaotic systems incorporates a real-time control and de
tion approach that is invaluable for the optimization of t
process. We expect it to be relevant in a variety of fie
including plasmas, laser, electrochemistry, fluids, and en
neering applications in general.
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