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The method of recurrence plots (RP) was firstly
introduced to visualize the time dependent behavior
of the dynamics of systems xi, which can be pictured

as a trajectory in the phase space (ECKMANN 1987).
It represents the recurrence of the phase space tra-
jectory to a certain state. The main step of this visu-
alization is the calculation of the N × N-matrix

where εi is a cut-off distance and Θ(⋅) is the Heavi-

side function.
The recurrence plot exhibits characteristic large-

scale and small-scale patterns which are caused by
typical dynamical behavior (ECKMANN 1987, WEBBER

& Zbilut 1994), e. g. diagonals (similar local evolu-

tion of different parts of the trajectory) or horizon-
tal and vertical black lines (state does not change for
some time).

ZBILUT and WEBBER have recently developed the
recurrence quantification analysis (RQA) to quantify
a RP (ZBILUT & WEBBER 1992, WEBBER & ZBILUT

1994). They defined measures using the recurrence
point density and diagonal structures in the recur-
rence plot, the recurrence rate RR (density of recur-
rence points), the determinism DET (ratio of
recurrence points forming diagonal structures to all
recurrence points), the maximal length of diagonal
structures Lmax (or the their averaged length 〈L〉),

the entropy ENT (of the distribution of the diagonal
lengths) and the trend TR (paling in the RP). A com-

putation of these measures in small windows moving
along the main diagonal of the RP obtains time
dependent behavior of these variables and thus,
transitions in the time series (e. g. TRULLA et al.
1996).

These RQA measures became rather popular and
are broadly applied in various scientific disciplines.
However, it seems that nobody has a critical look at
the reliability or significance of his results. This is
due to the fact, that the structures occuring in
recurrence plots are not yet understood to the
explicit detail. Finally, a significance theory for the
RQA is not trivial and not yet developed. The devel-
opment of the significance criterias for the RQA
should be the major task in the future. Here we
present a first step in this direction.

RP i j,( ) Θ ε xi x j––( )=
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Distributions for the RQA measures RR and DET and for the length L of single diagonal
structures for white, Gaussian noise. Left the theoretical result and right the result of a
simulation with 5000 (DET: 1000) realisations. Used embedding was m=1, τ=1; data
length 1000. The discrepancy between the theoretical and computed distributions, espe-
cially for DET, is due to the erroneous assumption, that the recurrence points are inde-
pendent.

Estimated one-side significance levels for RR, DET
and the length L of single diagonal structures for dif-
ferent thresholds ε. For RR the result of a simula-
tion with 5000 realisations is shown (circles and
crosses).

Suggestions/ Comments:

In the following, we show a snapshot of our last week
work, where we tried to get the theoretical distribu-
tions for the RQA measures. These distributions are
necessary for the significance assessment of the

RQA. This work was dedicated to Gaussian white
noise, maximum norm and embeddings of m=1.
The first approach uses the assumption, that the
recurrence points are independent, which is in deed

not the case. This invalid assumption leads to uncor-
rect distributions for RR and DET. Now we are
looking for a better approach.


