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Abstract
Most models used in climate economics so far are full-employment models. In Germany,
as in other countries suffering from persistent unemployment, climate policy can only
be successful if it is embedded in an economic policy that generates additional jobs at
a large scale. To investigate the possibility for such embedding, a long-term model of
the German economy is needed. lagomd sim is such a model. It is a dynamic stochastic
general equilibrium model; its dynamics is based on a sequence of temporary equilibria
with incomplete markets. The model architecture works without needing the problematic
fictions of a macro-economic representative agent or a Walrasian auctioneer. The mechanisms of demand and supply on different markets display the frictions of real markets,
where price adjustments take time. First simulation results suggest that it is possible to
reduce German unemployment by half in a decade by means of suitable incentives for
financial markets. This possibility resembles past experiences of Sweden and Austria. If
poorly managed, it would result in a massive increase of greenhouse gas emissions. At
the same time, it offers opportunities for a Pareto improving climate policy that combines
higher growth with lower emissions. To investigate these opportunities in more detail,
further model developments are recommended.1

1 The lagom family of models is emerging out of the work of the research group on globalization and financial markets
at PIK - currently involving A. Biewald, H. Förster, A. Haas, C.Jaeger, J. Krause, F. Meissner, and M. Welp. The help
of Rupert Klein in producing lagomd sim has been invaluable. Moreover, two sets of ideas on economic dynamics have
been particularly inspiring - developed by K. Hasselmann at MPI in Hamburg, and by S. Hallegatte and J.-C. Hourcade at
CIRED in Paris. Finally, I am grateful to the Potsdam University students attending the course on the German economy
in summer 2005 for their curiosity, questions, and comments. Responsibility for errors stays firmly with the author.
This document describes lagomd sim version 0.1. The model is implemented using the Vensim software for modelling
dynamical systems. The code is available from the author upon request. Comments are welcome to carlo.jaeger@pikpotsdam.de.
lagom is a swedish word denoting a sense of balance and harmony, with a flavor of equilibrium but richer, perhaps akin to
the chinese dao.
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Introduction: Progress in Climate Economics

At the beginning of the 21th century, climate policy worldwide has been strongly influenced
by the red-green government of Germany. The ratification of the Kyoto protocol and
the establishment of the European emissions trading scheme would have happened in
very different ways - perhaps not at all - without the high priority given to climate
policy by this government. Soon after these milestones of international climate policy,
however, the red-green government lost its majority, mainly due to the dismal record of its
unemployment policy. This is all the more remarkable as the so-called red-green project
was originally based on the vision of a double-dividend policy: environmental policy was
supposed to simultaneously protect the environment and generate new jobs. The latter
effect was expected from increasing the relative price of energy in comparison with labor.
This, it was thought, would lead to a substitution of additional labor for increasingly
costly energy in the production process. Moreover, higher energy prices were expected
to trigger innovations that would generate new markets at home and for exports. Faced
with the demise of the red-green project, however, a fresh look at the relation between
climate policy and unemployment seems warranted.
How important it is to improve our understanding of the nexus between climate policy
and unemployment is also highlighted by the fate of the national allocation plan for
emission rights in Germany. When the European emissions trading scheme had to be
implemented at the national level, the very red-green government that had fought hard
for that scheme in the first place got entangled in a bitter controversy about the effects of
emissions trading on German unemployment. By then, the vision of the double dividend
had already faded away, and the fear of generating additional unemployment led to a
grandfathering scheme that handed out more emission permits than were required under
a business as usual scenario.
Moreover, it is obvious that the relation between climate policy and unemployment is of
similar importance in other countries plagued by persistent unemployment, like several
European countries, as well as most developing countries. A key fact that deserves careful
study is the relevance of unemployment for cost-benefit analyses of climate policy. In a
full-employment situation, it is plausible that devoting additional resources to purposes
of climate policy will reduce the resources available for other purposes. Estimating the
magnitudes of such trade-offs is the business of cost-benefit analysis. In a situation with
massive unemployment, however, calculating trade-offs of this kind becomes arbitrary and
not very helpful. When 10% of the labor force are unemployed - as is the case in Germany
- there are bound to be opportunities for Pareto-improving climate policies, i.e. policies
that have a net benefit in comparison with the status quo even in strictly economic terms.
Before this background, the present document outlines a model for studying options to
shape the long-term dynamics of the German economy. In climate economics, three main
families of models have been used so far. First, there are macro-economic models of the
Solow-Ramsey type, pioneered in the climate realm by Bill Nordhaus’s DICE model.2
Second, there are the computable general equilibrium (CGE) models, using algorithms
2 At PIK, two models of this kind have been developed so far: the economic component of the ICLIPS integrated
assessment model, and the MIND model of energy production with endogenous technical change. The work on the lagom
family of models has been greatly facilitated by these pioneering efforts; see Edenhofer, O., Bauer, N., Kriegler, E., The
impact of technological change on climate protection and welfare: Insights from the model MIND (Ecological economics,
54, 277-292, 2005).
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of Scarf, Negishi, and others to simplify the apparatus of general equilibrium theory into
structures that can be implemented on today’s computers.3 Third, there are ad-hoc
models that model economic phenomena with a combination of intuition and empirical
evidence, sometimes in the spirit of econometric research, sometimes along the lines of
integrated assessment modelling.4
So far, these models have rarely been used to analyse the nexus between climate policy
and unemployment. And before rushing to do so it is better to consider some known
limitations of these models. Both the Solow-Ramsey models and the CGE models can be
formulated as optimization of an aggregated utility function under dynamic constraints.
However, the literature in theoretical economics has shown conclusively that this is a
special case whose general relevance for the study of market economies is rather doubtful.5
At a more abstract level, econophysicists have emphasised that in general aggregate utility
functions can only be construed as path dependent functionals - and that therefore the
selection of an economic trajectory cannot be understood as the result of an aggregated
optimization process.6 The difficulties of aggregation are compounded in the domain of
production, where a large - and largely ignored - literature has highlighted the pitfalls
of aggregate production functions.7 For climate economics, a reasonable conclusion is to
use these two kinds of models when the focus of inquiry is the neighborhood of a given
full-employment situation, and to rely on other tools for other purposes. As for the ad-hoc
models mentioned above, it remains to be seen whether they will become more widely used
in a debate strongly imbued with theoretical arguments like the one on unemployment.
Clearly, the mentioned limitation concerns the linkage between micro- and macro-economics.
Nowadays, a macro-economic model is hardly acceptable without explicit specification
of a micro-economic structure it is compatible with. The competing schools of macroeconomists - real business cycle theorists, reconstructed keynesians, proponents of monopolistic competition, etc. - all share the effort to spell out suitable micro-macro links.
Unfortunately, we are far from a satisfactory understanding of these links, and this makes
macro-economic policy advice less sound than one would like.8
These theoretical problems are quite relevant for the practical problem of German unemployment. Wage costs per unit of output are not higher in Germany than in directly
competing countries, the German export industry is a global leader in the relevant markets, profits are higher than at any time since decades, the fraction of profits going into
net investment is at its lowest since decades, government debt - amplified by German
re-unification - inflates domestic demand and feeds opportunities to earn interest paid
3 For the development of the lagom models, the interaction with Claudia Kemfert and her collaborators working with
CGE models at DIW have been particularly fruitful; see Kemfert,C., Induced technological change in a multi-regional, multisectoral, integrated assessment model (WIAGEM) : impact assessment of climate policy strategies (Ecological economics,
54, 293-305, 2005).
4 In this respect, the extremely productive exchange with Klaus Hasselmann and his collaborators working with the
MADIAM model has provided important insights for our own effort. See Weber, M., Barth, V., Hasselmann, K., A multiactor dynamic integrated assessment model (MADIAM) of induced technological change and sustainable economic growth
(Ecological economics 54, 306-327, 2005). Of course, for specific purposes an ad-hoc model may be superior to models with
a more impressive theoretical pedigree.
5 See Kirman, A., Whom or What Does the Representative Individual Represent? (Journal of Economic Perspectives,
1992, 6, 117-36), for a good introduction to this problematique.
6 See MacCauley, J., Dynamics of Markets. Econophysics and Finance, Cambridge, 2004, especially section 2.6. This
argument is directly relevant to applications of standard cost-benefit analysis to climate policy.
7 E.g. Herbert Simon in his Nobel lecture, Rational decision making in business organizations, American Economic
Review, 69, 493-513, 1979.
8 This problem is documented with a remarkable piece of self-criticism in A Critical Essay on Modern Macroeconomic
Theory by Frank Hahn and Robert Solow (MIT Press, 1997).
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from taxes. These facts are hard to reconcile with the two main received views in macroeconomics. On one hand, there is the claim that the whole problem is one of rigid labor
markets leading to exaggerated wage costs, on the other hand, the claim that boosting
effective demand by increasing government debt could solve the problem. Rather than
building climate policy on the hope that somehow these difficulties will not matter, it
seems appropriate to investigate the relation between climate policy and unemployment
more carefully.
Recently, a research tradition has emerged that holds some promise of progress in this
respect, namely dynamic stochastic general equilibrium theory.9 Here, micro-economic
agents are represented as taking their decisions under conditions of inevitable uncertainty.
Although it has not yet been done, in such a setting it becomes possible to analyse
robust patterns of economic macro-dynamics not as the outcome of a fictitious aggregated
optimization process, but as path-dependent, contingent solutions for the co-ordination
problems economic micro-agents are faced with. This is the guiding idea of the lagom
model family.
The theoretical innovations required are considerable, and so patience is required. In a
first step, it is important to set up a model structure suitable for analysing long-term
options for German economic dynamics. The task of introducing the emissions side of
the economy can only be accomplished once a viable approach to deal with the key
modelling challenges outlined above has been found. Therefore, we first develop the basic
structure of a model that can be used to analyse possible long-term economic dynamics
under conditions of persistent unemployment. In view of the emissions question, the
model structure is designed so as to allow for the introduction of additional products and
markets. On this basis, production and use of commercial energy as well as the related
greenhouse gas emissions shall then be introduced later on. We do not yet take this step
in the present paper, but discuss some relevant issues in the concluding section.
In the basic structure presented here, several markets interact with each other and with
the production process, each of them is influenced by random events, and the overall
trajectory of the system is governed by the dynamic co-ordination of demand and supply
for the various goods considered. The model is a macro-model in the sense that optimizing
agents are treated implicitly via demand and supply functions. The basic idea is that these
functions result from micro-decisions that in turn depend on expected demand and supply
conditions.10
In the model, markets are incomplete - as they surely are in today’s German economy.
Therefore, the trajectory of the system describes an evolution of temporary equilibria in
the course of which economic agents can update their expectations on the basis of new
experience. Markets are imperfect - as they surely are in today’s German economy as
well. Therefore, producers are faced with falling demand curves for their products, and
non-price signals such as unemployment and credit limits influence the working of the
economy along with price signals. A defining feature of the model is the attention paid
to the relation between market prices and reference prices, well-known from marketing,
9 So far, there is no introductory textbook to the field. The reader on Dynamic Macroeconomic Analysis. Theory and
Policy in General Equilibrium (Altug, S., Chadha J.S., Nolan, C., eds, Cambridge U.P., 2003) provides a good overview.
See also Ljungqvist, L, and Sargent, T.J., Recursive Macroeconomic Theory, MIT Press, 2004.
10 To provide so-called micro-foundations for the model requires an analyis of the individual agents involved - physical
persons, households, businesses, and other institutional agents - and of the patterns resulting from their interactions. Such
an effort is currently undertaken jointly by researchers working at PIK, DIW, FU Berlin, and further institutions.
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Figure 1: Basic structure of product markets

but all too often neglected in economics.11
In the next section, we introduce product markets, represented as simple stochastic dynamical systems (2). Next, we discuss labor markets, using a similar approach, although
now the dynamics becomes more complex (3). Then comes the production process, where
we take care to avoid the pitfalls of aggregated production functions (4). The dynamics of
these three modules will depend on investment decisions that - now avoiding the pitfalls
of aggregated utility functions - result form the dynamics of financial markets (5). The
conclusion presents some suggestions for how to build on the present model to represent
and design possible climate policies (6).

2

Product Markets

On product markets, producers set a price for their products and offer whatever quantity
they consider appropriate. Customers are interested to purchase some quantity of the
product, depending on the price they are faced with. The quantity they demand may
be equal to the quantity offered, but usually the two will not match exactly. If supply
exceeds demand, inventories increase, otherwise they decrease. If inventories are small,
producers increase the quantity they produce and to some extent the market price of their
product, too. Changes in quantities are usually much larger than changes in prices. If
inventories are large, the process works the other way round.
The basic structure of product markets is indicated in figure 1. Let Pm be the market
price, V inventories, qd the quantity demanded, and qs the quantity supplied. Inventories
have the dimension ”quantity of goods”, prices the dimension ”amount of money per
quantity of goods”, demand and supply the dimension ”quantity of goods per unit of
time”, and time the dimension ”amount of time”. With the usual dot notation, P˙m and
V̇ denote the change of Pm and V in time.
Next, let dq be a demand function indicating how much customers will demand at different market prices, sq a supply function indicating the combinations of market price and
11 The distinction between market prices and reference prices provides a suitable starting point for meeting key challenges
of macroeconomic modelling. This starting point is related to the way Adam Smith based his analysis of market dynamics
on the distinction between market prices and natural prices in ”The Wealth of Nations” (book I, chapter 7).
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quantity supplied producers are willing to consider, fx an excess demand function, simply
indicating the difference between demand and supply. fP is a price adjustment function
indicating how producers change market prices depending on the level of inventories and
of market prices. fV is an inventories adjustment function indicating how inventories
change depending on excess demand and the level of inventories. Finally, let vq be market shocks, i.e. unpredictable events that influence the dynamics of demand. Let them
follow a stochastic market shock process with the derivative v̇q following some probability
distribution gq based on a probability measure, π. Then one can model a product market
with the following functions:
Ṗm (t)
=
fP (V (t), Pm (t))
V̇ (t)
=
fV (fx (qd (t), qs (t)), V (t))
qd (t)
=
dq (Pm (t), vq (t))
qs (t)
=
sq (Pm (t), V (t))
π(v̇q (t) ≤ x)
=
gq (x)
Pm (0)
=
Pm,0 > 0
V (0)
=
V0 > 0
Pm (t), V (t), qs (t), qd (t) ∈ IR+ , vq (t), x ∈ IR,

(1)

Market prices, inventories and market shocks are prognostic variables, i.e. there are
functions indicating how these variables will evolve from given values (in figure 1 as in
subsequent figures, prognostic variables are marked by boxes). Demand and supply are
diagnostic variables, i.e. they are essential for empirical applications of the model but the
dynamics of the model can be formulated without making them explicit. In this sense,
the model is a three-dimensional stochastic dynamical system that (composing functions
and omitting the time variable to simplify notation) can also be written as:
Ṗm = fP (V, Pm )
V̇ = fV (fx (dq (Pm , vq ), sq (Pm , V )), V )
π(v̇q (t) ≤ x) = gq (x)

(2)

The auxiliary variables are essential because they gear the mathematical structure to the
basic economic phenomena of demand and supply. Thereby, it becomes possible to use the
mathematical structure to analyse economic issues and to draw on a wealth of empirical
and theoretical research about these issues.
To talk as if on product markets perfectly homogeneous goods were traded at uniform
prices is often useful, sometimes dangerous. It can lead one to neglect the important fact
that usually prices and quantities cannot be known with arbitrary precision. Therefore, it
might sometimes be more appropriate to represent them by means of probability distributions rather than by means of real numbers. In the present setting, this would lead too far
away from current practice in theory-driven economic modelling, however. Fortunately,
with the emergence of dynamic stochastic general equilibrium models it has become possible to consider at least some important stochastic properties of interdependent markets
in a theoretically promising way. Therefore, we include random shocks vq in the basic
model of product markets. For the moment, their mathematical representation is quite
arbitrary, it’s purpose is to prepare for inquiries about stochastic properties of the system
later on.
8

What can be said about the form of the functions involved in the model? For many
purposes, it is reasonable to take the demand function as smooth, and as monotonically
decreasing in Pm and in −vq .12 The supply function can be taken as smooth, monotonically
increasing in Pm and V , and asymptotically approaching full capacity utilization with
increasing Pm .13 As mentioned above, the excess demand function simply forms the
difference between two real numbers - the economically relevant structure lies in the
supply and demand functions yielding those numbers.
In general, the price adjustment function is smooth and monotonically decreasing in V :
with large inventories, prices are lowered, with small ones, increased. From an economic
point of view, the price adjustment function describes the aggregate outcome of producers
taking decisions about an uncertain future. Inventories are costly, so it is reasonable to
keep them as small as possible. But the future is uncertain, and it is important to have
sufficient inventories to deal with demand shocks. At the micro-level, then, behind the
price adjustment function lies a rather difficult decision problem. It can be represented by
dynamic stochastic optimization procedures, and one may investigate how different agents
cope with it. Here, we are satisfied with the aggregate description. The same holds for
the role of reference prices. At the micro-level, producers are cautions when considering
deviations from the reference price because such deviations involve the risk of losing the
trust of customers. Therefore, at the aggregate level we take the price adjustment function
as smooth and decreasing in Pm , with a zero when inventories have the desired level and
the market price is equal to the reference price.
As long as inventories are not zero, the inventories adjustment function is just the negative
excess demand function. When inventories are zero, this is still the case when supply
exceeds demand, otherwise, inventories stay empty and some customers don’t get what
they want at current prices (at the micro level, this then implies some kind of rationing
process).
For some domain of positive prices, demand and supply functions share a co-domain of
positive quantities - otherwise there would be no market for the product in question. The
co-domain of fP includes negative and positive values - prices can increase and decrease.
Finally, the distribution of vq may be taken to be unimodal with a variance that is small
in comparison with the interval of possible prices.
The model we are faced with is a three-dimensional non-linear stochastic dynamical system. With the functional forms just specified and disregarding for a moment market
shocks, there is a positive price and a positive level of inventories that form the unique
fixed point of the system: if it is there, it will stay there until random shocks or exogenous
developments drive it away. With random shocks, the market will fluctuate around its
fixed point.
It looks natural to call this fixed point an equilibrium. When thinking about it, it is
important to keep in mind that this equilibrium usually comes with positive inventories
and that it depends on parameters that are likely to change in the course of time. Next,
we identify these parameters. They are important because they are exogenous only as
12 We

call a function smooth if it has continuos first derivatives over the whole domain of its independent variables.
increasing returns, this means that higher prices go along with lower unit costs and correspondingly higher profits.
What stops producers from increasing production indefinitely is the fact that at each moment in time each one of them is
faced with a falling demand curve.
On a different note, it is useful to keep in mind that production capacity is not as clear cut a number as one might think nevertheless it is a barrier of key importance for the working of markets.
13 With
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Boxes denote prognostic variables, plain text labels diagnostic variables,
labels in italics parameters.
Figure 2: Product market with parameters

long as a product market is considered in isolation. Once different components of the
economy are considered together, they become endogenous variables.
A case in point is the role of income for the determination of demand. Demand certainly
somehow depends on the amount of money available to customers. However, for many
reasons this is not a clear-cut figure. A good way to represent it is by defining reference
budgets for different goods, Yq . Income elasticities can then be taken into account by
letting reference budgets change with growing incomes.
The other parameter of considerable relevance for the determination of demand is given
by reference prices, Pr . In marketing, the notion of reference prices is used to describe
the fact that on a given market there usually is a shared sense of what is a reasonable
price for the relevant products. In the course of time, reference prices are adjusted on the
basis of new experience without completely forgetting the past.
Reference prices are equally important for the determination of supply - common knowledge about what constitutes a reasonable price for a given product is essential if producers
are to take advantage of opportunities arising on the market and to avoid the danger of
being driven out of business.
Another important parameter for the determination of supply is given by productive
capacity, K̂. In the short run, there is an upper limit to the output that can be produced,
and this of course influences the form of the supply function. Finally, the combinations
of product prices and quantities supplied a producers are willing to consider also depend
on their variable costs, cv (in particular the wage level Wm that we will consider in the
next section).
Together with the random shocks, these parameters shape the dynamics of the system.
The resulting structure of product markets is indicated in figure 2.
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Finally, we list functional forms whose general shape is familiar from the literature and
which provide a possible starting point for looking at product markets in Germany:14
Ṗm =
V̇

=

qs =
qd =
π(v̇q ≤ x) =

Pm
V
0.03 ∗ Pm 1 −
∗
Pr 0.05 ∗ K̂
qs − qd , if qs − qd > −V
0 otherwise



V
Pm
− 10 ∗
K̂ ∗ 0.5 + 0.5 ∗ tanh 5 ∗
− 4.1
cv
K̂
Yq
Pm
− ∗ 0.53 ∗ ln(0.15 ∗
) ∗ (1 + 0.5 ∗ vq )
Pr
Pr
uniform distribution over the interval (−1, 1)




(3)

K̂ = 8000, Yq = 5000, Pr = 0.666.., cv = 0.56
Pm (0) = 0.666.., V (0) = 300, vq (0) = 0
It is perhaps useful to collect a few rough figures on the state of the German economy as
of 2005 (in billion Euros):
Gross production value
Gross social product
Total depreciation
Net social product
Total wage costs
Total profits

5000
2000
300
1700
1200
500

This yields the following unit cost breakdown in percent. For purely illustrative purposes,
a unit price of 0.66.. has been assumed. This leads to a unit cost breakdown in monetary
units and figures for gross production and gross social product in units of generic good15.
Finally, orders of magnitude are suggested for productive capacity and inventories, again
in units of generic good:
Unit
Unit
Unit
Unit

intermediate input costs
depreciation
wage costs
profits

Productive capacity

60% (= 0.4)
6% (= 0.04)
24% (= 0.16)
10% ( = 0.066..)
8000

14 We use dimensionless notation.
A useful toolbox when specifying functional forms for this kind of systems is the family of functions that can be built from the
exponential function by algebraic operations. One of these is the hyperbolic tangens, a function that gets arbitrarily close to
1 for increasing positive numbers and arbitrarily close to -1 for decreasing negative numbers: tanh(x) = (e2x − 1)/(e2x + 1).
In (3), the numerical values of the parameters have been chosen so as to yield an illustrative pattern. Estimating parameter
values from empirical data is one of the interesting challenges arising in developing the model further.
To start with, market shocks are supposed to happen at high frequency with regular intervals of time. More sophisticated
approaches are possible, but not needed for the present outline.
15 For the purposes of formal analysis, the generic good can be defined as an eigenvector of a comprehensive input-output
table (i.e. including capital stocks) representing the German economy, with the rate of economic growth being equal to
the corresponding eigenvalue minus 1. This approach is developed in the literature on the von Neumann model of general
equilibrium - see e.g. the seminal treatise by Sraffa, P., Production of Commodities by Means of Commodities, Cambridge
U.P., 1960.
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Inventories
Physical gross production
Physical gross social product

400
7500 (=demand=supply)
3000

An array of product markets can now be modelled by introducing an index for each
market, using it to distinguish the corresponding variables, functions, and parameters,
and assigning suitable forms and values to functions and parameters. This, however, will
usually lead to situations where the short-term modifications of reference budgets do not
cancel out. As a result, the total budget is not consistent with total income - a problem
that is likely to arise anyway due to short-term fluctuations in total income. To address
this problem, which lies at the heart of general equilibrium theory, it is necessary to look
at income formation and savings decisions. Therefore, and in order to start thinking
about unemployment, we next consider labor markets.

3

Labor Markets

When analyizing labor markets, one can take the same starting point as with product
markets: a demand and a supply curve depending on a price variable - in this case the
market wage. From there one can again move towards a dynamic analysis by looking at
how differences between demand and supply - via the rate of unemployment - influence the
change of that variable. However, wage dynamics depend not simply on the unemployment
rate, but rather on the relation between this rate and a reference rate of unemployment
that is often referred to as the Nairu, the non-accelerating-inflation-rate-of-unemployment
(more about this below). Figure 3 illustrates the resulting structure.
On labor markets, unemployment plays a similar role to inventories on product markets.
There are important differences, though. They are related to the fact that labor is like
electricity in so far as it cannot be stored. This has led to the habit of talking about
labor as if it had the dimension ”time”, i.e. talking about hours of labor. The example of
electricity shows that this way of talking makes sense only if these hours are characterized
- at least implicitly - by some kind of intensity measure. When talking of electricity, we
talk about ”kilowatt-hours”, not just hours. Clearly, the electrical current flowing for one
hour through a 50 watt bulb has a different price from the current flowing for one hour
through a 100 watt bulb. Moreover, electricity as an economic good is also characterized
by further characteristics like voltage, reliability of delivery, and more.
With human labor, the basic characteristic is given in terms of persons: what matters
are hours of activity of human beings, person-hours. And these persons must come with
certain capabilities, including perhaps the ability to write programs, or to sell shoes, and
to do so according to cultural standards of reliability. The dimension of labor then is not
time, but activity of people, and the basic unit is the activity of a person with certain
characteristics.
What counts as labor cannot be specified as a physical process, labor is as culturally
defined as telling jokes or dancing. Where we will need a general term for the relevant
activity, we will talk about economic activity of some number of people. Therefore,
the quantities of labor supplied, labor demanded, and labor employed, ls , ld , le , have the
12

Figure 3: Basic structure of labor markets

dimension economic activity of a number of people.
Because labor cannot be stored, unemployment - unlike inventories - is not a stock of a
good traded on some market. Unemployment indicates potential, but unrealized economic
activity. The dimension of the market wage, Wm , is money per (economic activity of one
person times one unit of time). This is the gross wage, indicating the costs incurred by
the employer; its relation with net wages, the cash actually received by the employee, will
be discussed in section 5, where we will investigate monetary matters. When discussing
economic activity, an hour is usually a better time unit than a month or a year, because
different person-months and -years may involve quite different numbers of hours. The
dimension of wage costs, le ∗ Wm is money per hour: economic activity of a number of
people times (money per (economic activity of one person times one hour)). Finally, it is
useful at this stage to introduce output per hour, z, also called labor productivity. This
is a key characteristic of production processes with the dimension output per (economic
activity of one person times one hour).
While these elaborations may appear tedious, they can help to avoid serious conceptual
confusions. For modelling purposes, a simple consequence is that unemployment differs
from inventories by not being a state variable in an elementary model of labor markets.
Unemployment would be a state variable in another kind of model, namely a demographic
one where one would be interested to track the fate of people getting, having, losing, and
missing jobs. And something akin to unemployment is an inventory in a slave economy:
the number of slaves not put to work by their owners.
Let sl and dl be the supply and demand functions for labor and fW the bargaining function
for the market wage (as in section 2, fx is the excess demand function). The bargaining
function represents a bargaining process taking place partly as institutionalized negotiation between trade unions and employers associations, partly as an on-going and often
informal negotiation process between individual employees or potential employees and
managers. In this bargaining process, the level of unemployment is a critical variable, as
it influences the bargaining strength of both sides - the higher the level of unemployment,
the weaker the bargaining position of employees.
Labor supply depends on the wage level via the decision of households on what amount
of labor they want (and need) to supply at the wage level they are faced with. Labor
demand depends on the wage level in a more indirect way: once producers have decided
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Figure 4: Labor market with parameters

how much they want to produce, their demand results from the current level of output
per hour (output, that is, of the good to be produced). Wage costs in turn influence the
decision about the production goal, qq . When considering the labor market in isolation,
we represent this influence by a product supply function sq yielding the production goal
as a response to wage costs. It is obtained from the supply function on the product
market by freezing all variables determined on the product market at some given level
while allowing variable costs to vary with wage costs. Later in this section, we will couple
labor and product markets and include the interaction with the variables determined on
the product market in an explicit way.
Next, let Nu be the Nairu, and fN an adjustment function showing how it changes with
the long-term development of unemployment. Finally, let vl represent labor market shocks
that influence the outcome of this bargaining process, again characerized by a probability
distribution gl for the derivative of these shocks.
With these tools one can model a labor market with the following functions:
Ẇm = fW (Nu , ul , vl )
Ṅu = fN (Nu , ul )
ul = fµ (fx (ld , ls )) = max(ls − ld , 0)
ld = dl (qq )
qq = sq (Wm )
ls = sl (Wm )
π(v̇l ≤ x) = gl (x)
Wm (0) = Wm,0 > 0
Wm , Nu , ul , ls , ld , qq ∈ IR+ , vq , x ∈ IR
This is a three-dimensional dynamical system that can also be written as:
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(4)

Ẇm = fW (Nu , fµ (fx (sd (sq (Wm )), sl (Wm ))), vl )
Ṅu = fN (Nu , fµ (fx (sd (sq (Wm )), sl (Wm ))))
π(v̇l ≤ x) = gl (x)

(5)

Figure 4 shows the parameters involved in modelling labor markets. Labor demand by
producers depends on the level of labor productivity, Lz . The production goal of producers
depends on the reference price and on labor productivity (the impact of the market
wage on production decisions varies with these parameters). Labor supply depends on
demographic potential, lp , even if this potential is less of a clear-cut figure than one might
think, in particular because of migration possibilities, changes in retirement schemes, etc.
Moreover, labor supply as well as the dynamics of market wages and of the Nairu depend
on reference wages, Wr - on few markets do ideas of fairness play such an important role
as on labor markets, and reference wages embody such ideas along with experiences from
the past and expectations for the future.
In line with the model of the product market, for a start it is reasonable to take sl ,
dl , sq , fW , and fN as smooth functions, with dl , sl and fN monotonically increasing, sq
monotonically decreasing.
The wage barganining function, fW , deserves a more differentiated treatment. Historical
experience suggests that two different regimes should be distinguished, one with a low
and one with a high Nairu. Currently, the former lies around 5%, the latter around 10%.
Theoretical research has led to an understanding of the importance of multiple equilibria in
economics that so far has been underutilized in applied research16 . The economic worries
of Germany as well as the challenge of climate policy are instances where the study of
multiple equilibria can provide important insights. Over the past decades, Germany has
moved from a low-Nairu regime to a high Nairu regime. Most OECD countries have
experienced a similar transition starting around 1970. Some countries have found a way
back, most notably the U.S. and the UK, but also Sweden, Australia, and Japan. Studying
the possibility of such transitions is a key task when thinking about the economic future of
Germany. When it comes to climate policy, it is quite obvious that without a transition to
a low-Nairu regime it will be all but impossible to implement effective measures to lower
greenhouse gas emissions. For these reasons, we use a wage bargaining function with two
equilibria for the Nairu, one at 5% and one at 10%.
When defining possible functional forms for the labor market, two cases must be distinguished. Modelled as a stand-alone module, the labor market takes exogenous parameters
that become endogenous variables when the labor market is coupled with other modules.
We immediately consider the latter case:17
Ẇm

=

Ṅu

=

Wm ul
∗
∗ (1 + vl )
Wr Nu


1000 ∗ −Nu3 + 0.225Nu2 − 0.01625Nu + 0.000375 +


ul
0.05 ∗
−1
Nu




Wm ∗ 1 −

16 The key result is the Sonnenschein-Mantel-Debreu theorem, see Sonnenschein, H. (1972), Market Excess Demand
Functions, Econometrica, 40, 549-563. See also the literature on sunspot equilibria, e.g. Evans, G.W., Sakari, S.M. (2003)
Existence of adaptively stable sunspot equilibria near an indeterminate steady state. Journal of Economic Theory, 111,
125-134.
17 We will use the same procedure with the subsequent modules.
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ls

=

ld

=

qq

=

π(v̇l ≤ x)

with

=

Wm
+1
lp ∗ tanh 0.1 ∗
Wr
qq
z
K̂ ∗




V
Pm
− 10 ∗
− 4.1
0.5 + 0.5 ∗ tanh 5 ∗
cu + (Wm /z)
K̂
g(x)
with g the uniform distribution over the
interval (−1, 1) and vl ∈ (−1, 1)

(6)
!!

lp = 50, Wr = 33.33.., z = 208.33.., K̂ = 8000, Pm = 0.66..,
cu = 0.4, Wm (0) = 0.33.., Nu (0) = 0.09, vl (0) = 0

Again, it may be useful to mention a few rough figures characterizing the German economy
(in million people):
Employed
36
Unemployed
4
Unemployment ratio
10%
To make the figures used in the representation of the product market fit with those used
here, a labor productivity of 208.33.. (unit of generic good per person employed) has been
assumed along with a labor potential of 50 (million people).
Much as with the model of the product market, this system converges to a neighborhood
of an equilibrium value for any admissible initial value. But there are two important
differences. First, the Nairu adjustment function now leads to a non-linear system with
two stable equilibria. Random shocks or exogenous influences can move it from one to
the other. Second, the model represents the fact that labor markets hardly ever clear the
way product markets often (not always) do. With the parameters chosen, the equilibrium
configuration is one of persistent unemployment with an unemployment rate of about 10%
for the high-Nairu regime and about 5% for the low-Nairu regime.
The key difference between product and labor markets in this regard is that on product
markets the price adjustment function is equal to zero when supply equals demand, while
on labor markets the wage adjustment function is equal to zero in a situation where
supply is larger than demand. In the model of product markets, inventories are built into
the supply function, while in the model of labor markets their analogue, unemployment,
results from the bargaining function. This is related to the fact that while inventories exist
mainly as a tool to manage the uncertainties of future market dynamics, unemployment
is often much larger than would be needed to deal with market frictions. There is all the
difference in the world between persistent unemployment of 2 or 3%, as experienced in the
”golden age” of industrialized countries after World War II, and unemployment rates of
10% and more, as experienced in Germany and some other countries today. The present
model shall help to understand this difference and what one might do about it.
Before investigating these matters, however, we need to cover more ground. First of all,
we couple the product and the labor market. In the labor market, the only change consists
in the fact that now the market price is not a parameter any more but rather a variable
taken from the product market. In the product market, there is an analogous change
16

because variable costs cease to be a parameter and come to depend on wage costs as
taken from the labor market. This implies that the production goal becomes a variable
jointly determined by the two markets.
Moreover, the production goal may turn out to be unrealistic because of insufficient labor
supply. Therefore, we distinguish between a production goal function fq and a supply
function sq . The supply function now simply takes the minimum of the production goal
qq and the product of labor supply and output per hour. The production goal function
inherits the structure of the product supply function considered so far, with both market
price and the market wage as independent variables.
Those parameters that have not turned into variables stay the same. With these specifications, the two coupled markets again reach one of the two equilibria with a Nairu of
10% or 5%.
The coupled model of product and labor markets yields a non-linear stochastic dynamical
system with four deterministic state variables - market price, inventories, market wage,
Nairu - and two stochastic components representing random shocks on each market.
With suitable modifications of the parameters, such a system is sufficient to create all
sorts of oscillations and chaotic dynamics, and these may show interesting patterns in
their own right. However, in economic terms this two-market system is useful mainly as
a prelude to a model including investment and finance. Without these elements, there is
little to be said about the German economy and its dynamics. Therefore, we now turn to
the production process and then to financial markets.

4

Production Processes

When modelling production processes, it is important to distinguish between two timescales. Inventory management and capacity utilisation evolve in the short term, capacity
expansion and increase of labor productivity evolve in the long term.
The short term is related to market dynamics: if for some reasons firms are faced with
falling demand, they react by filling up inventories and reducing production without
immediately scrapping part of their productive capacity. With increasing demand, on
the other hand, inventories are emptied and production increases until capacity limits
are reached. Both ways, capacity utilisation shifts over time scales of weeks, not years.
At this time-scale, which we considered in the section on product and labor markets,
the production process can be represented by a short-run production function describing
the quantity produced as the product of labor employed and output per head, with the
constraint that the quantity produced cannot exceed the given productive capacity:
qs = le ∗ z, qs ≤ K̂
Fluctuations in output then correspond to fluctuations in employment.18
The long term is related to production dynamics - to the expansion of productive capacity and the enhancement of labor productivity.19 The relevant structure of production
processes is represented in figure 1.
18 The labor demand function considered in section 3 is based on the inverse of the short-run production function. In
section 2, the constraint q ≤ K̂ set by production capacity is embodied in the form of the supply function.
19 The first thorough analysis of the long-term expansion of productive capacity was provided by Marx in his ”Capital”,
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Figure 5: Basic structure of production processes

Consider productive capacity first. It is maintained and expanded by gross investment,
Iq . This is the flow of new capital goods accumulated in the stock of such goods. Part
of it is needed to offset the scrapping of old facilities, Γq , the rest increases productive
capacity. The change of productive capacity results from the difference between gross
investment and scrapped capital goods, each multiplied by its respective capital output
ratio. The two ratios may or may not coincide. In the long run, their fluctuations seem to
cancel out, so that for a start it seems reasonable to treat them as identical and constant.
Gross investment results from an investment function fI . This function represents one
of the most important processes in economic dynamics: the decision about how much to
invest. When considering a production process in isolation, the subtleties of this decision
get lost. In a preliminary way, then, we will represent investment as a linear function
of total output, in the style of Solow growth models. Total output in turn results from
productive capacity and a parameter for the degree of capacity utilization, βq . When
coupling the production process with the product market, this will become a variable.
But eventually, the investment function will have to be defined in the context of financial
markets, to be discussed in section 5.
The dimension of gross investment is units of new capital goods per unit of time. The
dimension of productive capacity is units of output goods per unit of time. Gross investment is related to changes in productive capacity via the capital-output ratio for new
capital goods, κI . As we keep intermediate products explicit, the capital output ratio
refers to gross production; the ratio for gross social product is larger, depending on the
proportion of intermediate products in gross production.
vol.2. He saw the importance of a concept of capital that would relate the dynamics of production to the dynamics of financial
markets. But this requires mathematical tools to deal with vector spaces of different dimensions - one, many, infinite that have been developed only in the 20th century. One might say that he provided the Euclidean geometry of capitalist
development - a geometry shared by the Ramsey-Solow-Romer family of growth models, whose dynamics is governed by an
even more simplified concept of capital than the one used by Marx. Given the disasters his ideas contributed to, however,
it will take some time until it will be possible to treat Marx in economics with the detachment that mathematicians display
when talking about Euclid.
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Figure 6: Production process with parameters

As long as we consider generic goods only, the capital-output ratio is a dimensionless
number. Once we get interested in differences between goods, the capital stock becomes
a vector, as do gross investment and scrapping. The capital output ratio for new goods
then becomes a matrix (κI [i, j]) whose elements have the dimension product of type j
per capital good of type i. All the formulas introduced can be generalized from scalar to
vector format.
Scrapped old capital goods, Γq result from a scrapping function fΓ . Again, when considering a production process in isolation, we are left with a very coarse representation
of scrapping decisions. Still, a simple linear relation between productive capacity and
scrapping provides a useful start for analysis. The dimension of scrapped goods is old
capital goods per unit of time, scrapping is related to changes in productive capacity via
the capital-output ratio for scrapped capital goods, κΓ .
Gross investment affects not only productive capacity, but also labor productivity, or, with
a more sober term, output per hour of labor, z. A solid body of empirical research has
shown that gross investment systematically fosters learning by doing, thereby enhancing
output per hour. In particular, the effect of learning by doing on productivity growth
is larger than the effect of expenditures for research and development.20 Although the
relation with gross investment is quite robust, the dynamics of output per hour still is
quite erratic. We represent this dynamics by a learning function, fz depending on gross
investment and a random term vp for production shocks, with an analogous notation to
the one used for market shocks.
Figure 6 shows the model structure including the parameters used. With these tools,
20 This line of research originated with ideas expressed in Arrow, K.J. (1962) Economic Implications of Learning by Doing,
Review of Economic Studies 29,155-173; key empirical findings are due to Lieberman, M. (1987) Patents, Learning by Doing,
and Market Structure in the Chemical Processing Industries, International Journal of Industrial Organization, 5, 257-276;
a comprehensive overview has been provided by Scott, M. Fg. (1989) A new view of economic growth, Clarendon Press,
Oxford; detailed U.S. data can be found in Bessen, J. (1997) Productivity Adjustments and Learning-by-Doing as Human
Capital, Discussion Paper 97-17, Center for Economics Studies, U. S. Census Bureau, Washington D.C.

19

we can analyze the dynamics behind the so-called substitution of labor by capital. In
the short run, varying degrees of capacity utilization lead to varying amounts of labor
being employed with a given stock of capital. In the long run, it is instructive to look
at full-capacity employment. Two polar cases can be distinguished. If gross investment
is just sufficient to replace scrapping, the capital stock does not grow while output per
hour increases due to learning by doing, leading to a decreasing amount of labor being
necessary to operate the existing capital stock at full capacity. If productive capacity is
increased, employment at full capacity may increase or decrease depending on the shape
of the learning function.
Next, we retain the structure of the resulting model of production processes:
˙
K̂ = Iq ∗ κI − Γq ∗ κΓ
ż = fz (Iq , vp )
Iq = fI (K̂)

(7)

Γq = fΓ (K̂)
π(v̇p ≤ x) = gp (x)
K̂, Iq , z, Γq , ∈ IR+ , vp , x ∈ IR
Written as a three-dimensional dynamical system the model looks as follows:
˙
K̂ = fI (K̂) ∗ κI − fΓ (K̂) ∗ κΓ
ż = fz (fI (K̂), vp )
π(v̇p ≤ x) = gp (x)

(8)

To start with, it is reasonable to assume all functions involved as smooth, increasing in
each argument, and yielding zero when all arguments are zero. This leads to a threedimensional linear stochastic system driven by a one-dimensional subsystem following an
exponential trend. The rate of growth is determined by the investment share. For the
moment, this share is an exogenous parameter; in the next section, we will turn it into
a variable whose value depends on the interplay of the system considered so far with
financial markets.
A simple set of functional forms and parameter values that offers a starting point for
analysis is the following (I˜v , discussed in section 5, is the actual investment share):
˙
K̂
ż

=
=

Iq

=

Γq

=

π(v̇p ≤ x)

=

Iq ∗ κI − Γq ∗ κΓ
αz ∗ Iq ∗ (1 + vp )
I˜v ∗ K̂ ∗ βq
K̂
κ
gp (x)
with g the uniform distribution over the
interval (−1, 1) and vp ∈ (−1, 1)
αΓ ∗

K̂(0) = 8000, κI = κΓ = 1, αΓ = 0.056, αz = 0.007,
βq = 0.94, z(0) = 208.33.., vp (0) = 0
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(9)

Orders of magnitude that may be used to characterize the aggregate production process
of the German economy are (again using a fictitious price of 0.66 for conversion into units
of generic good):
growth rate
1%
investment share
7.5%
value of gross investment
380 billion
depreciation
300 billion
value of net investment
80 billion
value of productive capacity
8000 billion
capital stock in units of generic good
12000
new capital goods invested
570
thereof replacing scrapped capital
450
net investment in units of generic good
120
For the dynamics of technical progress, a learning rate of 0.007 is roughly consistent with
the data. As mentioned in the previous sections, a productive capacity of 8000 units
of generic goods, gross production of 7500 units, a gross social product (i.e. without
intermediary inputs) of 3000 units and a labor productivity of 208.33.. units of generic
good per person employed have been assumed.
To couple the production process with the product and labor market, five steps are needed.
First, capacity utilisation is turned from a parameter into a variable; it now enters the
production process as the result of the interplay between demand and supply on the
product market. Second, in an analogous fashion labor productivity enters the labor
market as the result of learning by doing in the production process. Third, reference
wages grow with labor productivity and with reference prices.
While these steps are sound representations of economic realities, the next two are more
provisional. To model the long-term dynamics of the product market, we need a dynamics
of reference budgets. Budgets depend on incomes, of course, but between incomes and
expenditures lie the dynamics of money and credit. For the moment we bypass these by
Say’s law - an analytical device that should rather be known as Say’s shortcut. Here we
use it by setting reference budgets equal to product supply times reference prices. A link
taking account of money and credit will be established in the next section.
Reference prices depend on inflation expectations, and these are still not well understood21 . To start, we let reference prices grow according to an exogenous inflation expectation (2% is a good guess for Germany). Variable costs except wage costs are then
geared to the increase in reference prices.
The coupling of the three components developed so far yields a non-linear seven-dimensional
stochastic dynamical system with two locally stable trajectories of exponential growth.
21 Keynes, an economist with a thorough mathematical training in probability theory, changed the world with a set of
ideas that included bold and somewhat obscure conjectures about economic expectations and animal spirits. Friedman
challenged these ideas with claims about adaptive expectations of future inflation, claims that are easier to understand at
first sight, have a wealth of data as background, and lead into a theoretical quagmire. Lucas and Sargent revolutionized the
field with the elegant, if somewhat oversold idea of rational expectations. The next wave in this area of research is no doubt
in the making. Examples of current contributions are Andolfatto, D.,Hendry, S., Moran, K. (2002) Inflation Expectations
and Learning about Monetary Policy, Bank of Canada, Working Paper 2002-30; and Mankiw, N.G., Reis, R., Wolfers, J.
(2003) Disagreement about Inflation Expectations, Harvard Institute for Economic Research, Working Paper 2011. For the
time being, a mix of adaptive and rational expectations seems a good way to go - and on this basis for the long-term analyis
of a country like Germany the assumption of a constant inflation expectation is a useful first approximation
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The low-growth trajectory comes with growth rates of less than 2% and a persistent unemployment rate that starts around 10% and grows with irregular steps of about 3%.
The high-growth trajectory comes with growth rates of 2.5% or more and unemployment
rates below 4%. Between the two trajectories lies a region where the economy slowly and
erratically meanders between these two possibility. Which behavior is found depends on
the level of net investment, which in turn depends to a large extent on the dynamics of
financial markets.

5

Financial Markets

What is the role of financial markets in the determination of investment? Financial
markets generate demand for investment goods on the basis of expectations about future
returns. A new airplane is not built to satisfy present demand for plane tickets in the
future, but to satisfy present demand for airplanes based on expectations of future ticket
sales. And the relevant expectations are those of airlines who purchase planes, banks who
give or deny credit to airlines, and financial investors - including banks - who buy or sell
stock of those airlines.
In the economy we live in, investment is not determined by a set of complete future
markets - markets on which contracts for all conceivable future contingencies would be
traded today -, but rather by financial markets. They generate investment decisions based
on social expectations where price signals don’t exist. In the short run, these expectations
refer to a very large extent to the internal dynamics of financial markets themselves - each
financial investor tries to guess what will happen as the result of the guesses of all other
investors. Therefore, the short-run dynamics of financial markets are extremely complex
and hard to grasp.22 In the long run, the internal dynamics is much simpler, leading to
an amazing stability of the interest rate over centuries and even millennia.
We can discuss this dynamics by looking at three auxiliary variables: the share of investment, new credit, and the rate of profits (see figure 7). Their dynamics depends on six
state variables: desired investment share, depreciation, volume of credits, credit limits,
value of productive capacity, and financial shocks. The interface to other components
of the economy is defined by parameters like revenues and costs. Finally, there are parameters that can be influenced by policy decisions. These include taxation schemes for
property income, new government debt, and the rate of interest set by central banks (see
figure 8 for the role of these parameters).
With regard to the generation of investment demand, the role of stock and credit markets
are quite similar: the expectations of financial investors, including banks, determine to
what extent the expectations of other businesses are translated into investment decisions23 .
Basically, financial investors select those - necessarily risky - entrepreneurial investment
projects they consider sufficiently promising in comparison to the low-risk return to be
expected from government bonds.
Credit is quite different from typical economic goods because credit transactions are based
on assessments of default risk that require information about the individual parties in22 For an instructive discussion of these complexities and their relevance for modelling short-term financial market dynamics
see Derman, E. (2004) My Life as a Quant : Reflections on Physics and Finance, Wiley.
23 Therefore, we do not represent stock markets explicitly at the present stage of model development, but limit ourselves
to the representation of credit - the basic mechanism remains the same with stock markets.
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Figure 7: Basic structure of financial markets

volved24 . If somebody wants to buy a typical economic good it is sufficient to pay the
price to do so. If somebody wants a credit at the ruling rate of interest the whole point of
the transaction is that he will have to pay the credit back at a later stage - and therefore
the creditor needs to assess whether the debitor will actually be able to fulfill the promise
he is willing to make in order to get the credit.
We represent the process of investment determination by distinguishing between gross
investment as defined in section and the quantity of gross investment business would
envisage in the absence of financial constraints. We express both quantities as shares of
total output evaluated at market prices, in order to get constant numbers if changes in
investment reflect economic growth rather than changing investment decisions. We write
I˜v for the actual investment share and I˜d for the desired one. The actual share then results
from an investment selection function, fs . Writing Cb for the total amount of credit, the
amount of new credit made available for investment purposes can be represented by the
net amount of new credit made available by the banking system, Ċb , minus the net amount
of new debt desired by government, Dn . Clearly, government debt is a key parameter from
a policy point of view.
What determines desired investment? Expected profits as assessed by the business in
question. We represent this assessment by an investment adjustment function fI . This
function yields changes in desired investment; actual investment then results from applying the selection function to desired investment. Of course, when assessing expected
profits, business is aware of actual profits as well as of the rate of interest, defining the
cost of credit as well as the return on low-risk government bonds. In the German economy
of the present, the rate of interest, ι is a parameter, mainly depending on decisions of the
European central bank. As profits are riskier than interests, investors will want the rate
24 For an inspiring analysis of the specificities of financial markets see Stiglitz, J.E., Greenwald, B. (2003) Towards a New
Paradigm in Monetary Economics, Cambridge U.P.
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Figure 8: Financial market with parameters

of profit to be considerably higher than the rate of interest.
Desired investment is also influenced by the taxation of property income, the source out
of which net investment is financed nearly exclusively in Germany. Property income invested in capacity expansion is taxed at a different rate than property income invested in
government bonds or spent for consumption. We represent this influence by two parameters, again of key interest from a policy point of view: the taxation of property income
spent on investment in productive capacity, τI , and the taxation of property income spent
for other purposes (mainly consumption or government bonds), τx .
One might think that the rate of profits is a simple signal passed from the production
process to financial markets, but this would be a rather misleading picture. Reasonable
assessments of the rate of profits of any business are rarely to be found in its books.
There are many problems here, but the most important one is how to evaluate productive
capacity in the course of time. Just adding up the historical costs incurred in creating
that capacity will not do: what matters for the valuation of productive capacity are not
past costs, but future profits, and even if they could be known with certainty, these two
magnitudes usually lead to very different valuations. Assessing what a business is worth
is one of the key functions performed by financial markets, and therefore the rate of profit
is a signal produced jointly by the production process and these markets. In figure 8 this
is represented by letting the interest incentive - and thereby the relation between the rate
of profits and the rate of interest - influence depreciation DK (and thereby the valuation
of productive capacity). We will represent this influence by a depreciation function fD .
As for new credit, the problem of default risk means that the rate of interest does not
suffice as co-ordination signal on credit markets: whatever the rate of interest, there will
24

always be a default risk that can be further reduced by refusing and/or limiting credits
to risky clients. This means that on credit markets, prices will be systematically complemented by non-price signals, with the result that these markets are routinely governed
by a combination of price incentives and rationing processes. We model this situation by
a credit limit C̄b . Its change resuls from a risk management function fr depending on
the given credit limit, the volume of credit, the interest incentive, and financial shocks.
New credit then is the minimum between the credit limit and demand for new credit, i.e.
the sum of desired government debt and desired investment. We write fC for the credit
function that yields new credit along these lines.
On the basis of these arguments, we can represent financial markets with the following
functions:
I˙˜ = f (I˜ , r)
d

K̇
ḊK
Ċb
C̄˙

I

d

= φK (I˜v , DK )
= fD (DK , K, I˜v , r)
= fC (C̄b , I˜d )

= fr (C̄b , Cb , r, vf )
π(v̇f ≤ x) = gf (x)
P
r =
K
P = φP (K̇)
I˜v = fs (I˜d , Cb )
b

(10)

These functions yield a six-dimensional stochastic dynamic system. Depending on the
functional forms assumed, such a model can lead to highly involved dynamic patterns.
And when looking at data of short term dynamics, this is what one would want to get.
Given the remarkably stable long term dynamics of the German economy, however, for
our present purposes it is more reasonable to assume functional forms and initial values
that lead to a single stable trajectory for a rather wide range of values of the exogenous
parameters.
The following specifications lead to trajectories akin to those observed in the past. They
are geared to the other components of the economy via the parameters qs , qd , Pm , cu , ls , ld ,
and Wm . When considering the financial market in isolation, one can set initial values
and growth rates for these parameters at typical levels taken from the coupled simulation
of the other model components. Notice how financial markets are coupled to the rest of
the economy: they synthesize information about the rest of the economy via the rate of
profits and influence its course via the investment share.
I˜d
I˜d ∗ 1 −
iτ ∗ (0.01 ∗ iι + 0.99)

!

I˙˜d

=

K̇

=

ḊK

=

Ċb
C̄˙

=

Iv − DK
K
0.001 ∗
iι
min(Ib + Dn , C̄b )

=

min(0.035 ∗ C̄b ∗ (0.5 ∗ iι + 0.5) ∗

b
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r

=

P

=

(1 + vf ), 0.07 ∗ Cb )
P
K
min(qs , qd ) ∗ (Pm − cu ) −
min(ls , ld ) ∗ Wm − DK

(11)

!

max(Ċb − Dn , 0)
=
min I˜d ,
0.25 ∗ qs ∗ Pm
r
iι
=
3∗ι
iτ
=
0.1 ∗ ((0.5 ∗ τx2 + 0.5) ∗ (1 − τI )2 )
+ 0.05
Ib
=
0.25 ∗ I˜d ∗ qs ∗ Pm
Iv
=
I˜v ∗ qs ∗ Pm
π(v̇f ≤ x)
=
gf (x) :
uniform distribution over(−1, 1)
I˜d (0) = 0.082, K(0) = 5333.33.., DK (0) = 266.66.., Cb (0) = 4000,
C̄b (0) = 200,
vf (0) = 0,
τI = 0.25, τx = 0.35,
I˜v

Dn (0) = 100, Ḋn = 0.035 ∗ Dn , ι = 0.04
Together with the other three model components, and with the parameter values indicated
so far, this yields long-term growth of about 1% with an unemployment rate erratically
fluctuating around 10% (see fig. 9) - thereby reproducing key stylized facts of the current
German economy in an intelligible way.

6

The challenge of emissions reduction

From a climate policy point of view, a second finding is crucial. The system can also
follow an alternative path with unemployment fluctuating around somewhat less than 5%
and economic growth increasing to more than 2%. This is clearly desirable on grounds of
economic policy - but it can easily lead to significant increases in greenhouse gas emissions.
To deal with this potential conflict between economic and climate policy, it is essential
to analyse how a transition from the low-growth, high-unemployment path to the highgrowth, low-unemployment path might be achieved. Neither a neo-classically inspired
policy of decreasing wage costs nor a policy of deficit spending in the keynesian tradition
can achieve this. Rather, a combination of three measures is required. First, tax incentives
must be shifted so as to encourage investment and discourage consumption from profit
incomes.25 Second, the steady increase of government debt must be stopped.26 Third, the
rate of interest must be reduced by about a percentage point - a relatively trivial step if
the second measure is realized. Together, these measures amount to a financial transition
whereby the power of financial markets is used to mobilize idle economic resources.
25 Such a policy has been pursued in Sweden and Austria, and in both these two rather different economies it has yielded
very positive results.
26 Germany had achieved this goal before the poorly managed process of economic re-unification, the U.S. before the Iraq
war. Decreasing government debt would be helpful, but not required.
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Figure 9: The low-growth, high-unemployment trajectory

With such a transition, it seems possible to achieve a shift from the first to the second path
in about ten years, reducing the unemplyoment rate by more than 0.5 percentage points
per year during that decade (see fig. 10). This means a Pareto improvement over that
period. It is triggered by an increase in investment that induces an increase in effective
demand while the growth of government debt decreases.
From a climate policy point of view, this offers a striking opportunity: the additional
resources mobilized in the process can be used to reduce the energy intensity of the German
economy. Over the relevant time-horizon of a decade, it would be impossible to transform
the whole system of German power plants. But it seems possible to systematically reduce
the energy needed for heating and for transport to an extent that would result in a
significant overall reduction of greenhouse gases.27 In the longer term, then, additional
opportunities involving major changes in the production of commercial energy can be
seized.
The key point is the stark contrast between an economic policy that exacerbates the
emission problem in order to shift the system to a different growth-trajectory and the
same policy that eases the emission problem by setting appropriate incentives for the use
of the additional economic resources mobilized in the transition.
The financial transition then offers opportunities for Pareto improving structural changes
that are desirable from a climate policy point of view. To analyse these opportunities,
the model will have to be expanded so as to include markets and production processes
relevant for reducing greenhouse gas emissions.28
When doing so, it will be useful to keep in mind the distinction between models as used
27 One needs not to agree on every item in the long list of emissions reduction opportunities provided by S.Pacala and
R.Socolow, Stabilization Wedges: Solving the Climate Problem for the Next 50 Years with Current Technologies (Science,
305, 968-972, 2004) to see that significant opportunities do in fact exist both in the shorter and the longer run.
28 This will require additional enhancements, in particular concerning the dynamics of reference prices and reference
budgets when new goods enter the market.
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Figure 10: The high-growth, low-unemployment trajectory

in, say, meteorology and in architecture. In the former case, it is possible and desirable
to provide a model describing with considerable accuracy processes taking place quite
independentently of human action. In the latter case, the goal is not to provide a model
of all actual and even less all possible buildings, but to use a model to organize specific
courses of action.
Both the reduction in unemployment and the reduction in emissions envisaged here are
of a kind that will hardly ever be amenable to precise quantitative forecast. What an
economic model like lagomd sim can realistically provide is a toolbox to sketch possible
courses of action, a toolbox that can be used first to design a reasonable policy and
then to improve it on the basis of the experiences made with its implementation. In this
perspective, the current version prepares the ground for some structured thinking about
an economic landscape relevant for climate policy. If the ground proves to be fertile,
subsequent versions should be useful to develop current climate policies in countries like
Germany so as to enhance their effectiveness and credibility in the years to come.

28

7
αΓ
αI
αz
βq
Cb
C̄b
cv
cu
DK
Dn
dl
dq
fC
fD
fΓ
fI
fµ
fN
fP
fq
fr
fs
fV
fW
fx
fz
gf
gl
gp
gq
Γq
Ib
I˜d
Iq
Iv
I˜v
iι
iτ
ι
K
K̂
κ
κI
κΓ
ld

Appendix: Symbol List
scrapping rate
investment rate
learning rate
capacity utilization
total amount of credit
credit limit
variable costs
variable costs without wages
depreciation
desired net change of government debt
demand function for labor
demand function for product
function for new credit
depreciation function
scrapping function
investment adjustment function
function taking the maximum of a variable and zero
adjustment function for Nairu
adjustment function for market prices
production goal function
risk management function for credit
selection function for investment
adjustment function for inventories
bargaining function for market wage
excess demand function
learning function
probability distribution for financial market shocks
probability distribution for labor market shocks
probability distribution for production shocks
probability distribution for product market shocks
scrapping of old facilities
desired investment credit
desired investment share
gross investment
value of gross investment
actual investment share
interest incentive
tax incentive
rate of interest
value of productive capacity
productive capacity
Total production per average capital goods
Total production per new capital goods
Total production per scrapped capital goods
labor demanded
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le
lp
ls
Lz
Nu
P
Pm
Pr
φK
φP
π
qd
qq
qs
sl
r
sq
τI
τx
ul
V
vf
vl
vp
vq
Wm
Wr
x
Yq
z

labor employed
demographic labor potential
labor supplied
labor productivity
Nairu
Profits
market price
reference price
capital valuation function
profit function
probability measure on the real line
quantity demanded
production goal
quantity supplied
supply function for labor
rate of profits
supply function for product
tax on profits spent for entrepreneurial investment
tax on profits not spent for entrepreneurial investment
rate of unemployment
inventories
financial market shocks
labor market shocks
production shocks
market shocks on product markets
market wage
reference wage
real number
reference budget for product q
output per hour of labor
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