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Preface

Anecdote Concerning the Lowering of Productivity

A fisherman is dozing in the sun in his rowing boat. A tourist asks: “The weather is great and there’s
plenty of fish, so why are you lying around instead of catching more?”

The fisherman replies: “Because | caught enough this morning.”

“But just imagine,” the tourist says, ““you could go out three or four times a day and bring home
three or four times as much fish! And then you know what could happen?”” — The fisherman shakes
his head.

““After a year you could buy yourself a motorboat, and after two years a second one. One day you
might be able to build a freezing plant”” — ““And then?” asks the fisherman.

“Then you could spend your time at the harbour, dozing in the sun and looking at the beautiful
ocean.”

“But that is exactly what | am already doing,” says the fisherman. (based on B6ll 1986)

This work is motivated by concerns about the way our society interacts with its natural en-
vironment. The story about the fisherman illustrates how social processes shape the state of
natural resources. I’m convinced that mathematical methods can help designing sustainable
futures — if they are used with a respectful attitude towards other domains of knowledge. |
hope my work contributes to this task.

The thesis was written at the Department of Integrated Systems Analysis at the Potsdam
Institute for Climate Impact Research. Parts were funded by the Deutsche Forschungsge-
meinschaft (German Research Association, project PR 1175/1-1 “Viabilitat nicht-linearer dy-
namischer Systeme unter Unsicherheit”) and by the EU (Research Training Network HPRN-
CT-2002-00281). I would like to thank my supervisor R. Klein for his open-mindedness and
support. Further thanks go to my second reviewer, P. Saint-Pierre, and to J.-P. Aubin, which
both introduced me to viability theory. In particular, I wish to thank J. Kropp and M. Lideke
for general support, proofreading and numerous discussions which advanced my work. For
various discussions and assistance | would like to thank N. Bauer, J. Scheffran, B. Knopf, T.
Kleinen and further colleagues, in particular from the Eureca and Synapse teams. R. Holmes
helped me by carefully proof-reading the English text. Last but not least, I’m grateful to
Gerhard Petschel-Held whose life came to a sudden end some days ago. He inspired my
scientifc thought, backed me — and we had great fun in designing and playing games. My
thoughts go to his wife Ulrike Held. My deepest gratitude goes to Anja Wirsing and my
parents for keeping me grounded and for extensive encouragement.

Klaus Eisenack
Potsdam, September 2005
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Notations and Concepts

R,Ry, R real numbers, non-negative and non-positive real numbers
N natural numbers (including 0)
X CR" state space
C(X,Y),CY(X,Y) space of continuous and
continuously differentiable functions from X to Y’
z(+), (x;) trajectory or solution on R, sequence
z(-) = %w(-) derivative with respect to time
D,f=3%L,D;fi= % partial derivatives
J(f),P(X) Jacobian of a function f, power set of a set X
D¢ complement of a set D
(21,%2,...,2n) ordered set
(T122 ... 1y)" transpose of a vector

Model Ensembles

M model ensemble

£ space of admissible trajectories

M(E) monotonic ensemble (DEF. 1, p. 22)
M(u,C) monotonic landmark ensemble (DEF. 4, p. 29)
Sm() set-valued solution operator

Quialitative Differential Equations

A, A domain of signs and of extended signs [—], 0, [+], [?]

0,04,04; (extended) sign

[1,[]a sign operators, extended to vectors and matrices (p. 22, 28)

~ consistency of signs, sign vectors or sign matrices (p. 22)

b matrix of extended signs

v, W sign vectors, qualitative states or vertices of a state-transition-graph

z (landmark) abstraction of a reasonable function z(-) (DEF. 2, p. 23, DEF. 5, p. 29)
Smz) () solution operator of a monotonic ensemble (p. 22)

A A landmark, landmark vector (p. 28)

Q,S quantity space, qualitative state space (p. 28)

amag(v), qdir(v), qval, (v) qualitative magnitude, qualitative direction, qualitative value of
a qualitative state v (Eq. 2.8, Eq. 2.10, Eg. 2.6, p. 28)

Srm(u,0) (%) solution operator of a monotonic landmark ensemble (p. 29)
m map from a quantity space  — A?*"

C={C,....,Cpn} set of constraints on a qualitative state space

ap(z, &) state abstraction with respect to a landmark vector A (p. 28)
Zo(v) vanishing indices of a sign vector v (p. 24)

vAw intermediate state of qualitative states v, w (p. 25, 30)

71 (G) simple projection of a state-transition graph G

with respect to an index set I (DEF. 11, p. 39)



Differential Inclusions and Viability Theory

F:X~Y set-valued map from X to the power set P(Y") (p. 42)
Dom(F), Graph(F) domain and graph of a set-valued map F' (p. 42)
Sr(+) solution operator of a differential inclusion given
by a set-valued map F (p. 43)
Viabp (K, C) viability kernel of K with target C' (under a
set-valued map F', DEF. 13, p. 46)
Invr(K,C),Absr (K, C), invariance kernel, absorption basin and
Captp(K,C) capture basin of K with target C' (DEF. 13, p. 46)
Graph Theory
G directed graph
V(G), E(G) set of vertices and edges of a graph G
v,wand e, f vertices and edges
Uly.-ey U path in a graph
L(v),T*(v) successors of vertex v in G and in its transitive closure G*
G*,G1 transitive closure, reversal of a graph G
G~ bi-directed subgraph of G (p. 38)

For a directed graph G with verticesV (@), E(G) C V(G) x V(Q) is the set of edges. Since we deal only with
undirected graphs, we simply call them graphs. For an edge e = (v, w), v is called the source of e, and w its
target. The set of successors of a state v € V(G) is denoted by I'(v) := {w € V(G) | (v,w) € E(G)}. The
number |I'(v)| is the degree of the vertex v. A graph G is loop freeif Vv € V(G) : (v,v) ¢ E(G). A finite
sequence of vertices in V(G), written vy, . .., v,y,, is called a path of length (m — 1) ifVi=1,..., m —1:
vi+1 € I'(v;), and no state occurs more than once in the sequence. The only exception to the last restriction is
if v,, = v1, when the path is called a cycle. The restriction to finite sequences is sufficient for this thesis. The
transitive closure G* of G is defined by V(G*) := V(G) and

E(G*) :={(v,w) € V(G) x V(G) | thereisapathv,...,win G}.

A graph H with V(H) C V(G) and E(H) C E(QG) is a subgraph of the supergraph G. A graph H is
induced by a subgraph H' of G if V(H) = V(H') and

E(H) ={(v,w) € E(G) |v,w € V(H")}.

A subgraph H of G is strongly connected, if for all v,w € V(H), v # w, there is a path v,...,w and a
path w,...,v. Itis called a strongly connected component if it is a maximal strongly connected subgraph
with respect to inclusion of vertices. For two graphs G, H, the intersection G N H is defined by V(G N
H)=V(@G)NV(H), EGNH) = E(G)N E(H) and the union GUH by V(GU H) = V(G) UV (H),
E(GUH) = E(G)UE(H). Foran edge (v,w) € E(G), its reversal is (w,v) € V(G) x V(G). Thereversal
G~ of G is obtained by reversing all edges, i.e. V(G™1) := V(G),

E(G™) :={(v,w) € V(G) x V(G) | (w,v) € E(G)}.

An edge e € E(G) is bi-directed if E(G) also contains its reversal.



Chapter 1

| ntroduction

This thesis is devoted to the study of infinite ensembles of ordinary differential equations with
common monotonicity properties. Such ensembles arise in the research about sustainable
development, which aims to meet current human needs while maintaining the environment
and natural resources for future generations (WCED 1987). In the domain of sustainability
science, uncertainties about dynamic social-ecological systems pose major challenges, and
typologies of such systems are an important research field.

| present qualitative differential equations (QDEs) and differential inclusions as impor-
tant methods for this task and introduce the general framework of model ensembles which
includes both methods as special cases. They are complemented with concepts from viabil-
ity theory to combine reasoning about dynamics with the evaluation of possible development
paths. Due to the general nature of infinite ensembles, they do not produce unique trajecto-
ries but a large set of solutions. | develop several new techniques to evaluate and simplify
such solutions sets in this thesis. The strengths of the new methods, as well as the strengths
of QDEs in general, are demonstrated with several applications from natural resource man-
agement.

There are many instances where natural resources degrade even if they are managed in
some way. There is an urgent need to assess management regimes and design sustainable
options, as an important goal of sustainability science which “seeks to understand the fun-
damental character of interactions between nature and society. Such an understanding must
encompass the interaction of global processes with the ecological and social characteristics
of particular places and sectors” (Kates et al. 2001).

Syndrome Research and Management of Renewable Resources

The methods I develop and present in this thesis are motivated by and applied to problems
from natural resource overuse by agriculture, fishery and water management.

Soils and water are crucial for agriculture. However, approximately 15% of the terres-
trial surface is covered by soils which are degraded by human activities. These results of
intensive industrial agriculture or overuse of marginal land — probably under the additional
pressure of climate change — are most visible in the poor regions of the world (WBGU 1994).
Management tries to change land-use practices and the forces driving overuse, for example
by development programs.

11



12 Introduction

Marine fish stocks are under extreme pressure worldwide. Approximately 50% of the
world’s fish resources are fully exploited, 20% overexploited, and 10% depleted (FAO 2004).
Even though over-fishing has been a fact since historical times (Jackson et al. 2001), the
problem has gained a new quality due to the industrialisation of commercial fishing, which
has reduced community biomass by 80% within 15 years of exploitation by highly capitalised
fishing fleets (Myers and Worm 2003). Common management approaches include catch
quotas and effort limitations.

Fresh water is essential for basic human needs, health, and food production. It is also an
indispensable element to maintain biodiversity and ecosystems, which, in turn, provide fresh
water. Human withdrawal of water is mainly for agriculture (69%), but also for industrial
uses (23%) and households (8%) (WBGU 1997). Management efforts are centred around
the task of sustaining water quantity and quality, the latter being, among other influences,
threatened by eutrophication.

Patterns of non-sustainable use emerge from interactions between society and ecosys-
tems. Although they may be coupled via global processes, they occur mostly on a regional
or local scale. However, they can be observed at many places on Earth in a more or less
similar way. This qualifies them as so called syndromes of global environmental change
(Schellnhuber et al. 1997). The syndrome approach seeks to analyse the interactions of
the most relevant processes of global change while preserving local and regional peculiari-
ties by considering case studies. To provide a global view of local and regional dynamics
of environmental degradation, it aims at the identification of typical functional patterns of
social-ecological dynamics (Ludeke et al. 2004). This poses various research challenges. A
typology of patterns requires an adequate notion of similarity between instances of problems,
and strategies to mitigate or prevent syndromes have to be developed (Petschel-Held et al.
1999).

Methodological Challenges

Causal loop diagrams and mathematical models are important tools to classify and under-
stand syndromes (Schellnhuber et al. 2002). Once a set of variables which describes in-
terconnected relevant processes in a particular case study is chosen, these diagrams are a
well-established tool to formulate their interactions (Petschel-Held et al. 1999; Stave 2002).
In its simplest form, a causal loop diagram is a directed graph with marked edges. Each
vertex represents a variable, and each edge an influence of the source variable on the target
variable which can be marked as positive or as negative (for an example, see Fig.1.1). The
meaning of the edges is vague at this stage, but needs to be made explicit for modelling
purposes (see below). In traditional systems dynamics modelling (Forrester 1968; Sterman
2000), the causal loop diagram is a starting point to develop a quantitative model, usually
in the form of an ordinary differential equation (ODE). In contrast, within the context of
syndrome research we do not “refine” the diagram to that point, so that it still subsumes a
broad range of systems which share only the structure expressed by the diagram. It is an
“archetype” for a generalised pattern of global environmental change.

In addition to finding generalised patterns, modelling in the domain of syndrome research
and sustainability science has to face various challenges, including the following (Eisenack
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effort resource
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profit expectations

Figure 1.1: Example for a causal loop diagram: simplified version of the Overexploitation
Syndrome (Cassel-Gintz and Petschel-Held 2000; Kropp, Eisenack, and Scheffran 2006).

etal. 2002):

Generality: models should provide insights for single applications, but should also
apply to a broader set of cases with general features in common. Such communalities
between different cases are important to obtain a global overview, to classify different
instances, and are the base for transferring best practices.

Uncertainty: many interactions of social-ecological systems are not known quantita-
tively, knowledge about the processes is often limited, there are data gaps or unpre-
dictable future influences, e.g. depending on strategic political choice. Under such
conditions, the modeller cannot discriminate between reasonable alternatives, but if
urgency to solve a problem is high, the analysis and the management strategies should
be robust.

Complexity: social-ecological systems tend to be composed of many tightly coupled,
non-linear subsystems and interactions which are often difficult to disentangle.

Normativity: it is necessary to classify patterns of interactions as problematic or desir-
able, e.g. to distinguish syndromes from other functional patterns. This involves value
judgements which cannot be made by science. However, normative knowledge has to
be considered in a transparent way and research can contribute to the assessment and
development of management practices.

Non-quantitative knowledge: to understand social-ecological systems, knowledge from
different disciplines and with different degrees of quantification has to be integrated.

Qualitative Reasoning with Model Ensembles

By considering not a single model but a whole ensemble of models, some degree of generality
can be obtained and a variety of possible system configurations which we can think of under
uncertainty can be covered. In contrast to so called ensemble runs, where solutions for a finite
set of parameterisations of a model are computed to determine, e.g. sensitivity to parameters
(e.g. Stainforth et al. 2005), we will deal with infinite ensembles. | introduce the concept of
a model ensemble as a (possibly infinite) set M of functions, where each f € M constitutes
an ordinary differential equation & = f(z,t). Itis clear that such an approach does not yield
unique solutions in general. The task is to describe M in a concise way which only considers
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knowledge which is certain to a high degree and which allows for an aggregated computation
of the resulting (infinite) solution set.

This systematic framework can be used to define differential inclusions, QDEs and tradi-
tional methods on a common base. Differential inclusions represent an important approach
to account for generality and uncertainty (Aubin and Cellina 1984), since contingent dynam-
ics can be computed even if no probabilistic knowledge is available. In contrast, qualitative
differential equations (Kuipers 1994) are deterministic but subsume a broad set of possible
configurations. For the assessment of large solution sets, viability theory provides a pow-
erful way to consider normative issues in a formal way by investigating whether solutions
satisfy prescribed state constraints (Aubin 1991). Thus, some of the new methods to deal
with model ensembles | develop in this thesis draw on viability theory.

A causal loop diagram is a third way to define a model ensemble. | will present a precise
definition which specifies a criterion for an ODE to be consistent with a causal loop diagram.
Since the diagram only contains qualitative information, there is an infinite number of such
ODEs for a given diagram. Hence, M is defined to cover every consistent ODE, because all
of them should be considered as possible realisations.

We will see that QDEs provide all solutions of such a model ensemble. In the graph
theoretical terminology | propose, they allow for the computation of a state-transition graph
which covers all trajectories consistent with a causal loop diagram. More complex model
ensembles can also be treated. In many cases relevant conclusions can be drawn from a
state-transition graph. However, due to the generality of the diagram, common qualitative
reasoning has its limitations because we usually obtain a very large state-transition graph.
Dealing with this problem is the main content of this thesis. | pursue two general strategies:

e Automated detection of structures in large state-transition graphs which are relevant
for sustainability issues.

o Simplification of state-transition graphs by posing additional model assumptions with-
out restricting the model ensemble to a singular ODE.

Outline
The thesis is motivated by the following hypotheses:

e Current qualitative reasoning methods can be substantially improved for applications.

e Model ensembles are the common root of methods operating under uncertainty and
generality, subsuming QDEs, differential inclusions and causal loop diagrams. They
meet central challenges of sustainability science.

e Even under uncertainty and generality, robust properties of social-ecological systems
can be found. This contributes to the management of natural resources.

e QDEs can be used to design viable control strategies.

In Chapter 2 | begin with the formalisation of the idea of model ensembles. Using this
concept, QDEs are introduced and partially re-formulated using graph theory. An overview
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is given of common strategies to handle large state-transition graphs from a new and sys-
tematic perspective which draws on model ensembles and the graph theoretical formulation.
This perspective is also used in later chapters. Finally, basic results from differential inclu-
sions and viability theory are summarised. In Chapter 3 | present new techniques to anal-
yse and simplify state-transition graphs of large QDEs by introducing new types of formal
assumptions which are motivated by problems from sustainability science. The first tech-
nique identifies normative relevant subgraphs by transferring concepts from viability theory
to graph theory. The second eliminates edges of limited importance from the state-transition
graph. The third refines model ensembles by making assumptions on the order of the co-
efficients of the Jacobian of a system. Finally, | combine QDEs, differential inclusions and
viability theory to investigate how knowledge about intervals which enclose partial deriva-
tives yields stronger results. All these methods are applied in Chapter 4 to problems of
natural resource management. At first, interventions which may stop the so called impover-
ishment-degradation spiral which can be observed in developing countries are presented.
Then, | investigate several problems of marine fisheries: the problematic capital dynamics in
the unregulated case, and conditions under which a participatory process to determine catch
restrictions is effective. Finally, options for a lake manager to prevent eutrophication are
compared. Chapter 5 concludes the thesis with a summary of the scope and limits of the
methods developed in the first chapters with respect to the experience from Chapter 4.






Chapter 2

Qualitative Reasoning with M odel
Ensembles

This chapter introduces qualitative differential equations (QDES) from a new perspective and
recalls basic results from differential inclusions and viability theory. In the first section, | de-
velop a novel formal framework which includes QDEs, differential inclusions, causal loop
diagrams and other modelling approaches common in sustainability science as special cases.
These approaches are highly relevant to account for challenges of uncertainty and generality
(cf. Chapter 1). Called framework of model ensembles, common methods like ensemble runs
in climate change research are generalised. More importantly, the advantages of QDEs as a
modelling tool for syndrome research and natural resource management are clarified. The
framework is a guiding principle for the whole thesis. In contrast to traditional approaches
to QDEs, | explicitly use graph theoretical concepts to simplify definitions and proofs. Dif-
ferential inclusions, recalled in the third section, are a generalisation of ordinary differential
equations (ODESs). They take account of uncertainties in a way which is complementary to
QDEs, and they are the basis for introducing viability theory in the fourth section. This in-
verse method is, in particular, well-suited to assess model ensembles and to design control
strategies. It thus integrates issues of normativity transparently into the analysis. Together
with the graph theoretical approach to QDEs, differential inclusions and viability theory will
be fundamental for the new techniques | develop in Chapter 3.

2.1 Mode Ensemblesand Set-Valued Solution Operators

Rather than considering a single model, e.g. an ODE system, the basic idea of the framework
of model ensembles I define in this thesis is to consider a whole set of models systematically.
This is necessary to investigate real-world systems which cannot be formally described in a
unique way due to uncertainty or generality. Although not formalised from the systematic
perspective | develop here, such a style of reasoning is common (not only) in sustainabil-
ity science, e.g. for parameter variation (e.g. Stainforth et al. 2005), model comparison
(e.g. Gregory et al. 2005), scenario development (e.g. Nakicenovi€ et al. 2000; Millennium
Ecosystem Assessement 2005; Swart et al. 2004), and to characterise patterns of global envi-
ronmental change (e.g. Schellnhuber et al. 2002). Also, causal loop diagrams as introduced

17
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in Chapter 1 can be seen as a general description of a broad range of different systems. The
concise framework proposed in this thesis generalises these ideas.

A model ensemble M is defined as a set of functions f : X x R, — R" on a state
space X C RR"™. These functions are called models, each describing a possible configuration
of a real-world system under investigation or one example of the pattern to be analysed. The
set £ contains functions z(-) : R, — X, being the space of admissible trajectories of the
systems, e.g. £ = C*(R,, X). Each model f € M defines a family of initial value problems

T = f(.’,U,t),
z(0) = o,

with o € X. We call the set of all initial value problems given by a model ensemble the
systems of the model ensemble M. It is also possible to consider model ensembles which
only contain autonomous models.

Of course, the systems of the model ensemble have (in general) different solutions. Thus,
a set of trajectories must be assigned to each initial value zy. The set-valued solution op-
erator Sy(-) : X — P(E) (of a model ensemble M with respect to a state space X and
admissible trajectories &), assigning to an initial state a subset of £, is defined by

Sm(zo) :=4x() € £ x(0) = mo,f € MVt € R, : 2(t) = f(z(t),1)}-

Depending on £ it may be sufficient that the ODE only holds almost everywhere. We call the
elements of Sx(X) the solutions of the model ensemble M (with respect to a state space
X and admissible trajectories £). If an application requires a very general model, M is the
collection of all cases which have to be analysed. Similarly, in the case of uncertainties, M is
defined to subsume all systems which must be considered. These are given by the part of the
knowledge base which is certain to a high degree, while variation is admitted for uncertain
parameters, functions or processes. The solution operator is closely related to the concept of
an evolutionary system as defined by Aubin (2001). The main challenge in reasoning with
model ensembles is to find relevant structure in Sy, (X). This includes

1. Representing a model ensemble in a way which is adequate to the modeller and allows
for a formal treatment,

2. Efficient algorithms to determine Sy4(X) from a (possibly infinite) model ensemble
M,

3. Detecting structural features of the solutions of the model ensemble.

An example for the latter is to introduce normative settings in a formalised way by a partition
X = A U B of the state space into a preferable region A and a problematic region B. If for
all z(-) € Sy(mo) and for all ¢ > 0 the relation xz(¢) € B holds such that the system is
“locked in” B due to its intrinsic dynamic interactions, it may be said that “a catastrophic
outcome is unavoidable”. Or if 3z(-) € Sam(xo),t > 0 : z(t) € A, then “it is possible to
sustain preferable conditions”. Such features are very robust in that they hold for a whole
model ensemble and not just one model. They are introduced more formally in section 2.4
(p. 45). We now provide some examples for model ensembles.
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EXAMPLE 1: Let M contain only one function f : X x R, — R"™ which is Lipschitz on
X, and let the admissible trajectories be £ = C*'(R,, X). Then, Sy (z) contains the usual
solutions of the initial value problem with z(0) = x, which exist on R .. O

EXAMPLE 2: Givena function /' : X x Ry x R"® — R", (z,t;p) — f'(z,t; p), depending
on a parameter vector p, and a finite set P of possible parameterisations, define the finite
model ensemble

M:={f € C(X xR+, R") | f(z,t) = f'(z,t;p),p € P}.

Then, the solution operator with respect to a set of admissible trajectories provides all “sce-
nario runs” for the different parameterisations. O

ExAMPLE 3: For a given autonomous measurable function f' : X x U — R", (z,u) —
f'(z,u), where U C R is a given interval of control values, we define the infinite model
ensemble

M :={f: X xRy — R" measurable | f(z,t) = f'(z,u(t)),u(t) € U}.

Taking absolutely continuous functions as admissible trajectories, the solution operator S (o)
describes all trajectories starting from x, which result from any measurable open-loop con-
trolu(-) : Ry — U. O

EXAMPLE 4. Another example (which will be formalised in detail in section 2.2 and sec-
tion2.3, p. 42) are causal loop diagrams. | adopt a straightforward way to interpret a causal
loop diagram (cf. Richardson 1986). Suppose that the diagram is given by a directed graph
where edges are marked with signs. The vertices represent real variables, say z1, ..., z,. An
ODE i = f(x) with state vector z = (z; ... z,)" € R™ is said to be consistent with the
diagram if the signs of the partial derivatives sgn(D; f;(x)) correspond to the signs of the
edges. If there is no edge between two variables, the partial derivative vanishes. For exam-
ple, if there is a positive edge from profit expectations z; to effort z, (cf. Fig. 1.1, p. 13),
then D; fo(z) > 0, i.e. high profit expectations increase the change of effort. Since such
conditions are fulfilled by multiple functions, this provides a collection of ODEs which are
all consistent with the influence diagram, and thus a model ensemble M . O

Within the framework of model ensembles, further questions can be posed which are highly
relevant for sustainability science. If it is not possible find relevant features common to all
solutions of a model ensemble M we can try to identify subsets M’ C M for which such
robust properties can be determined. The characterisation of M’ is associated with the dis-
covery of structural features which bring about problematic or desirable system behaviour.
In other terms, conditions under which certain (sub)pattern evolve are found. If M is par-
tially determined by certain control measures imposed on the system, and M’ by alternative
control measures, the differences between the solution operators Sx,(X) and Sy (X) are of
interest. This kind of reasoning is used intensively in Chapter 4. Moreover, there are cases
where solutions of a model ensemble are artifacts from the assumptions the modeller made.
Then it is important to restrict M so that the artifacts are eliminated. Very “unlikely” or “ir-
relevant” cases which cannot be refuted on base of the original model ensemble are further
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reasons to restrict M or even £. Generally, a restriction means a restriction of the model
ensemble to some M’ C M, of the admissible trajectories to some £’ C &, or of the state
space to some X' C X. This is the organising principle for the new techniques developed in
Chapter 3, where £ and M are increasingly restricted step by step.

2.2 Qualitative Differential Equations

In this section I reformulate the concept of qualitative differential equations (QDES) from
a new graph theoretical perspective which differs from the algorithmic view in the original
work of Kuipers (1994). This allows for a straightforward introduction, for some new propo-
sitions, and paves the road for the development of advanced techniques in Chapter 3. More-
over, | present QDEs as an example for model ensembles, making the introduction more
systematic. This embeds the theory into the broader framework developed in section2.1
and provides a common ground for the comparison to other methods, e.g. differential in-
clusions (cf. section2.3, p. 42). The core idea of QDEs is to scan the state and velocity
space of the systems of a model ensemble, i.e. a set of ordinary differential equations which
share common monotonicity properties: we assume that the dynamics of the system are gov-
erned by an ODE # = f(z), f : R® — R™, where only the signs of the partial derivatives
D;f;,i,7 =1,...,nare known. This approach, called qualitative reasoning, was developed
in the 1980s in the field of artificial intelligence. It was made to resemble commonsense
reasoning, to model with incomplete knowledge, and to increase the efficiency of automatic
reasoning algorithms by abstracting from details which are not necessary to perform a given
task. In the context of sustainability science QDEs are very valuable to analyse causal loop
diagrams and to deal with uncertainty, generality and non-quantitative knowledge (cf. Chap-
ter 1). As information about the signs of the partial derivatives is not sufficient to set up
a unique ODE, we have to deal with a model ensemble and its set-valued solution opera-
tor. The latter contains a broad variety of solutions, which nevertheless share some common
properties. These are derived by deducing all possible sequences of sign vectors sgn(%) just
from the signs of the partial derivatives — without solving any system of the model ensem-
ble. The full theory of QDESs permits restricting the model ensemble by requiring more than
prescribed signs, e.g. algebraic relations on the state space, which will be introduced below.
However, already the signs of the partial derivatives offer an interesting way to interpret a
causal loop diagram.

The theory of QDEs is a prominent approach to qualitative reasoning. Other related ap-
proaches are confluences (de Kleer and Brown 1984) and qualitative process theory (Forbus
1984). Confluences are equations on the domain of signs. Thus, positive and negative rela-
tions between variables of a model can be formulated, and conclusions about their signs can
be drawn. The challenge here — and also in the other approaches — are the ambiguities of
sign algebra (Williams 1991). In a very simple example we do not know the sign of = + y if
x > 0and y < 0. To close sign algebra, in addition to {[+], 0, [—]}, an element [?], denot-
ing an unspecified sign, has to be introduced. This gives rise to different interpretations of
confluences, e.g. whether z = y is valid for z = [+] and y = [?] or not.

Qualitative process theory (QPT) explicitly characterises dependencies of variables by
four basic types: positive/negative influence of one variable x on the change ¢ of another,
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and positive/negative relationships between variables z,y. Thus, dynamics come into the
reasoning process: we can infer under which conditions a variable increases or decreases.
In this area, much work was done on building models automatically from libraries of model
fragments (Falkenhainer and Forbus 1991).

QDEs extend this approach by introducing so called landmarks, i.e. critical values of
the state variables where signs of partial derivatives change (Kuipers 1984). Meanwhile,
several other extensions have been made (Kuipers 1994; Kuipers 2001), some of which will
be reviewed below in section2.2.4 (p. 36). In parallel, a broad field of applications has
emerged, e.g. in finance (Benaroch and Dhar 1995), epidemiology and genetics (Heidtke
and Schulze-Kremer 1998; Trelease et al. 1999), chemistry (Juniora and Martin 2000; Syed
et al. 2002), ecology (Guerrin and Dumas 2001; Bredeweg and Salles 2003), the automotive
industry (Price and Snooke 1997; Sachenbacher 2001) and sustainability science (Petschel-
Held et al. 1999; Petschel-Held and Liideke 2001; Eisenack and Kropp 2001; Kropp et al.
2002; Sietz et al. 2005; Eisenack et al. 2006).

In the domain of mathematics, the works of Dordan (1992, Dordan (1995), Aubin (1996),
and Hullermeyer (1997) introduce the concept of a monotonic cell, consisting of all states
x such that f(x) has a given sign vector. A trajectory can be described qualitatively by the
sequence of monotonic cells it visits. By imposing additional restrictions on f, they inves-
tigate the issue of the existence of solutions of a QDE more seriously than in the literature
from computer science. They also generalise the approach to other partitions of the state
space than by signs, called qualitative frames. However, the approach is more restrictive in
that only single ODEs are considered. This is interesting in itself, but not sufficient for our
purposes where generality of models and uncertainties have to be taken into account.

In the first subsection the basic concepts of QDEs will be reformulated using graph the-
oretical concepts and the framework of model ensembles. Then, the basic concepts are ex-
tended by introducing landmarks. In the third subsection, the QSIM algorithm is outlined.
Finally, I give an overview of advanced QDE techniques to tackle large solutions of QDEs.

2.2.1 Basic Qualitative Differential Equations

For the sake of simplicity | start with a version of QDEs which is closer to QPT. It omits
algebraic constraints, e.g. on the signs of the right-hand sides of ODEs, and only considers
influences on the change of variables; the velocity, but not the state space is investigated.
This will be extended in the next subsection. There is one difference to the original work
of Kuipers (1994): the focus is on qualitative states which persist for time intervals — but
intermediate states occurring only for a point in time (so called time-point states) are not
represented explicitly. This has the advantage that solutions of QDESs can be displayed in a
much more accessible form (Eisenack and Petschel-Held 2002).

At first we specify the kind of model ensemble which constitutes a QDE (cf. sec-
tion2.1, p. 17). For this some elementary sign algebra is needed (Williams 1991). By
A := {[+],0, [-]} we denote the domain of signs, and by A, := {[+], 0, [], [?]} the domain
of extended signs, where [?] = {[+], 0, [—]} denotes an unknown sign. A tolerance relation,
denoted here by =, is defined for oy, 05 € A, by

oL~ o9 iff o, =09 0ro; € 09 0r oy € 0.
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addition [ [+] 0 [] [7] multiplication | [+] 0 [-] [7]
1| [+ [+ 71 [ [+1 | [+1 O [1 [7]
0O/ [+] O [1 I7 00 0 0 O
101 [ [ 1|1 0 [+] [
CPrie1 &1 el 11021 0 71 [7]

Table 2.1: Addition and multiplication on the domain of extended signs A.,.

We say that o; and o5 are consistent if oy & o9. All signs are consistent with [?]. Addition +
and multiplication - of signs are defined in Tab. 2.1. For 01,05 € A, and 0 # o3 € A, rules
such as the multiplicative cancellation law

01 = 09203 iff0'1'0'320'2 (21)

are valid. Additionally, we will use tuples and matrices of (extended) signs (A™, A"*™). The
sign operator [-] := sgn(-) is extended component wise to vectors and matrices, as well as
the relation ~. Now a model ensemble can be defined:

.....

DEFINITION 1: For a given n x n matrix of signs X = (03 ;)i j=1
space X C R™ we define the monotonic ensemble

n 0ij € Ay, and a state

M(Z,X) = {f € C{(X,R") |Vz € X : [T(f) ()] = =},

where J(f) denotes the Jacobian of f. We call a function z(-) € C'([0,T], R™), possibly
T = oo, reasonable, if there is only a finite set of points ¢ with #(¢) = 0 on any bounded
interval, and define the space of admissible trajectories £ by all reasonable functions with
values in X. We call the systems of the model ensemble M (3, X) a QDE.

A monotonic ensemble M (X, X) is a model ensemble which only contains autonomous
models. In most cases the state space of the model is clear from the context, and we simply
write M(X). Although a set of ODE systems is not an equation we use this designation in
analogy to Kuipers (1994). The reason for this is that a QDE can be “solved” by considering
a constraint satisfaction problem, i.e. a relational equation over a finite set, which is explained
in more detail in section 2.2.3 (p. 32).

Based on DEF. 1, a set-valued solution operator S (-) is defined (with respect to the
state space X and the space of reasonable functions as admissible trajectories £). The set
of solutions of the monotonic ensemble Saqx)(X) contains all reasonable solutions of all
ODE systems contained in the QDE. It should be noted that the properties of the monotonic
ensemble are not sufficient to guarantee a global solution for every f € M(X).

As outlined in the previous section, we are interested in analysing the solution operator.
Of course, solving all ODEs is not an option. Therefore, the basic idea of the theory of
qualitative differential equations is to determine a certain discretisation of the solutions of
the monotonic ensemble directly from X. Reasonable functions are chosen as admissible
trajectories to allow for a discretisation which tracks the sign vectors [z (¢)] for each solution.
Let z(-) be reasonable. If the relation [#;(¢1)] = —[#:(¢2)] holds for one i € {1,...,n}
and some t; < to,t1,t2 € Ry, there is a point ¢ € (t,t3) with £;(¢) = 0 due to continuity.
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If there is one 7 € R, with £(7) # 0, there is a maximal open interval J containing ,
such that [z(-)] remains constant over .J. Being reasonable guarantees that the set of times ¢
where the sign of &(¢) changes is discrete and countable. Therefore, the sign vectors of the
velocity vector of a solution with increasing ¢ can be written as a sequence.

DEFINITION 2: For a given reasonable function z(-) on [0, 7] we have an ordered sequence
of sign jump points (¢,) with ¢, = 0 which subsequently contains all boundary points of the
closures of all sets {t € [0,T]|[z(¢t)] = v} withv € {[—],[+]}". We construct a sequence
of sign vectors & = (z;) := ([&(7;)]), where we arbitrarily choose 7; € (¢;,¢;41). If the
sequence (t,) is finite with m elements, we choose 7, € (t.,,T"). The sequence z is called
abstraction of z(-).

Note that the abstraction Z does not depend the concrete values 7; € (t;,%;4+1),j € N, since
the sign vector [z ()] is constant on any interval (¢;, ¢;11). The sequence (¢;) is chosen from
the boundary points to have maximal intervals with constant sign vector. They are taken
from the closure of {¢t € [0, T]|[%(t)] = v} to ignore saddle points where components of &
vanish for one point in time, but afterwards attain the same sign as before. If there is a sign

jump at ¢, thereisai € {1,...,n} such that the following conditions hold:
(1) #:(t) =0,
(i7) Je: V- €t—et): 2;(t7) #00r V™ € (t,t+¢): z;(tT) #0, (2.2)

(4i1) Je: Vt €[t —et), tT € (t,t+ €] : [:(¢ )] # [2:(¢1)].

The set of the abstractions of all solutions of a monotonic ensemble is (in general) still
infinite. However, they are entailed by a finite graph in the following way:

DEFINITION 3: Let M(X) be a monotonic ensemble, £ the set of reasonable trajectories
and Suq(x)(+) the corresponding solution operator. We denote the set of the abstractions of
the solutions by

Smes) = {7 | 3z0 € X,2(-) € Smz)(w0) : & is the abstraction of z(-)}.

Then, the directed state-transition graph G of the monotonic ensemble is defined by the
vertices )
V(G) :={veA"|3F € Sup),j € N: i =v},

called qualitative states, and the edges
EG) :={(v,w)| 3T € SM(Z),j eN: z; =vand £, = w},
called qualitative transitions.

For convenience, the state-transition graph of a monotonic ensemble is also called the state-
transition graph of a QDE. Thus, we have defined a directed graph G such that all sequences
of S’M(E) describe a path in G, i.e. the graph “covers” all reasonable solutions of initial value
problems

@ = f(z)

5(0) = 2 (2.3)
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with f € M(X). Note that G is loop free, since subsequent coefficients of the abstraction of
a reasonable function are different. The state-transition graph is the basic tool to investigate
the structure of Syyx)(X). We are interested in the existence of vertices and edges of G
which depends on 3, and in further properties of G. The state-transition graph of a QDE
can be efficiently computed by the so-called QSIM algorithm, which will be outlined in
section 2.2.3 (p. 32). Some features of state-transition graphs can already be shown directly.

Which vertices occur in a state-transition graph? Most basically, {[-], [+]}" C V(G)
due to the following reasons: by chain rule # = J(f)(x) - &, such that for assumptions about
the sign matrix [7(f)(z)] not all sign vectors [i] are consistent with all sign vectors [Z].
However, since no claims about [i] are made, no [z] € {[—],[+]}" can be excluded from
being a vertex. The situation is more complicated if some &; = 0 on (¢;, ¢;4+1), which implies
that also Z; = 0 on the same interval.

| now present a new necessary criterion for such a vertex to exist. For this, we need the
set Zp(v) := {i = 1,...,n|v; = 0}, which assigns to a sign vector v € A" the indices of
vanishing components.

PROPOSITION 1: If v € V(G), then for all i € Zy(v)
5,k ¢ Zo(v),j #k:0# 0,0, % —0; v # 0
orvj §é Z()(U) 1055 = 0.

PrROOF: If v € V(G) thereisan f € M(X) and zy € X such that for a solution z(-) to
Eq. (2.3) there exists an interval (¢, t2) such that Vt € (t1,t2) : [£(t)] = v. Thus,

Vi€ Zo(v) : 0= dy(t) = ds(t) = Y Djfi- iy (2.4)

j:l,...,n

IfVj ¢ Zy(v) : 0y 5 =0, then

j€Zo(v) §¢Zo(v)
J€Zo(v) J¢Zo(v)

If this is not the case, there must be a j ¢ Z,(v) such that D; f; - ©; # 0, i.e. o; ju; # 0.
Then, Eq. (2.4) can only be true if there isalso a k ¢ Zy(v) with [Dy f; - ©x] = —[D, fi - %],
i.e. 0;,V; & —0; k Vg 7é 0. [l

Additionally, every state-transition graph contains the vertex 0, representing the equilibria
of systems of the monotonic ensemble. A sufficient criterion for the existence of vertices
is omitted here, since it will be argued in section2.2.4 (p. 36) that vertices with vanishing
components have only limited relevance for applications.

Now, | will prove a characterisation for the existence of edges in the state-transition
graph G which cannot be found in the previous literature. It is simplified by considering
only vertices with non-vanishing components. When two qualitative states v, w differ only
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in one component 4, there must be a solution of the monotonic ensemble z(-), defined by a
model f, which transgresses the main isocline f;(z) = 0 at some time, because this isocline
separates the regions of the phase space where [f(x)] = v and [f(z)] = w, respectively (the
so called monotonic cells). A necessary condition for such a transgression is an appropriate
sign of &; on the main isocline, e.g. if v; = [—] and w; = [+], then [Z;] ~ [+] is needed. We
define the intermediate state v A w for v, w € A by

U; if V; = Wy,
(vAw); == .
0 if Vi 75 Wws,

Thus, Zy(v A w) are the indices of the components which change from v to w (or which are
constant in one or both states).

PROPOSITION 2: Letv,w € V(G), v # w, and Zy(v) = Zy(w) = @. Then, (v,w) € E(Q)
iff
Vie Zy(vAw)3j ¢ Zo(vAw):w;- (vAw); = o,

PROOF: At first, we prove that the existence of an edge (v, w) € E(G) implies the condition.
By DEF. 3 (p. 23), there is only an edge (v, w) if

Af e M(X),2" € Xty <ty <ty € Ry,
and a solution to Eq. (2.3) with zo = 2’ such that
Vit € [to,t1) : [2(t)] = v and
Vit € (t1,t9] : [2(t)] = w.

(2.5)

Moreover, [z(t1)] = (v A w) due to continuity of . Consider ani € Zy(v A w). If v; = [+]
and w; = [—|, the velocity z; obtains a maximum at ¢;. Thus, by continuity, [%;(t1)] =
[—] = w;. In the case of a minimum, [%;(¢,)] = [+] = w;,. Other cases are not possible since
Zo(v) = Zo(w) = @. The equality w; = [Z;(t1)] = [(D1fi ... Dnfi) - ©(t1)] can only hold
if 3j € {1,...,n} such that w;, = [D; fi(x(t1)) - ,(t1)]. It follows that o; ; - (v A w); ~ w;.
The index j cannot be an element of Zy(v A w), because otherwise the sign o; ;-0 = 0 would
be not consistent with the sign w; # 0. From Eq. (2.1), we conclude that w; - (v Aw); & 0; ;.

Now we show that the condition implies the existence of an edge (v, w) € E(G). Suppose
that ¥ and v, w € V(G) are given and the condition is satisfied. Since Zy(v) = Zy(w) = &,
it holds for all i € Zy(v A w) that w; = —v; # 0. It has to be shown that Eq. (2.5) holds. We
construct appropriate f, ', to, t; and t.

Choose ¢ € R™ suchthatVi € Zy(v Aw) : ¢; =0and Vi ¢ Zo(v Aw) : ¢; = (v A w); - 1.
Let k(i) ¢ Zo(v A w) be an index (depending on 7) such that w; - (v A w) k) = o5 k() Tor all
i € Zy(v A w), which exists due to the condition. Define the matrix A = (a; ;) € R™*" by
Qi) =1 wi- (VAw)ge) ifi € Zo(vAw),and a;j :=1-w; - (vAw);ifi ¢ Zo(v Aw)or
J # k(7). We set f(z) := Az + c. Clearly, f € M(X) since [T (f)(z)] = [4] = X.

Now choose an arbitrary ¢; € R, and an open interval .J; containing ¢; such that z(-) : J, —
R™ is a solution of the ODE & = f(x),z(t1) = 0. Leti ¢ Zy(v A w). Since %(t;) = ¢ and
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¢; # 0, and due to continuity of z(-), there is also an open interval J; containing ¢; such that
Vit e J; [Zi(t)] = (v Aw); = w;.

Such an interval also exists for i € Zy(v A w):

Since Vt € Jy : #(t) = Ax(t) and (v A w)) # 0,

= Gpcra F ) i
J#Zg(vAw),
J#k(7)
="Nn- -w;:- (’U AN w)k(z) -1 (U N w)k(z) + Z A 5Cj.

J€Zo(vAw),
J#k()

Observe that
n-wi - (VAW - 1 (0 AW)ge) = n-w;,
and
| Z a;jc;| = | Z L-wi-(vAw);-1-(vAw);| <n—1.
i¢Zg(vAw), i¢Zg(vAw),
k() k()

Consequently [%;(¢1)] = w;, and, due to continuity, there is an open interval J; containing ¢;
such that V¢ € J; : [#;(t)] = w;. Now choose o < t; < t, such that ¢, t, € (,_, _,Ji and
define =’ component-wise by

t1
x, = xi(t1) —/ x;(7)dr,
to

such that z(-) is a solution of & = f(z), z(ty) = «'. Then, forall t € [ty,t1),i =1,...,n:

[2:(t)] = [ﬂﬁi(tl) - /ttl jfi(T)dT} = —w; = v,

because #;(t;) = 0 and V7 € [t,t1] : [Z:(T)] = w;.
By analogy for all t € (t1,12) : [2(t)] = w. O

This proposition shows that every relevant edge actually corresponds to a solution of the
monotonic ensemble. We now provide a simple example of a QDE and its state-transition
graph.

EXAMPLE 5: Suppose we have a sign matrix

(03)

and take X = IR? as state space. The monotonic ensemble M (X) contains all continuously
differentiable functions f : R2 — R? such that Vo € R2 : Dof; > 0, D1 fs < 0,D1f1 =
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Figure 2.1: State-transition graph of the QDE of M(X) (computer-generated output, pro-
duced by the QSIM algorithm explained below in section 2.2.3, p. 32). The vertices repre-
sent qualitative states. The columns in each vertex correspond to the variables x,, zo. The
triangles indicate whether z; is positive, negative or vanishes.

Dyfy = 0, and the QDE contains all initial value problems Eq. (2.3) with f € M(X)
and zo € R?. The solution operator Sy (zo) contains all reasonable solutions of these
initial value problems which start in z,, and S‘M(g) contains all abstractions, i.e. sequences
of “trends” [z(-)] of these trajectories which can be traced as paths in the state-transition
graph G of the monotonic ensemble.

We infer the structure of G. As remarked above, {[—],[+]}? C V(G). It follows from
PROP. 1 (p. 24) that there is no other vertex in G except equilibrium: If v = (0 v,)?, and con-
sequently Z,(v) = {1}, both necessary conditions are violated — there are no two different
indices j, k ¢ Zy(v),j # k. Only 1 € Zy(v) and 2 ¢ Zy = (v), but o5 = [+] # 0. The
argument for v = (v, 0)* is analogous.

In this situation all edges can be found by using PROP. 2. For v = ([+] [+])" and w =
([+] [<])?, it holds that (v A w) = ([+] 0)* and Zy(v A w) = {2}. We have wy - (v A w); =

[—] = 02,1, such that (v,w) € E(G). Butsince vy - (v A w); = [+] # [—] = 02,1, there is no
edge from w to v. The arguments are analogous for all pairs of vertices (see Fig. 2.1 for the
result). O

2.2.2 Qualitative Differential Equations with Landmarks

This section extends the basic definitions, e.g. to prescribe zeros of the models of a monotonic
ensemble and algebraic constraints. By introducing so called landmarks into the state space,
the latter can be investigated more closely. Basically, landmarks are introduced (i) to exclude
models from a monotonic ensemble where main isoclines do not pass through qualitatively
prescribed points of the state space, and (ii) to allow regions of phase space with different
sign matrices [ 7 (f)(xz)] which are separated by landmarks. If they are only used in the
first way, landmarks provide a restriction of monotonic ensembles as defined in section 2.1
(p. 17). Again, the following definitions are different from the original work of Kuipers
(1994): all landmarks are introduced by the modeller and not generated during qualitative
simulation. Hence, the following theory is related to what Kuipers terms the “envisionment
representation”.
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Although the situation is almost analogue to DEF. 1, 2 and 3, we need new concepts,
mainly to prepare more elaborate model ensembles and abstractions of reasonable func-
tions. For every variable z; of the model, we specify an ordered set of symbolic landmarks
</\i,1, cee /\zk> Forevery i =1,...,n thereis an ordered set

Qi = (i, {Ni, Aot N2y {1 Aiges b Ak )

where single landmarks and pairs of consecutive landmarks alternate. The cross product
Q@ = X;=1,..,Q; is called the quantity space, and S := X, ,(Q; % A) is the qualitative
state space of the model. To extract specific components of a qualitative state v € S by
projection 7; : x;—1,.,X; — X;, the standard notations in qualitative reasoning are:

qval;(v) = m;(v) € Q; x A, (2.6)
gqmag;(v) = m(qval,(v)) € Q;, (2.7)
qmag(v) = Xi—1,..,qmag;(v) € Q, (2.8)

qdir;(v) = me(qval,(v)) € A, (2.9)

qdlr( ) = Xi=1,..nqdir;(v) € A". (2.10)

They are called qualitative value (Eg. 2.6), qualitative magnitude (Eqgs. 2.7 and 2.8) or
qualitative direction (Egs. 2.9 and 2.10), respectively. Symbolic landmarks are interpreted
as numbers in R and the pairs of landmarks as open intervals, such that a qualitative state
can be assigned to each point of the state space X: A vector

A == (/\1,1 e /\1,k1

t
A - Ank)

such that all \; ; € R, is called landmark vector if Vi = 1,...,n: Aj1 < A2 < ... <
Aik;- Fora given landmark vector, the state abstraction of a joint state and velocity vector
(zz)' € X x R™ is obtained by the mapping a, : X x R™ — S such that

qdir, (aA(x, x)) =[],

qmag; (ap(z,2)) = ¢ . ’

Z( ) {{)\i,j; )‘i,j—H} if x; € ()\i,j; )"i,j-l-l)'

However, we will not consider a specific landmark vector A, but only assume the existence
of landmark vectors with prescribed qualitative properties. This is why landmarks are intro-
duced as symbolic values. One exception is the landmark “0”, which is always associated
with 0 € R. This is necessary to extract the sign of a qualitative magnitude: If 0 € @; and

q € Q;, we define [¢q] = [+] forg > 0, [¢q] = [-] for ¢ < 0, and [¢] = 0 for ¢ = 0; more
generally
[+] ifg> A
[glh:i=40 ifg=A,
(-] ifg<A,

where A € @); is a landmark. We are now ready to proceed with further definitions extending
the concepts from QDEs without landmarks.
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DEFINITION 4: For a state space X, a quantity space ( and the associated state space S, let
p: Q@ — AT™ be a mapping which assigns a matrix of (extended) signs p(g) to each element
g of the quantity space. Additionally, we take a family of relations C' := {C1,...,C,,} on
the state space, C; C S,j = 1,...,m, called constraints, as given. Then, we obtain a
monotonic landmark ensemble

M(p, C) :={f eC*X,R") |
3 landmark vector AVz € X :

[T (N)(@)] = p(amag(ax (@, f(2))))

and
Vi=1,...,m:ax(z, f(z)) € C;}.

The systems of a monotonic landmark ensemble M (u, C) are called a QDE.

It must be noted that 1 and C' can be chosen such that M (u, C') = @ in a non-trivial way.
In section 2.2.3 (p. 32) there are additional remarks on the consistency of  and C. Taking
the reasonable functions with values in X as space of admissible trajectories £, we obtain
a set-valued solution operator Sy,c)(-) : X — P(E). As before, not the solutions of the
monotonic landmark ensemble themselves will be investigated, but their abstraction:

DEFINITION 5: For a given reasonable function z(-) on [0, 7], possibly T = oo, and a land-
mark vector A, there is an ordered sequence of jump points (¢;), with ¢, = 0 and subsequently
containing all boundary points of the closures of all sets {¢ € [0, T||ax (z(t), #(t)) = v} with
v € SsuchthatVi = 1,...,n : qdir,(v) # 0 and qmag;(v) is a pair of consecutive land-
marks. The landmark abstraction of z(-) with respect to A is the sequence of qualitative
states & = (Z;) := (aa(z(7;),%(r;))) with arbitrarily chosen 7; € (¢;,t;11). If (t;) is finite
with m elements, we choose 7,,, € (¢, T).

Again, the landmark abstraction does not depend on actual selection of 7;,j € IN. By de-
noting v(t) := aa(x(t),£(t)), the definition implies that if ¢ is a jump point, there exists an
i = {1,...,n} such that the following three properties hold:

(7) qdir;(v(t)) =0o0r3l € {1,...,k;} : qmag,;(v(t)) = Aiy
(17) JeVt €[t —e,t) : qual,(v(t)) # qval;(v(t))
orVit € (t,t+ €] : qval,(v(tT)) # qval,(v(t)),
(ii1) JeVt € [t —e,t), t7 € (t,t + €] : qval,(s(t ")) # qval,(s(t)).

(2.11)

The landmark abstraction of the solutions of a monotonic landmark ensemble are traced as
paths of a directed graph as in the previous section.

DEFINITION 6: Let M(u, C') be a monotonic landmark ensemble, £ the space of reasonable
trajectories and Sx,(,,c)(-) the corresponding solution operator. We denote the set of the
landmark abstractions of the solutions by

Smuc) = {7 | 32(-) € Smpuc) (o), 70 € X : 7 is the abstraction of z(-)}.
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Then, the directed state-transition graph G of the monotonic landmark ensemble is defined
by the vertices .
V(G) = {U es ‘ 1z € SM(“,C),j € N: ij = U},

called qualitative states, and the edges
E(G) = {(v,w) | iz € gM(u,C’);j € N: fij = v and fﬁj—{—l = ’I.U},
called qualitative transitions.

Again, G is always loop free. Although criteria for the existence of an edge in a state-
transition graph are, in principle, a simple extension of PROP. 2 (p. 25), the situation becomes
more complex since a larger number of cases has to be considered. Only a sketch of the
various cases is provided here because they offer limited new insight. For this discussion
(and later in Chapter 3), the extension of the notion of the intermediate state v A w € S is
helpful, which is defined component wise by

. ) adiry(v) if qdiry(v) = qdir;(w),
adir (v A w) = {0 if qdir;(v) # qdir;(w),
(2.12)

gqmag;(v) if qmag;(v) = qmag;(w),
qmag; (v A w) := Aij if qmag;(v) # qmag;(w)
and \; ; € gqmag;(v) N qmag;(w) # @.

It should be noted that this operation is not defined for all pairs of states. In this case,
(v,w) ¢ E(G), since their qualitative magnitudes are not adjacent. Due to continuity, it is
not possible that a trajectory z(-) jumps from z;(¢1) < A;; 0 zi(t2) > Aijq1, t1 < to, if
there isnot ¢ € (¢1,%) suchthat \; ; < ;(t) < A j41.

An obvious necessary criterion for the existence of an edge (v, w) is that the intermediate
state has to satisfy the relations in C, ie. Vj = 1,...,m : (v A w) € C;. For another
criterion suppose that (i) v A w is defined, (ii) Zx(v A w) := {i = 1,...,n|qmag;(v) #
gmag;(w)} # @ (i.e. some qualitative magnitudes change), (iii) for all i € Z,(v A w) the
qualitative magnitudes qmag; (v) and qmag;, (w) are pairs of landmarks, and (iv) Z, (v Aw) =
& (i.e. all qualitative directions remain unchanged). Then, if there isan i € Z,(v A w) :
gqmag;(w) > qmag;(v), there can only be an edge (v, w) if qdir;(v A w) = qdir;(v) = [+].
Otherwise, if gmag;(w) < qmag;(v), the ith component has to decrease, qdir;(v) = [—].

It can be seen that such criteria become very complicated because there are situations
where only qualitative directions change (as investigated in PROP. 2, p. 25), where one or
more qualitative magnitudes change, where some qualitative values remain constant on a
landmark, or where multiple of such events occur in parallel. All these cases are incorpo-
rated into the QSIM algorithm which is presented in the next section. However, some of
them are of limited practical relevance. Exclusion of solutions of the monotonic landmark
ensemble where one component is constant is discussed in section 2.2.4 (p. 36). In section 3.2
(p. 62) I develop a method to exclude cases where several qualitative magnitudes and sev-
eral qualitative directions change at the same time and which have limited relevance: both
techniques restrict the set of admissible trajectories to a subset of the reasonable functions.
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EXAMPLE 6: Suppose we have a system defined by an ODE of the form # = f(z) on the
state space X = R, with f € C'(R, R), but we only the following properties of f: There
exist three real numbers 0 < A\; < Ay < A3 such that A\;, A3 are the only zeros of f, i.e.

fu) = f(A3) =0.
Moreover, the function is increasing below A, and decreasing above:

Vo < Ay : Dyf(z) >0,
Ve > Ay : D f(z) <0,
D, f(A2) = 0.

Quantitative values are not known for A;, A5, A3. We want to describe this situation by a
monotonic landmark ensemble to find all trajectories which may be produced by such a
system. At first, the qualitative state space has to be constructed on the basis of adequate
landmarks:

Q = Ql = <0a {07 )‘1}7 )‘17 {)‘17 )‘2}7 )‘27 {)‘27 )‘3}7 )‘37 {)‘37 00}7 OO>7

yielding S = @ x A and a state abstraction a, : R, x R — S for every landmark vector
A = (Mg A1 A2 A3 Ag)! with Ay = 0,\; = oo, which describes a possible quantitative
configuration of the the landmarks. Secondly, we need the map p and the set of constraints
C. We define

[-i—] if £ < Ao,
MZQ-)A*,Q*_) 0 ifZE:)\Q,
=] ifz>

to express the monotonicity properties of f and C' := {C, Cy}, C1, Cy C S with

Cy:={v € 5| qmag,(v) < A = qdir,(v) = [qmag, (v)]x, },
Cy:={v € 5| qmag, (v) > Ay = qdir,(v) = —[qmag, (v)]5:},

to express the zeros of f. All together, we obtain the monotonic landmark ensemble

M(,U’a C) = {f ECI(]R-H]R) ‘
3 landmark vector AVz € R, :
[Dof ()] = p(amag(ax(, f(2))))
and
Vi=1,....,m:an(z, f(2)) € Cj},

and a QDE consisting of all initial value problems given by functions f € M(u,C) and
initial values =, € R.. This defines a set-valued solution operator Sy,,c)(+) : Ry — P(€)
with the reasonable functions z(-) : R, — R, as space of admissible trajectories £. It
assigns all reasonable solutions to an initial value.

Based on the state abstraction, every solution z(-) € Sxq(,,c)(20) can be discretised by land-
mark abstraction, yielding a sequence (z,),Z; € S. All these sequences are paths in the
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state-transition graph, which can be computed with the QSIM algorithm (see next subsec-
tion). The result is presented in Fig. 2.2. Note that only qualitative states which persist over
time intervals are represented as vertices in the graph. There is, e.g. no qualitative state v
with gqmag(v) = 0 and qdir(v) = [—]. O

Figure 2.2: State-transition graph of the QDE defined in EX. 6 (computer-generated output).
Each vertex represents a qualitative state, each edge a qualitative transition. The small boxes
inside each vertex v represent all possible qualitative magnitudes where singular landmarks
and intervals defined by pairs of consecutive landmarks alternate (see legend). The box which
contains a symbol denotes qmag(v), at the same time indicating whether qdir(v) = [+],
qdir(v) = 0 or qdir(v) = [—].

Several larger QDEs will be presented and analysed in Chapter 4. QDEs with landmarks can
describe much more complex settings than the causal loop diagrams introduced in Chapter
1. In addition to negative and positive influences on change rates of variables, there can
be direct influences on the variables, represented by the constraints C'. Moreover, whether
an influence is negative or positive can depend on the (qualitative) value of another (or the
same) variables via the mapping .

2.2.3 The QSIM Algorithm
Basic Ideas

The QSIM algorithm is a procedure to compute the state-transition graph of a QDE. This sub-
section outlines its basic ideas and the script language needed in Chapter 4 and the Appendix.
For the complete formal specification we refer to the original work of Kuipers (1994). The
core of the QSIM algorithm is a specialised solver for a so called constraint satisfaction prob-
lem for which various methods exist (Mackworth 1977; Mackworth 1987; Tsang 1993).

DEFINITION 7: A constraint satisfaction problem is given by a set of n variables V' =
{z1,...,z,} and a set of n associated finite domains D = {Ds, ..., D,}, where the vari-
ables take their values. Furthermore, a set of m constraints C' = {C4, ..., C,,}, which are
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subsets of the state space S = x;—;,._,D;, has to be given. The solution of a constraint
satisfaction problem is the maximal subset L. C S suchthatVvi =1,...,m: L C C,.

Computing the solution can be complicated if C1, . .., C,, are represented in a way such that
Ni=1,...mC; cannot be compute directly. For a monotonic landmark ensemble M (y, C), the
basicideaistotake D; = Q; x A,i = 1,...,n, and the constraints C. Additional constraints
are implied by the sign information given by x. The solution L includes all qualitative states
which are consistent with the model assumptions. This is a superset of the vertices of the
state-transition-graph G, because it also contains states which cannot be obtained for a time
interval (which is required by DEF. 2, p. 23 or DEF. 5, p. 29). Excluded are qualitative states
v where foran i € {1,...,n} : qdir;(v) # 0Oand 35 € {1,...,k;} : qmag;(v) = A,
i.e. where a component of a solution z;(-) of a system of M(u,C) is at a landmark and
x; # 0 —this is only possible for a point in time, i.e. for intermediate states (v A w), and not
on a time interval. However, these intermediate states must also satisfy the constraints C. It
is possible that the solution L does not contain every combination of qualitative directions
(contrary to section 2.2.1, p. 21). The edges (v, w) € E(G) are found by considering the sign
matrices u(v), u(w), because they indicate under which conditions the qualitative direction
or the qualitative magnitude of a state can change (cf. PROP. 2, p. 25).

In practice, the algorithm takes account of several technical details, mainly to cover all
special cases for edges in GG as discussed above. An example for another technicality is that
the state space is augmented by the velocity space to allow for a more flexible formulation of
constraints: The qualitative state space S is supplied with the components s’ = n+1, ..., 2n,
Qi = ({—0,0},0,{0,+00}) with &; = z;. This makes the state abstractions of vectors
(z )" available via

{—OO, 0} if II')Z'I < O,
qmag (aa(z, %)) =< 0 if z; =0,
{0, +OO} if Ty > 0,

and qdir; (ax(z, %)) = [#;]. The link of &; to z; is expressed by a constraint of the form

{fvesS|Vi=1,...,n:qdir;(v) = [qmag,_;(v)]}. (2.13)

Altogether, the constraints describing M (u, C') can be specified using a script language as
outlined below. Then, the QSIM algorithm applies a constructive filtering technique. It
begins with one user-specified qualitative state v which is an element of the solution L of
the constraint satisfaction problem. Then, all potential successor states of v are generated,
I.e. states where qualitative magnitudes change in accordance with current qualitative direc-
tions, or where qualitative directions change in accordance with the signs of the Jacobian.
This is as an application of PROP. 2 (p. 25) and its full extension to monotonic landmark
ensembles. Each potential successor is checked to establish whether it belongs to L: the pro-
cedure efficiently evaluates all constraints C1, ..., C,, for each potential successor. If one
constraint is violated, the state is “filtered out”. With this procedure, sequences of “surviv-
ing” actual states are generated. In these sequences state which can occur for a time interval
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and for time points (so called I-states and P-states) alternate. Only the former are relevant for
the state-transition graph, but all special cases like extrema of solutions occurring exactly on
a landmark or concurrent changes of qmag and qdir can be covered by considering P-states.
Thus, if v A w is a P-state succeeding v, and w € N;—y,..,»C; is a new I-state succeeding
v A w, then w is introduced as a vertex and (v, w) as an edge in G. After this, new potential
successors of w are generated and “filtered” iteratively, until no new valid successor is found.

One more subtlety in the filtering procedure arises from the fact that the number of poten-
tial successors is usually too large for efficient computation. In practice, a more complicated
algorithm is applied. In a first step only the possible successors of some components of a
qualitative state are generated (so-called partial assignments) and discarded if they violate a
single constraint C, ..., Cy,. Then, all surviving values for one component are combined
with all surviving values for other components. This has to be checked against all constraints
iteratively until all complete, consistent states are constructed. The algorithm is designed
such that the guaranteed coverage theorem holds (Kuipers 1994, p. 118, adapted to the ter-
minology of this thesis):

PROPOSITION 3: Let z(-) be a reasonable solution of the monotonic landmark ensemble
M(u,C), and A a landmark vector. Then, the landmark abstraction Z of z(-) is a path in
the graph computed by the QSIM algorithm.

It is important to note that there are also paths in the graph which are not an abstraction of
a solution of the monotonic landmark ensemble. Such a path is called spurious behaviour.
The QSIM algorithm is complete, meaning that the abstractions of all solutions are repre-
sented, but not sound, i.e. there is spurious behaviour — a fact that can generally be proven
(Say and Akin 2002). In PROP. 2 (p. 25) soundness was only shown for edges (v, w), describ-
ing the short but important paths v, w. Thus, the information contained in the state-transition
graph can be seen as negative: If there is no edge from a vertex v to a vertex w, we can be
sure that there is no solution of the monotonic landmark ensemble for which the landmark
abstraction attains w directly after v. Therefore, QDEs are complementary to common nu-
merical simulation. While the latter strives to use sound but incomplete algorithms (every
computed trajectory approximates a solution, but it is not possible to compute an infinite
ensemble quantitatively), the QSIM algorithm is unsound but complete.

The QSIM Script Language

There are several implementations of the QSIM algorithm, e.g. in Lisp (University of Texas
at Austin 1991) or in C (Dvorak 1998). The latter is the base for an extended C++ version
developed for this thesis (which was already used for the examples in the previous subsec-
tions). We now introduce the basic syntax and semantics of the script language to formulate
a QDE in these implementations. The variables of the model together with their quantity
spaces are defined by a block

(quantity-spaces
<(var ( <lnmp ) ""text’’)>

)
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where <| n® is the sequence of landmarks associated with variable var , i.e. a component
of the (qualitative) state space. Angular brackets < > indicate that a specification can be
repeated multiple times. The description t ext comments on the variable. The most ba-
sic constraint requires that the derivative of one variable x is determined by a variable y
(cf. Eq. 2.13).

((d//dt x y))

If 7 is the index of variable x and j the index of y this constraint is valid for qualitative states
v with qdir;(v) = [qmag;(v)]. Simple monotonic relationships between two variables are
expressed by

((M-xy) <(Ix 1y)>)

or

((M xy) <(Ix 1ly)>)

with a (possibly empty) sequence of m pairs (| x |y), called corresponding values, where
| x represents a landmark of the variable x (with index ) and | y a landmark of variable y
(with index 7), denoting sequences of landmarks A; 1, ..., Aim and A1, ..., Aj . A qualita-
tive state v satisfies the M+ constraint if

qdir; (v) = qdirj(v),
and Vk = 0,...,m: [qmag;(v)]x,, = [amag;(v)]x,
while for the M constraint
qdir; (v) = —qdir; (v),
and Vk = 07 N [qmagi(v)])\i,k = _[qma’gj(v)]kj,k'

Rows in the sign matrix 3 (without a coefficient [?]) are expressed by multivariate monotonic
function constraints

(((M<s>) <var>))

where <s> denotes a sequence of m signs o, . .., o, € A (which are different from 0), and
<var > denotes m + 1 variables with indices i1, . . . , i, +1. Then, a qualitative state v respects
this constraint if one of the following two conditions holds:

qdir; . (v)=0=3j,ke€{l,...,m},j #k:
0; - qdir;, (v) = —oy, - qdir;, (v) # 0,
qdir;, , (v) #0=35 € {1,....m} : 0; - qdir;, (v) = qdir; , (v).

Tm+1 Tm+1

This constraint can also be extended to corresponding values

(((M<s>) <var>) <(tuple)>)
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with <(t upl e) > being a sequence of (m + 1)-tuples of landmarks with length &, denoted
DY Xii1s -5 Airkr Aigy1s - - Aigkr « - - Nippa,ls - - - > Aiyr ko @NA additionally requiring for a
qualitative state v and forall [ =1, ..., & that

(‘v’j =1,...,m:0;- [qmagij (U)],\ij,l = am+1) = [qmagimH(v)],\

im 415! = O-m+1'

Other important constraints are defined in a similar way, e.g. U- and U+, capturing the
monotonicity properties of functions f(z),z € R which increase on one side of a land-
mark and decrease on the other (cf. Ex.6, p. 31),and ((nult x y z)), called qualita-
tive multiplication, generalising the monotonicity properties of an algebraic equation like
xk(t) = x;(t) - z;(t). For a full specification of this and further constraints | refer to
Kuipers (1994).

2.2.4 Advanced Techniques

I open this subsection with a short discussion of the strengths and weaknesses of QDEs. The
latter motivates various extensions of the basic approach. Here, established extensions are
presented, while in Chapter 3 I introduce new abstraction and restriction techniques. Using
the framework of model ensembles developed in section 2.1 (p. 17) and the graph theoretical
description introduced in section 2.2 (p. 20), I can formulate and systematise most of these
techniques in a new and consistent way. The concept of a restriction technique is directly
related to the restriction of a model ensemble, and is the guiding principle for most parts
of Chapter 3. The generic definition of abstraction techniques | provide subsumes various
known abstraction techniques. It will be used again and complemented with viability theory
in Chapter 3.

The main advantages of QDESs concern generality, uncertainty and non-quantitative know-
ledge. As discussed in Chapter 1, problems of sustainability science show such properties.
Based on the framework of model ensembles, QDEs clearly account for the first two of them
(cf. section2.1, p. 17): Each QDE represents a broad variety of systems with some common
(monotonicity) properties. This can subsume a typical pattern comprising many instances,
or a set of potentially valid model formulations between which the modeller cannot dis-
criminate. QDEs also account for non-quantitative knowledge, since the characteristics of
the system are only expressed in terms of trends (signs), influences (signs) and thresholds
(landmarks). Hence, it is not necessary to measure variables of a real-world system quantita-
tively, making it much more easy to introduce variables which are difficult to operationalise
(e.g. profit expectations, well-being, political power).

On the other hand, the core of the approach is deterministic: a monotonic landmark en-
semble contains only autonomous models. We cannot take variability of parameters into
account. Secondly, as discussed in the previous subsection, we have the problem of spuri-
ous behaviour: Not every path in the state-transition graph corresponds to a solution of the
monotonic landmark ensemble. From the practical perspective, a main challenge is posed by
very large state-transition graphs resulting from QDEs with many variables. The number of
potential qualitative states increases exponentially with the dimension of the qualitative state
space, termed the state explosion problem (Valmari 1998). A deeper obstacle is the tendency
of larger QDEs to produce weakly structured state-transition graphs, indicated by a typically
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increasing average degree of vertices. This makes it less “predictable” which successor state
w will be observed when a system is in a given qualitative state ». This is not an artifact of the
method, but simply a consequence of the generality (or uncertainty) of the model assump-
tions contained in an influence diagram: If many partial derivatives of a component function
fi, f € M(X) do not vanish, it is more likely that there exists a j ¢ Zy(v A w) such that
w; - (v Aw); = 0,4, resulting in multiple successors (cf. PROP. 2, p. 25). All these problems
are obstacles to drawing conclusions for the management of an environmental system. This
is because only very limited knowledge is expressed by a monotonic landmark ensemble.

Most techniques to handle a large or weakly structured state-transition graph G' can be
classified by the following scheme:

1. Abstraction: simplify the representation of G to foster meaningful analysis.

2. Restriction: reduce the number of vertices and edges of G by introducing additional
types of assumptions about the system. This is mainly by restricting the state space,
the monotonic landmark ensemble, or the space of admissible trajectories.

3. Analysis: consider G as a database which is not displayed but queried for interesting
model properties.

Here, the concept of “abstraction” is formally different from section2.2.1 (p. 21) and sec-
tion2.2.2 (p. 27), but the use of both meanings is standard in the qualitative reasoning litera-
ture.

Abstraction techniques

There are two types of abstraction procedures: they can either be guided solely by the struc-
ture of state-transition graph G itself (automated abstraction), or can depend on user-specified
criteria (user-guided abstraction). Both are useful, and thus they are very often combined. All
abstraction techniques perform some kind of clustering of the state-transition graph, result-
ing in an abstracted state-transition graph which disregards some features of (and therefore
abstracts from) the original state-transition graph (Clancy and Kuipers 1993; Mallory et al.
1996). There is also related work on the abstraction of finite state machines (Oikonomou
1996). We propose the following generic definition of abstraction, which is also fundamen-
tal for section 3.1 (p. 52).

DEFINITION 8: Let G be a state-transition graph and G;,7 = 1,..., m a partition of dis-

.....

G' is then given by

and
EG") ={(0"w'") | v #£w and I € v',w € w': (v,w) € E(G)}.

The new loop-free graph G’ contains a vertex for every subgraph G; (defined by the union of
the qualitative states in this subgraph). The edges of G’ are “inherited” from the edges of G.
Different abstraction procedures are distinguished by the chosen subgraphs.
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One major breakthrough in (automated) abstraction was so called chatter-box abstraction
(Clancy and Kuipers 1993; Clancy 1997), since it reduces both the number of states and the
computation effort of the QSIM algorithm drastically. The idea is to cluster qualitative states
between which the system can arbitrarily float back and forth (called chattering). Based on
the new DEF. 8 this technique can be described in a simple and concise way. For a graph
G, define the bi-directed subgraph G~ := G N G1, which contains all vertices but only the
bi-directed edges of G.

DEFINITION 9: A chatter-box is a subgraph of G which is induced by a strongly connected
component of the bi-directed subgraph G~

Chatter-boxes can be used for abstraction since

PROPOSITION 4: Chatter-boxes are disjoined subgraphs of G.

PROOF: Due to maximality, the strongly connected components of G~ are disjoined. Thus,
also the subgraphs of G induced by these components are disjoined. O

DEFINITION 10: LetG;,i = 1,...,[ be the family of all chatter-boxes of a state transition
graph G, and G;,© = | + 1,...,m the trivial subgraphs of G which have only one vertex
which is not a member of a chatter-box. The abstracted state-transition graph G’ based on
this family is called the chatter-box abstraction of GG.

The most common version of the chatter-box algorithm detects only chatter-boxes where
all qualitative states in the subgraph have the same qualitative magnitudes. If a chatter-box
contains different qualitative magnitudes, it is split to different disjoined subgraphs: this
simple chatter-box abstraction ignores so called landmark chatter. The advantage is that
this version can be easily integrated into the QSIM algorithm and no post processing is
needed. Since this reduces the number of qualitative states which have to be considered by
the filtering algorithm, its efficiency increases. We will use simple chatter-box abstraction
for most of the applications in Chapter 4.

Another very powerful simplification procedure is projection, also called generation of a
variable focus (Mallory et al. 1996; Clancy et al. 1997). For this user-guided procedure, a
set of variables of interest has to be specified by the modeller. The idea is to observe only
differences in these variables and to disregard the values of all other variables. For example,
merely technical auxiliary variables can be ignored or hypotheses about a restricted set of
state variables can be verified by this technique. The variables not to be ignored are described
asaindexset I = {ji,...,7,} C {1,...,n} (denoting components of the qualitative state
space). We consider two types of projection: simple and faithful. The first abstracts the
state-transition graph taking as subgraph states which have identical qualitative values in all
variables of interest. The second type of projection additionally splits these subgraphs into
weakly connected components, thus maintaining connectivity properties.

By 71 : V(G) = X,er(Q; % A), we denote the usual projection v — (v;, ... vj,)"
Two vertices v,w € V(G) are called simple projection equivalent with respect to I if
nr(v) = mr(w). Define the undirected supergraph G+ := G U G~! of G, which contains
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a bi-directed edge for every edge in G. Two vertices v, w are called faithful projection
equivalent if, additionally, in G there is a path vy, ..., v, v9 = v,v, = w such that
7r(vg) = mr(v1) = ... = mwr(vg) or if v = w. Both relations are obviously equivalence
relations, and we obtain equivalence classes on V(G) which induce disjoined subgraphs
of G.

DEFINITION 11: Let G;,7 = 1,...,m be the family of subgraphs of G induced by a simple
projection equivalence defined by I. The resulting abstracted state-transition graph G’ =:
77(G) is called the simple projection of G with respectto I. If G;,i = 1,...,m are given by
a faithful projection equivalence defined by I, G’ =: 7;(G) is called the faithful projection
of G with respect to 1.

Besides producing a simplified graph, these projections have some useful properties. For a
path vy, ..., v, in G, we can construct a sequence of vertices v, ..., v}, in 7,(G), | < k
by taking the sequence 7;(vp), . . ., mr(vx) and removing all elements which are identical to
their predecessor. Then [ = 1 or v(,..., v, is a path in 7;(G). The same holds true for
7. As a consequence, structures are preserved under 7; and 7;. A subgraph H of G is
weakly connected, if for all v,w € V(H), v # w, there is a path v,...,w in G*. Ifa
subgraph H C @G is weakly or strongly connected, the same applies to 7;(H) C 7;(G)
(unless |m;(H)| = 1) and to 7;(H) C 7;(G) (unless |7, (H)| = 1). For the inverse case, we
only have a weaker property:

PROPOSITION 5: (1) If vi,..., v} is a path in 7;(G)™, then for all v,w € V(G) such that
7r(v) = v} and 7 (w) = v}, there exists a path v, ..., win G*.
(2) If H C 7;(Q) is weakly connected, so is 7, ' (H) C G.

PrROOF: (1) Since for all v;,v;,,,i = 1,...,k — 1, there is always an edge (v, vj,) in
71(G)*, there must also be an edge (v;, v;41) € E(G™) with 7(v;) = v} and 7(v;41) = v}, ;.
Since 7 is faithful, all v € V' (G) with 7(u) = v] are strongly connected in G*. Thus, there
is a path from v to w in G*.

(2) Take v, w € V(77 *(H)) and choose v', w' € V(H) such that 7 (v) = v’ and 7(w) = w'.

Since H is weakly connected, there is a path v/, ..., w' in 7;(G)*. Consequently, part (1)
of the proposition guarantees the existence of a path v, ..., w in G*, i.e. 7, '(H) is weakly
connected. m

Simple projection will be necessary to display some results in Chapter 4.

A third abstraction technique is called state-based (Fouché and Kuipers 1991; Clancy and
Kuipers 1993), and can be used if the quantity space contains a larger number of landmarks.
The modeller chooses some landmarks which are of limited interest. All states with a quali-
tative magnitude adjacent to these landmarks are regarded as equivalent if they also have the
same qualitative direction. By this equivalence relation, disjoined subgraphs are defined and
an abstracted state-transition graph can be computed.
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Restriction Techniques

One simple restriction method is the analytical function constraint (Kuipers 1994). In prin-
ciple, it is possible that a component of a solution of a monotonic landmark ensemble is
constant over a time interval. If we restrict the set of admissible trajectories to functions
which are analytical (at least in some components), this is only possible if the component
remains constant forever. From the modelling perspective this restriction is reasonable if a
constant evolution of one variable over some time must be regarded as a very improbable
marginal case in the real world. If an analytical function constraint with a prescribed index
set I C {1,...,n} is applied to a state-transition graph, all vertices v are for which at least
ones € [ exists such that qdir;(v) = 0 are eliminated. The effect of this restriction technique
can be increased if it is integrated into the QSIM algorithm to reduce the number of states
which have to be checked at each filtering step. The analytical function constraint is used for
some of the applications in Chapter 4.

Phase plane constraints are a path-dependent technique (Lee and Kuipers 1988). Since a
QDE contains only autonomous systems, non-constant trajectories cannot intersect. For each
tuple of landmarks from the quantity space @ and a landmark vector a specific state in X
is given. The set of admissible trajectories is restricted to the reasonable functions which
always pass through such states in the same direction. However, this is not very restrictive
for high dimensional systems.

The integration of quantitative knowledge to QDEs, so called semi-qualitative reasoning, is
still a challenge (Berleant and Kuipers 1992; Kuipers 1994; Berleant and Kuipers 1998; Kay
1998; Moldenhauer et al. 1999). If we define a qualitative model, we possibly disregard
guantitative knowledge which may be (partially) available: Quantitative knowledge cannot
be expressed by a monotonic landmark ensemble. If we had full quantitative knowledge,
we could restrict the model to a single ODE. In the more interesting case, we come up with
a “hybrid” model ensemble by restricting a monotonic landmark ensemble (partially) with
guantitative constraints. For such a semi-qualitative reasoning three types of quantitative
knowledge are considered: (i) quantitative landmark intervals, (ii) functional envelopes, and
(iii) temporal envelopes. For the first type, M (u, C) is restricted by constraining the values
a landmark vector can take, e.g. by prescribing intervals J; ; C R with \; ; € J; ;. For the
second type, we define two functions f, f : X — R" and restrict M(u, C) to the models
fsuchthat vz € X : f(z) < f(z) < f(=) (inequalities defined component wise). By
introducing temporal envelopes we restrict the space of admissible trajectories £ with two
functions z, z : Ry — X by requiring thatVz(-) € £,¢ > 0: z(¢) < z(t) < Z(t).

Combinations of these restrictions can be used to infer estimates for the sets of quantita-
tive states which are consistent with a qualitative state », or for the length of time intervals
where a solution of the monotonic landmark ensemble has v as state abstraction. Various par-
tially successful procedures have been proposed, but an efficient solution for systems with
more than three variables is still lacking. The basic problem are tight approximations of so-
lutions of interval-valued differential inclusions with state constraints (see section 2.3, p. 42),
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e.g. of the form

i € [f(z), f(z)]
subject to
z(0) € J,
Vt € Ry : [#(t)] = qdir(v)
and z(t) € [z(t), Z(t)],

where J € R"™ describes an interval of possible initial values and v € S a qualitative state
under consideration. The new method I develop in section 3.4 (p. 77) is a step in this direc-
tion.

Analysis Techniques

When a state-transition graph cannot be restricted or abstracted further, it may still be too
large to be displayed or analysed by hand. In this case, we can interpret the graph as a data
base and can employ search algorithms on this data to find paths which satisfy prescribed
properties (Brajnik and Clancy 1996; Clancy 1997; Shults and Kuipers 1997). Temporal
logic together with modal and standard predicate logic is a rich language to formulate ex-
pressions like “a path where [z;] = [4;] = [—] after [x] = [+] is impossible”. An introduc-
tion to temporal logic is beyond the scope of this text. However, it should become clear that
effective algorithms to test whether a state-transition graph fulfils given expressions of this
kind can contribute to the understanding and interpretation of large QDEs.

In Chapter 3, | develop one novel abstraction and three new restriction methods which all fit
into the scheme proposed in this section. The abstraction technique draws from basic con-
cepts of viability theory, which will be introduced in section 2.4 (p. 45). The other techniques
(i) exclude trajectories which represent unlikely developments in some specified sense, (ii)
restricts monotonic landmark ensembles to models which satisfy a prescribed order on the co-
efficients of the Jacobian, and (iii) restricts them to models with quantitative interval bounds
on the Jacobian. Before going on to this, I first introduce differential inclusions.
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2.3 Differential Inclusions

In this section, basic concepts of differential inclusions are reviewed from the literature. This
Is a prerequisite for viability theory, which will be indispensable in Chapter 3, and provides
a further elaborate example for a model ensemble (cf. section 2.1, p. 17). This contributes to
the ongoing discussion about the relation of differential inclusions and QDEs. Differential
inclusions are a generalisation of ordinary differential equations. An ODE assigns a single
velocity to points in the state space, and is thus a special case of a differential inclusion,
where multiple velocities can be assigned. We map a state x to a set of possible velocities
F(z), and admit a trajectory z(-) as a solution, if &(t) is always an element of F'(z(t)). As
in the case of QDEs we cannot generally expect to obtain unique solutions in such a setting,
yielding a set-valued solution operator. The first ideas to this approach arose in the 30s of
the last century (Zaremba 1936; Marchaud 1934), were the existence of continuous solutions
was investigated under the terms of “contingent” or “paratingent” equations. Later, abso-
lutely continuous solutions were considered (Wazewski 1961a; Wazewski 1961b). Filippov
(1959) put differential inclusions into the context of optimal control. A broad overview to the
fundamentals and subsequent development of the theory is provided by Aubin and Cellina
(1984). One basic motivation — similar to QDEs - is to consider uncertainties which cannot
be expressed in a probabilistic way. We may have an ODE & = f(x,¢; u), depending on a
parameter or a control «. If we do not know « exactly but can restrict the value, say, to an in-
terval .J such that v € .J, we obtain a set of possible values F'(z,t) := {f(z,t;u) | u € J}.
Since the analysis of differential inclusions is more complicated than for ODEs, open re-
search problems include accurate and efficient numerical schemes for state spaces of higher
dimension and for differential inclusions with weak regularity properties. Differential inclu-
sions are applied to problems from, e.g. population dynamics (Kfivan and Colombo 1998;
Guo et al. 2003), physics (Maisse and Pousin 1997), climate change (Chahma 2003), non-
smooth analysis (Clarke 1983), control theory (Leonov 2000; Lorenz 2005) and differential
games (Chodun 1989; Ivanov and Polovinkin 1995).

We now present some basic definitions. Let X and Y be sets. A set-valued map F' :
X — P(Y) is a map assigning to any z € X an element F(x) of the power set of Y;
we also write ' : X ~» Y,z ~» F(z). We denote the domain of F' by Dom(F) :=
{z € X | F(z) # @}. A set-valued map F is called nontrivial if Dom(F') # @. The
graph of F'is Graph(F') := {(z,y) € X xY | y € F(z)}. A standard example for
set-valued maps are parameterised maps. We consider the sets X, Y and U and a (single-
valuedy map f : X x U — Y. Then F(z) := {f(z,u) | u € U} is called a set-valued
map parameterised by U. There are several regularity concepts for set-valued maps which
are helpful in practice, e.g. the following three. For a metric space X and K C X, the
distance from z € X to K is defined by d(z, K) := infyck d(z,y), d(z, ) = 400, and
B(K,r):={z € X | d(z, K) < r} denotes the ball around K with radius r > 0.

DEFINITION 12: Let F' : X ~» Y be a nontrivial set-valued map from a metric space X to
a metric space Y. Itis called

1. Lipschitzwith constant L > 0 if
Vz,2' € X : F(z) C B(F(2), Ld(z, z")).
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2. Upper semicontinuousat z € X if for any open neighbourhood N O F'(z) there exists
a neighbourhood M D z such that F/(M) C N. Itis called upper semicontinuous, if it
IS upper semicontinuous at any x € X.

3. Marchaud if it is upper semicontinuous, has compact convex images and has linear
growth, i.e. there exists a positive constant ¢ such that

vz € Dom(F) : ||[F(2)|| < c([l«]| + 1),
where [|F(z)|] := supyep) [yl

Set-valued maps which are parameterised by a closed set U and a (single-valued) contin-
uous map f with linear growth such that F'(z) has convex values are always Marchaud
(Aubin 1991, p. 203). It can be shown that Marchaud maps are characterised by nonempty
and closed Dom(F’), nonempty and closed Graph(F'), convex values and linear growth
(Aubin 2001).

For a given set-valued map F : X ~» Y an “equation” of the form

i € F(x),

2(0) = 70, (2.14)

is called a differential inclusion. What we define as solution of a differential inclusion
depends on the chosen space of admissible trajectories. The situation is more complicated
than for ODEs which have differentiable solutions if the right-hand side is continuous. As
a standard case, we call an absolutely continuous function z(-) : J — X on an interval
J = [0,T], possibly T" = oo a solution of Eq. (2.14) if 2(0) = z and ©(t) € F(z(t))
almost everywhere on J. For sake of simplicity we assume in the following that X,Y C
R™, although results also hold for more general cases. There are various theorems on the
existence of solutions to a differential inclusion (see e.g. Aubin 1991, p. 172).

PROPOSITION 6: Let X be an open set, and F' : X ~» R™ a set-valued map which is
Lipschitz on X. Then, for any zy € X and vy € F(z,), there exists a 7" > 0 and a solution
z(+) to the differential inclusion Eq. (2.14) on [0, T'] such that z:(0) = z and £(0) = vy.

How are differential inclusions related to model ensembles and causal loop diagrams? A
Lipschitzmap F' : X ~» R™ and the resulting differential inclusion defines a model ensemble
(cf. section2.1, p. 17) by

M ={f: X xRy — R"|f(z,t) measurable with respect to ¢
andVt € Ry : f(z,t) € F(z)}.

Taking the set of absolutely continuous functions on intervals J = [0, T’] as space of admis-
sible trajectories £, we obtain a set-valued solution operator Sg(+) : X ~ &,

Sr(xg) :=={z(-) € £ |z(0) = zp,If e M :
%(t) = f(x(t),t) almost everywhere },

which assigns to an initial value x, € X the set of solutions of Eq. (2.14).
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To find all possible trajectories which can be brought about by a causal loop diagram, one
could start with a model ensemble M which contains all (autonomous) models consistent
with the causal loop diagram (according to a concise interpretation of the diagram). We
could then define a set-valued map by F(z) := {f(z) | f € M} such that the solutions
of the differential inclusion Eq. (2.14) describe all trajectories. However, if a causal loop
diagram is specified by a sign matrix ¥ = (o;,;) € A?*™ and a monotonic ensemble M (X),
we run into trouble, as the following shows:

Suppose that f € M(X). Since it follows from & = f(z) that # = J(f)(z) - &, we
obtain a second order differential inclusion in the joint state and velocity space:

i€ F(&, ),
Fi(@,z) ~{TJ(f)(z) 2| feME)}

This can be simplified to R
i€ F(z) := {4z | [A] = T},

where A denotes n x n matrices over the real numbers. We observe that the components
i=1,...,nof F(z) evaluate to

0 ifVi=1,...,n:2;-0;; =0,

131-(:&) _ Ry \ {0} elseifVji=1,...,n:[¢;]=0,;#00rz; 0,; =0,
R_ \{0} elseifVj=1,...,n:—[g;]=0;;#00rz;-0;; =0,
R otherwise .

Except the trivial case, this unbounded set-valued map is not Lipschitz and not Marchaud.
Also other well-known regularity concepts do not apply to F'. Thus, it cannot be expected that
this simple approach provides valuable results. In section 3.4 (p. 77) | develop an alternative
with better smoothness properties.
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2.4 Viability Theory

Viability theory provides an elegant mathematical framework to consider normative set-
tings in a model-driven analysis in a transparent way. Here, the basic definitions and re-
sults are recalled from the literature. They are the foundation for a new abstraction tech-
nigque in section 3.1 (p. 52). | also outline the viability kernel algorithm, which is needed in
section 3.4 (p. 77).

Viability theory considers whether prescribed state constraints can be satisfied by a set of
trajectories. A viability constraint is a closed subset K of the state space X. It is assumed
that in a state outside K the system is no longer viable. If a trajectory z(-) is given as a
solution of an ODE with initial value z¢, and it remains in K forever, we call it viable. If
we deal with a model ensemble, admitting multiple solutions starting from an initial state,
the situation becomes more interesting: it may be that all solutions are viable, or at least one
solution, or none. We can also formulate the control problem of how to steer a system such
that it produces a viable solution. It turns out that these problems are also closely related to
the reachability of a target set C C X, i.e. whether a viable trajectory reaches C' in finite
time. For ODEs, the first characterisation of viability by Nagumo (1942) has been forgot-
ten and rediscovered several times. Later it was extended to differential inclusions (Yorke
1969; Gautier 1976; Aubin et al. 1977; Haddad 1981). A very comprehensive introduction
is provided by Aubin (1991). The strength of viability theory is that it provides a consis-
tent framework to conceptualise and analyse non-deterministic or uncertain dynamics under
state constraints. By concentrating on initial states which admit viable solutions, questions
about dynamics are reduced to geometrical considerations. This is in particular valuable
to investigate complex control problems. However, as for differential inclusions, numerical
schemes for viability theory are still difficult in state spaces of higher dimensions. Fields
of applications include economics (e.g. Aubin et al. 2001; Aubin et al. 2005), engineering
(e.g. Seube et al. 2002), population dynamics (e.g. Bonneuil and Mdillers 1997; Bonneuil and
Saint-Pierre 2005), and sustainability science (Petschel-Held et al. 1999; Bene et al. 2001;
Eisenack et al. 2006; Cury et al. 2005).

Normative settings, which are important for sustainability issues, can be formalised by
defining viability constraints as sets which subsume preferable or problematic states of the
system under investigation. For example, it may be relevant to know whether there are
trajectories reaching a problematic set from an initial value in finite time. In the “hopeless”
case, all trajectories will become non-viable (and thus the system has to be altered structurally
to make it sustainable). In the “foolproof” case, all trajectories will remain viable forever.
Then, the system is on the safe side although we have to face the uncertainty or the generality
expressed by the model. A third possibility is the “critical” case with both viable and non-
viable solutions — the “fate” of the system depends on decisions (for a control problem) or
on unknown system properties. This approach differs from usual criteria like optimality,
which force the modeller to specify unique solutions. Traditionally, viability theory is based
on differential inclusions (and difference inclusions for numerical schemes). In Chapter 3
we will see how qualitative reasoning profits from this approach, since we can apply similar
concepts to the state-transition graph of a QDE.
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2.4.1 The Viability Theorem

To define the basic objects of this section, the viability and invariance kernel, let K C X
be a subset of the the state space called a constrained set. For simplicity we assume that
X C R™, although most results hold for more general cases. A trajectory z(-) : J — X,
J = 10,T] (possibly with T" = oc) which remains in K, i.e.Vt € J : z(t) € K, is called
viable in K on J. If multiple trajectories start from a given initial value z, € K, we ask
whether all trajectories with 2(0) = x,, or whether at least one trajectory has this property.
These questions are further elaborated by considering a target C' C K, which we prefer to
reach with a viable trajectory in finite time.

DEFINITION 13: Let F be a set-valued map on the state space X, defining a differential
inclusion and the set-valued solution operator Sg(-). For C C K C X the

1. Viability kernel of K with target C, denoted by Viabgr (K, C), is the set of all zy € K
such that
3.’13() € SF(.’E())
Vi>0:z(t) e K
ordT>0:z(T)eCandVte[0,T]:xz(t) € K.
2. Invariance kernel of K with target C, denoted by Inv (K, C), isthe setof all z € K
such that
VfE() € SF(.T())
Vt>0:z(t) e K
or3T>0:z(T)eCandVte[0,T]:xz(t) € K.
3. Capture basin Capt (K, C) is the set of all z, € K such that 3z(-) € Sp(zo) for
which37T > 0:z(T) e CandVt € [0,7T]: z(t) € K.
4. Absorption basin Absg (K, C) is the set of all zo € K such thatVz(-) € Sp(z) there
AT >0:2(T)e CandVt e [0,T]: z(t) € K.

If the set-valued map F' is clear from the context, it is usually omitted as a subscript. As
important examples Viabg (K, @) contains the initial states from which at least one viable
solution starts, whereas Inv (K, @) contains the initial states for which all trajectories are
viable. These important cases are simply called the viability kernel of K, Viabg(K), or
invariance kernel of K, Invp(K). We can thus define the following types of sets which we
aim to characterise geometrically by the viability theorem.

DEFINITION 14: Asset K isviableif K = Viabp(K), i.e.
Vg€ K3z(-) € Sp(zo) VE > 0: 2(t) € K.
Itis invariant if K = Invg(K), i.e.
Vag € K,z(:) € Sp(xg),t > 0: z(t) € K.
Itis locally invariant if
Vg€ K,z(+) € Sp(xo)IT >0Vt € [0,T]: z(t) € K.
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These concepts can also be translated to difference inclusions ;1 € F(z;), F : X ~ X,
where the solution operator Sp(x) := {(z;) | zo = z,Vi € N : 2,41, € F(x;)} contains all
sequences of states which start from x and evolve according to the set-valued map F'. This
discrete version is needed for the viability kernel algorithm which is presented in the next
subsection.

DEFINITION 15: A sequence (z;) € Sr(x) is said to be viablein K C X ifVi € N: z; €
K. The discrete viability kernel of K with target C' C K, denoted by Viabr (K, C), is the
set of all = such that there exists at least one sequence (z;) € S (o) Which is viable in
K or for which thereisan N € Nwithzy € CandVi < N : z; € K. Again, we set
Viabp(K) := Viabp (K, ).

We are interested in the structure of viable sets, and how it depends on F and the constrained
set K. There are various such characterisations, and a simple one for discrete viability ker-
nels:

PROPOSITION 7: The discrete viability kernel Viabg (K, C) is the largest closed set D C K
such that
Vee D\C: F(x)ND # @.

In the viability and invariance theorem for differential inclusions, viable sets are charac-
terised by tangential conditions. To state them, we need another definition:

DEFINITION 16: Let K C X be nonempty and = € K. The contingent coneto K at z is
the set
Ty (z) == {u € R" | liminf 20 K) o}.

h—0+
The contingent cone contains the directions which point into K from a given point z in some
sense. If = is on the boundary of a smooth manifold K&, it is identical to the tangent space to
K atz. For z € Int(K) we have Tk (z) = R™, and if K is a singleton, Tk (z) = 0. If K is
an open set, the contingent cone is always the whole space. The above definition also works
for nonsmooth K. Sets with the following properties are viable or invariant, under certain
regularity assumptions for F.

DEFINITION 17: Let F : X ~» X be a nontrivial set-valued map. We call a set K C
Dom(F') a viability domain of F' if

Ve e K: F(x) NTk(z) # @,
and an invariance domain of F' if
Ve € K: F(x) C Tx(x).
Consequently, every open set is a viability and an invariance domain. The viability theorem
states the following existence result (cf. Aubin 1991, p. 91):

PROPOSITION 8: Let F' be a Marchaud map. A closed set K C Dom(F) is viable iff K is a
viability domain.
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The invariance theorem holds for Lipschitz maps (cf. Aubin 1991, p. 173).

PROPOSITION 9: Let F be Lipschitz on Int(Dom(K')) with compact values. A closed set
K C Dom(F) is locally invariant iff K is an invariance domain.

Interestingly, viability and invariance kernels are maximal closed viability domains and in-
variance domains contained in the constrained set (Aubin 2001).

PROPOSITION 10: If F' is Marchaud, K and C C K are closed, the viability kernel
Viabr(K, C) of K with target C is the largest closed subset D with C C D C K satis-
fying

Ve e D\C: F(z)NTp(z) # @.

PROPOSITION 11: If F is Lipschitz, K and C' C K are closed, the invariance kernel
Invy (K, C) of K with target C is the largest closed subset D with C C D C K satisfying

Ve e D\C: F(z) C Tp(z).

2.4.2 The Viability Kernel Algorithm

Viability and invariance kernels as well as capture and absorption basins of a broad class
of differential inclusions can be numerically approximated by the viability kernel algorithm
(Frankowska and Quincampoix 1991; Cardaliaguet et al. 1994; Saint-Pierre 1994; Quincam-
poix and Saint-Pierre 1995; Cardaliaguet et al. 1999). It can be described in two steps. At
first, time is discretised by replacing the differential inclusion by an appropriate difference
inclusion (the semi-discrete scheme). Then, the fully discrete scheme introduces a grid for
the state space and makes a further modification of the difference inclusion necessary. It can
be shown that by refining the grid, the associated discrete viability kernel converges towards
the viability kernel of the underlying differential inclusion. There are specialised numerical
schemes for different types of differential inclusions and some methods to improve compu-
tation efficiency, e.g. the refinement principle which avoids re-computation of grid points in
subsequent iterations. Some basic results from Cardaliaguet et al. (1999) are laid out in the
following paragraphs. For a difference inclusion z;,; € G(x;) on the state space X, the
discrete viability kernel (cf. DEF. 15) can be approximated as follows:

PROPOSITION 12: Let G : X ~» X be an upper semicontinuous map with compact,
nonempty values, and K C X be closed. Define a decreasing (with respect to inclusion)
sequence of closed sets (K;) by

K() =K

Then, the discrete viability kernel is

o0

Viabg(K) = [ Ki.

=0
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This is not sufficient for practical computation, because determining K; requires quantifying
over an infinite set. Moreover, to compute the viability kernel of a differential inclusion, we
have to relate it to a discretisation by an appropriate difference inclusion.

Let a differential inclusion be given by a Marchaud map F' : X ~» Y which is bounded
by M,ie.Vz € X,y € F(z) : ||y|| < M. Choose a family of set-valued maps F, : X ~» Y
such that the following regularity assumptions are satisfied:

(R1) Each F¢ is upper semicontinuous with compact, convex and non-empty values,

(R2) Graph(F,) C B(Graph(F'), ¢(¢€)) with ¢ : R, — R such that
limeﬂo ¢(6) =0,
(R3) Vz € X : Ujy—yj<me F'(y) C Fe().

The discrete viability kernel with respect to a certain family of maps G, converges to the
viability kernel with respect to F' (see Cardaliaguet et al. 1999):

PROPOSITION 13: Let F': X ~» Y be a bounded Marchaud map, the family F, : X ~~ Y
satisfy (RO) — (R2), and define G(z;) := z; + eF(x;). Then,

Lim Viabg, (K) = Viabr (K).
€e—

Here, Lim denotes the Painléve-Kuratowski limit for sets which is defined as follows. If
A : R, ~ X isamap assigning to each e > 0 a subset A(e) of X, the upper limit

Limsup A(e) := {z € X | lim ionfd(a:, A(e)) = 0},
e—

e—0

and the lower limit

Liminf A(e) := {z € X | li_%d(x,A(e)) = 0}.

e—0

A subset K C X is the Painléve-Kuratowski limit Linél Ale) if
€—

K = Lim%an(e) = Limsup A(e).
e—

e—0
EXAMPLE 7: If F'is a Marchaud map bounded by M and Lipschitz with constant L,

F.(z) := B(F(z), M Le)

satisfies the regularity assumptions (R1)-(R3) (Cardaliaguet et al. 1999). O

The next step is the discretisation of the state space. For h € R, we introduce agrid X* C X
such that for any compact K C X, the intersection K N X" is finite and Vo € X 32" €
X" : ||z — 2| < h. For convenience, we define K" := B(K, h) N X". On this grid, the
discrete viability kernel of a difference inclusion z;,1 € H(xz;) can be computed in a finite
number of steps (in contrast to PROP. 12, p. 48):



50 Qualitative Reasoning with Model Ensembles

PROPOSITION 14: Let H : X" ~ X" be a set-valued map with finite, nonempty values,
and K" be finite. Define a decreasing sequence of sets (K) by

K} := K"
Kihle ={z € K!'| Hxz)NK! # o}.
Then there exists an NV € N such that the discrete viability kernel is

Viaby (K") = K.

Again, an appropriate family of maps H. 5 can be constructed which approximates Viab(K)
when the grid width h and the time step ¢ is refined. Let F' be a bounded Marchaud map as
before, F, a set-valued map satisfying (R1)—~(R3), and G(z;) := x; + €F.(x;). Then choose
H, , such that the following additional regularity assumptions hold:

(R4) Graph(H.,) C B(Graph(G,), ¢ (e, b)) with ¢ : R — R, such that
WM 0 fore — 0and & — .

(R5) Va € XI: Ujy—arj<n B(Ge(y), k) N XM C H, p(z").

EXAMPLE 8: When F'is a Marchaud map, bounded by M and Lipschitz with constant L,
H_ ;(z") .= B(2" + eF.(2"),2h + Lhe + MLe*) N X,

satisfies the regularity assumptions (R4) and (R5) (Cardaliaguet et al. 1999). O

We now end up with the fully discrete scheme, implicitly including an estimate for the ap-
proximation error (see Cardaliaguet et al. 1999).

PROPOSITION 15: Let F' : X ~» Y be a bounded Marchaud map. If H.), satisfy (R1) —
(R5), then
Viabp(K) C B(Viabg_, (K"), h),

and
Lim Viabp, , (K") = Viabg (K).

h
€0



Chapter 3

Abstraction and Restriction Techniques

The number of vertices of a state-transition graph of a larger QDE tends to explode as dis-
cussed in section2.2.4 (p. 36). In this chapter | present several new methods to improve
reasoning with such model ensembles. | define meaningful abstractions and subgraphs of the
state-transition graph and restrict the model ensemble by including additional assumptions
which cannot be expressed by a monotonic landmark ensemble. 1 develop algorithms to use
these methods in practice.

For the first strategy the generic graph theoretical definition of abstraction techniques as
supplied in section 2.2.4 is used. Graph theoretical versions of viable and invariant sets as
introduced in section 2.4 (p. 45) are formulated to define subgraphs of interest. The so called
no-return set appears as a new and useful concept which is associated with the notion of irre-
versibility. It turns out that there is a close relationship to strongly connected components, a
well-known concept in graph theory. This is helpful to derive appropriate algorithms and to
clarify the structure of a no-return abstraction. It can be tested in which regions of the quali-
tative state space the model respects certain specifications, even if the state-transition graph
is too large to be visualised effectively. Then I analyse how the new abstraction technique
can be combined with established ones.

For the second strategy, | posit restrictions of the space of admissible trajectories £ and
the model ensemble M in the sense defined in section2.1 (p. 17). This idea is a guiding
principle for the rest of the chapter. At first, £ is restricted, which results in the elimination
of edges representing unprobable marginal cases. Then, M is restricted by assumptions
which cannot be expressed as a monotonic landmark ensemble, but still keep the model
ensemble infinite, covering a broad set of functional relationships: in addition to requiring
a sign matrix X ~ [J(f(z))], knowledge on the order of the coefficients of the Jacobian is
used in the sense that for indices i, j, £, [ assumptions hold like D, f;(x) > Dy fi(x). Finally,
| further restrict M by prescribing quantitative intervals u,; such that D; f;(z) € u;;. Here,
QDEs are combined with differential inclusions (cf. section2.3, p. 42). The concept of an
absorption basin and the viability algorithm (cf. section 2.4, p. 45) are central to determine
the conditions under which one qualitative state is the successor of another one.

51
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3.1 No-Return Abstraction

Abstraction techniques can be used to simplify a large state-transition graph. Recall that an
abstracted state-transition graph G is determined from a family of disjoined subgraphs which
cover GG. Two important examples, chatter-box abstraction and projection, were introduced
in section 2.2.4 (p. 36). The disjoined subgraphs can be displayed as clusters in G, or as a
new graph H where each vertex corresponds to a subgraph, and edges are inherited from G.

In this section I introduce several new types of subgraphs which are meaningful in the
context of sustainability science. Simply speaking, all of them are related to the notion of
irreversibility in some sense: For example, if a region of the state or velocity space of a
system is valued as problematic, the modeller wants to know whether the systems persists
there once it is attained. Problems of this kind are closely related to the concepts from
viability theory as introduced in section 2.4 (p. 45).

The basic ideas of this work appeared in Eisenack and Petschel-Held (2002), and are
extended in this thesis. The main challenge is that the characterisation of the subgraphs
exhibiting irreversible structures is not sufficient for their use as abstraction techniques —
usually, they are not disjoined. Thus, further relations between these structures have to be
investigated to develop an applicable method, the no-return abstraction. | show that it can be
computed by combining well-known algorithms from graph theory related to reachability and
connected components (e.g. Behzad et al. 1979). Finally, | explore how this new technique
interferes with projection and chatter-box abstraction.

3.1.1 Characterisation of Subgraphs

Irreversibility is closely related to reachability: a system shifts from one region of the state
space to another irreversibly if the former region cannot be reached from the latter. The
system resides in a region forever if no state outside this region is reachable from inside it. In
the following, G always denotes a state-transition graph. Reachability of a state w € V(G)
from another state v € V(G) is expressed as the existence of a path v, ..., w. Hence, the
basic tool in this section is the set-valued successor map I' : V(G) ~ V(G),v ~ I'(v).
By I'*(v) we denote the set of successors of vertex v in the transitive closure G* of G. The
vertex w € I'*(v) if and only if there is a path v, ..., w. Recall that a state-transition graph
is loop free (cf. section 2.2, p. 20), and therefore it is not generally true that v € T'*(v).

The relation between paths in G and solutions of a monotonic landmark ensemble
M, C) should be kept in mind here. As shown in section2.2 (p. 20), the existence of a
path in G with length greater than two does not imply the existence of a solution of M (u, C)
which has this path as landmark abstraction. On the other hand we know that if w is not
reachable from v, i.e. w ¢ I'"*(v), there is no corresponding solution.

We now introduce the basic types of sets D C V(G) which will be investigated in this
section. Let G be a state-transition graph of a monotonic landmark ensemble My, C).
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DEFINITION 18: Aset D C V(G) is
1. Viable, if for all vy € D

Jpath vg,...,v;,... INGYi>0:v; € D
or dpath vg,..., v, ING: [(vy,) =2@andVi=0,...,m:v; € D.

2. Invariant, if for all vy € D
YV paths vy, ..., v, ... ING,1>0:v; € D.
3. No-return, if for all vy € D
V paths vg, ..., Vm,...,v; ING with v,, € D i > m : v; € D°.

In a viable set a path starts from every vertex which remains in the set. Invariant sets corre-
spond to regions in the phase space which cannot be left once they are entered, and no-return
sets cannot be re-entered once they have been left. In the context of sustainability science,
invariant sets correspond to robust facts under uncertainty or generality. Since there is no
edge leaving an invariant set, no model of the ensemble My, C) has a solution leaving
the associated region in the state and velocity space (i.e. every ODE with a Marchaud-map
f € M(u,C) as right-hand side has an invariance domain). In contrast, no-return sets cor-
respond to a fragile configuration of states and velocities: Since there is no re-entering path,
no solution of M (u, C) re-enters the region. A negative consequence holds for viable sets.
If D is not viable, there are vertices in D where all successors are outside D, i.e. there is a
region in the state and velocity space where any solution of M (u, C') (supposing it does not
have a constant qualitative value) necessarily leaves this region — a problematic situation if
such a region is valued as positive.

To find such sets in the state transition graph and to improve our understanding of these
concepts, we provide further characterisation in the following propositions. They also make
the connection to viability theory more clear and prepare for the development of efficient
algorithms.

PROPOSITION 16: Aset D C V(G) is viable iff the following criterion holds:
Voe D:T(v)ND#@orl(v)=0.

PROOF: First, choose v € D. If I'(v) = @, the criterion obviously holds. Otherwise, there
isapath v, w,...in D, since D is viable. Thus, w € I'(v) N D.

Now, let D fulfil the criterion and choose vy € D. If I'(vy) = @, it is obviously an element
of a viable set. Otherwise, we can choose one v; € I'(vg) with v; € D. This can be repeated
infinitely or until some I'(v,,) = @. Thus, D is a viable set. O

As discussed above, viable sets can only be used in a negative sense. In practice large state-
transition graphs have viable sets comprising most vertices of GG, making this structure not
very distinctive. Viable sets were introduced here for sake of completeness and will not be
considered further. This could be different if strong restriction techniques to eliminate edges
are used before computing viable sets. In contrast, invariant sets, which are characterised
now, will be more helpful.
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PRoOPOSITION 17: If D C V(G) is an invariant set, this is equivalent to each of the following
conditions:

() YveV(G):T'(v) CD
(i) (D) = D,where ¢ : V(G) ~ V(G),v ~ ¢(v) :=T*(v) U{v}.

Moreover, the set-valued map ¢ has the following properties:

1. Forall D CV(G): D C ¢(D), i.e. ¢ is extensive.
2. Forall C,D CV(G),C C D:¢(C)C ¢(D),Ii.e. ¢ismonotone.
3. Forall D CV(G): ¢(¢(D)) = ¢(D), i.e. ¢ is idempotent.

The properties of ¢ will be useful for various proofs in this section. As G is loop free, it
holds for all v € V(G) thatv ¢ T'(v), but v € ¢(v). If w € ¢(v) then w = v or there is a
path from v to w in G.

PROOF: We begin with the properties of ¢.

The map is extensive by definition.

If C C D, choose w € T*(C). Then there is a path v, ..., w withv € C. Since also v € D,
we have w € T'*(D), and ¢ is monotone.

It holds for every set-valuedmap F' : X ~~ X and A, B C X that F(AUB) = F(A)UF(B).
For the successor map I'* it holds that I'* (T'™*(D)) C I'*(D), since it operates on the transitive
closure of G. Thus,

o(o(D)) =o(I*(D)uD)=T" (F*(D) U D) U (F*(D) U D)
= I*(D*(D)) UT*(D)UT*(D)U D = I'*(D) U D = $(D),

and ¢ is idempotent.

Equivalence to condition (i): Choose v € D, D invariant. If I'(v) = @, the condition is
met. Otherwise, select an arbitrary w € I'(v). Since D is invariant, it holds that w € D,
i.e.['(v) C D.

Let D fulfil the condition. If some v; € D, then all v;;; € T'(v;) C D. Thus, all paths
starting from an v, € D remain in this set — it is invariant.

Equivalence to condition (ii): Let D be invariant. Since ¢ is expansive, only ¢(D) C D has

to be shown. If we choose w € ¢(D), thereisa path v, ..., w with v € D. Due to invariance,
alsow € D.

Let D = ¢(D), take v, € D and an arbitrary path vg, ..., v;,...InG. Since Vi > 0 : v; €
od(vo) C ¢(D) = D, the set is invariant. O

The notion of an invariant set can be used to further describe no-return sets (a further relation
between both types of sets will be shown below):

PROPOSITION 18: Aset D C V(G) is a no-return set iff (D) N D¢ is invariant.
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PROOF: First, let D be a no-return set. Choose v,, € ¢(D) N D°. Then there is a path
Vo, - -+, Uy IN G With vy € D. Since v,, ¢ D and D is a no-return set, it holds for every
continued path vy, ..., vy, ..., v; that Vi > m : v; € D°. Consequently, v; € ¢(D) N D¢,
such that ¢(D) N D¢ is invariant.

Now, let ¢(D) N D¢ be invariant. Choose vy € D. If there is no path leaving D, it is

already a no-return set. Otherwise, there is some v,,, € ¢(D) N D¢ with vy, ..., v, a path
in G. Then, due to invariance, it holds for all continued paths vy, ..., vm,...,v;, ... that
Vi >m:v; € ¢(D)N D C D¢ and D is a no-return set. O

3.1.2 Computing Invariant Sets and the No-Return Abstraction

Invariant sets need to be computed and displayed efficiently if they are to be exploited in
applications from sustainability science. Moreover, we would like to integrate them into the
generic definition of abstraction techniques as introduced in section 2.2.4 (p. 36) — requiring
a disjoined family of subgraphs. In this section we will see important obstacles to this task —
although the family of all invariant sets of a state-transition graph has a very regular structure.
| show that no-return sets and connected components play the decisive role to overcome
them.

At first we investigate the structure of the family of all invariant sets of a state-transition
graph. Recall that for an arbitrary set X, a family of sets £ C P(X), ordered by inclusion
C, isaset lattice if for all A, B € L the supremum AU B € L and the infmum ANB € L
(see, e.g. Davey and Priestley 1990).

PROPOSITION 19: The family £ of all invariant sets of G is a finite set lattice.

PROOF: LetC, D € L. Since C and D are invariant, PROP. 17 yields
$(CUD) =¢(C)Ug(D)=CUD,

such that also C' U D is invariant by PROP. 17.
It holds for every set-valued map F' : X ~» X and A, B C X that F(ANB) C F(A)NF(B).
Since C' and D are invariant and ¢ is extensive, we can use PROP. 17 (p. 54) again to see that

CNDC¢(CND)Cop(C)ng(D)=CND,
and C N D is invariant. O

Furthermore, this lattice can be constructed from simple invariant sets of the form ¢(v) which
are the atoms of L:

PROPOSITION 20: For all v € V(G), ¢(v) is an invariant set.
For all invariant sets D of G,

D= ¢().

veED
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PROOF: The set ¢(v) is invariant by PROP. 17 (p. 54) since ¢ is idempotent.

By definition, v € ¢(v), and thus D C (J,p #(v).

Now choose w € |J,.p #(v). Thenthereisav € D : w € ¢(v), i.e. w = v or there is a path
v,...,w. Since D is invariant, also w € D, and | J,.., #(v) C D. O

This situation seems comfortable at first, as ¢ can be easily obtained from the transitive
closure of G for which various efficient algorithms are well-known. However, the sets ¢(v)
have a nested structure:

PROPOSITION 21: Letv, w € V(G). Then ¢(w) C ¢(v) iff v = w or thereisapathv,...,w
inG.

PROOF: If w € ¢(w) C ¢(v), thenw = v or thereisa path v, ..., w.
Suppose there is a path v, ..., w, then w € ¢(v). Since ¢ is monotone and idempotent, we
conclude that ¢(w) C ¢(d(v)) = ¢(v). O

This makes it impossible to compute an abstracted state-transition graph (cf. DEF. 8, p. 37)
directly from the invariant sets, since this needs disjoined subgraphs. To display all invariant
sets of a state-transition graph, we would lose the overview due to the variety of nested
clusters. Moreover, invariant sets need not be connected, e.g. if there is no path between
v,w € V(G) and D = ¢(v) U ¢(w). The basic idea for the solution of this problem lies
in the following proposition which draws a new connection between invariant sets and no-
return sets. | will go on to show that there is a “basis” of disjoined no-return sets from which
all invariant sets can be constructed in a unique way.

PROPOSITION 22: Let D € L be an invariant set, and D+,..., D, € L the family of all
invariant sets D; with D; G D. Then,

Bp:=D\ |J D,

j=1,..n
iS a no-return set.

PROOF: Choose vy € Bp and a path vy, ..., v, ..., v;, ... With v, ¢ Bp (if there is no
such path, Bp is a no-return set obviously). Since also vq € D, due to invariance v,, € D,
and therefore v, € U,_, _, D;, i.e. there is one j such that v, € D;. Since D; is invariant,
Vi>m:v; € D; gZ Bp. Therefore, Bp is a no-return set. O

In other words, we obtain a no-return set by taking an invariant set and eliminating all in-
cluded invariant sets. When this proposition is applied to the basic invariant sets ¢(v), we
obtain a family of no-return sets with stronger properties as building blocks for the no-return
abstraction:

PROPOSITION 23: For v € V(G) define

B, :=¢(v) \ U D;.

D;eL

D;Go(v)

Then, v € B, and B, is a single vertex or is strongly connected.
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PROOF: Suppose, that v ¢ B,. Since v € ¢(v), there would be a D; € £ with D; G é(v)
and v € D;. Hence, since ¢ is monotone and D; is invariant, this would imply that

o(v) C d(D;) = D; G ¢(v),
which is a contradiction. Therefore, v € B,,.

If |B,| > 2, take w € B,,w # v. As w is also an element of ¢(v), there is a path v, ..., w.
Supposing there is no path w, ..., v, then from PROP. 21 (p. 56) we yield the contradiction
that ¢(v) € é(w) C ¢(v). Thus, B, is strongly connected. O

Taken with PRoP. 22, it follows that all B, consisting of more than one vertex are strongly
connected no-return sets. The following proposition guarantees that they can be computed
by standard algorithms from graph theory to detect strongly connected components (e.g. van
Leeuwen 1990, p. 571). It is also another characterisation of no-return sets.

PROPOSITION 24: Aset D C V(@) of a graph G is a strongly connected no-return set if
and only if it is a strongly connected component.

PROOF: Assume that D is a strongly connected no-return set. If it were not a strongly
connected component, there would be a path v,...,w with v € D,w ¢ D, and a path
w, ...,v. The latter is a contradiction since D is a no-return set.

If D is a strongly connected component, we have to show that D is a no-return set. Choose
vo € Dandapathvy,...,vy,...,v; Withv,, ¢ D. Suppose D is a no-return set. Then there
is some v; € D with ¢ > m. Consequently, there is a cycle vy, ..., v, ..., 0, ..., v SINCE
D is strongly connected. Hence, v,, ¢ D belongs to the same connected component as vy,
which is a contradiction to maximality. Thus, D is a no-return set. O

Thus, if the strongly connected components are computed, a large part of the set
B:={B,|veV(G)}

is known. What remains are the single vertices which are not part of any component. Luckily,
all these vertices are no-return sets:

PROPOSITION 25: If v € V(@) is not an element of any strongly connected component of
G, then it is a no-return set and B, = {v} € B.

PrROOF: If vy € V(G) does not belong to any strongly connected component, there is
no cycle vy, ...,v;,...,vg, and thus it holds for every path v, ..., v; with v; # v, that
Vi > 1:v; ¢ {v}, making v a no-return set.

Due to PrROP. 23, v € B,. If there were another w € B, distinct from v, it would be an
element of the same strongly connected component. O

We conclude from these results that:
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PROPOSITION 26: The family B is a cover of V(G), which contains only no-return sets.

PROOF: Due to PROP. 23 (p. 56), U,cy(q) B» = V(G). It holds for all B,, B,, € B that
B, = B, or B, N B, = &, since strongly connected components and/or single states not
being part of a strongly connected component are always disjoined.

The elements of B are no-return sets due to PROP. 24 and PROP. 25. O

Thus, we arrive at the first of our aims: B has the necessary properties to compute an ab-
stracted state-transition graph (cf. DEF. 8, p. 37):

DEFINITION 19: Let G be a state-transition graphand B = {B, | v € V(G)} the disjoined
partition of V(G) with B, as defined in PROP. 23 (p. 56). The resulting abstracted state-
transition graph G’ with V(G’) = B is the no-return abstraction of G.

The other result is that there is a one-to-one correspondence between the atoms of the lattice
L of invariant sets, ¢(v), v € V, and the “no-return basis” B: together with PRoP. 20 (p. 55),
where each invariant set is constructed from appropriate ¢(v), every invariant set can be con-
structed by a union of appropriately chosen elements of B, and every union of appropriately
chosen elements of B yields an invariant set.

PROPOSITION 27:

() Forallv € V(QG) : ¢(v) = ¢(By).
(i) Forallv € V(G) :
o(v) = U B,,.

Bw€B
By Cé(By)

(iii) If D C V(G) is an invariant set, then

D= U B,.

By€B
veED

PROOF: Part (i): By PROP. 23 (p. 56), v € B, C ¢(v). Since ¢ is monotone and idempotent,
¢(v) C ¢(B,) C ¢(o(v)) = ¢(v).

Part (ii): Generally,
U B.CeéB) o).

ByeB
BwC¢(By)

For the inclusion in the other direction take v € ¢(v). Since ¢(u) C ¢(v), it holds by
PROP. 21 (p. 56) and (i) that u € B, C ¢(u) C ¢(v) = ¢(By), i.e.u € |J sues By,

BwC¢(B)

Part (iii): It holds that D C s, s B, since v € B, (cf. PROP. 23, p. 56).
vE
Now, take a u € UBU%B B,. Then, by (i) and PrRoP. 20 (p. 55),
vE

ve |J o(B,) =] ¢() =D.

By€B veD
veED
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Figure 3.1: Stylised example for a no-return abstraction of a state-transition graph (top: a
graph G, middle: the family B displayed as clusters, bottom: no-return abstraction of 7).

In practice, it is sufficient to compute and display only the basic no-return sets B to obtain
the no-return abstraction of G. It is quite simple for the end-user to find all relevant invariant
sets from such a presentation: It is well-known in graph theory that directed graphs can be
decomposed as an acyclic graph of strongly connected components (van Leeuwen 1990): If
G’ is the no-return abstraction of G, for all B, € V(G') = B and for all paths By, ..., B;
in G' it holds that B; # B, for ¢ > 0. Otherwise, there would be a path v, ..., v;, ..., v
with vy € By and v; ¢ By, which is impossible since By is a no-return set. Thus, by picking
a no-return set B € V(G"), one can trace “downstream” to all other vertices in G’ which
are attainable from B — which is straightforward in an acyclic graph — to obtain an invariant
set. Of course, there are other invariant sets, but the most likely question when performing
a no-return abstraction is: Where do irreversible changes of the qualitative state occur? This
happens exactly for all edges entering a B € B, because ¢(B) is an invariant set (see Fig. 3.1
for a stylised example).
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3.1.3 Consistency of Projection, No-Return and Chatter-Box Abstrac-
tion

For the analysis of large state-transition graphs we would like to combine no-return abstrac-
tion with other methods, e.g. projection and chatter-box abstraction (cf. section 2.2.4 (p. 36),
DEF. 9 and DErF. 11). Since all abstraction methods take an input graph and produce a new
one which is not larger than the input graph, the idea is to apply the abstraction methods sub-
sequently to substantially improve the clarity of the model result. The result is a sequence
of graphs Gy, ...,G,, where G;,; is an abstraction of G;, determined by the abstraction
methods used.

For a chosen set of abstraction methods, does the result G,, depend on the sequence
in which they are computed? In other words, if the methods are regarded as operators,
do they commute? As | will show below, they do not, so the appropriate sequence has
to be determined. Since the objective of this exercise is to reveal properties of the state-
transition graph which would not be easy accessible otherwise, there is a pragmatic criterion
for appropriateness: If we observe a certain type of structure in GG,,, we want to be sure that
the structure also exists in G,. In the following, | infer the sequence in which projection,
chatter-box, and no-return abstraction should be applied. Start with a simple observation.

PROPOSITION 28: Every chatter-box is contained in a no-return set.

PROOF: If D be a chatter-box of G, it is strongly connected in the subgraph G~ = GNG ™!
by definition (cf. DEF. 9, p. 38). Since E(G ) C E(G), D is part of a strongly connected
component of G, and thus also part of a no-return set due to PROP. 24 (p. 57). O

The consequence of this proposition is that we do not “split” chatter-boxes when we compute
a no-return abstraction as second step after chatter box abstraction. On the other hand, the
chatter-boxes are not visible any more in the no-return abstraction — we may only note the
sets B € B which contain a chatter-box. However, it makes no sense to apply the abstraction
procedures the other way round, since there are no chatter-boxes in the no-return abstraction
due to its acyclic structure. Now consider the case where projection is combined with no-
return abstraction.

PROPOSITION 29: For G and an index set I, denote G’ := 7;(G). If D' is a no-return set
in G, then D := 77! (D') is a no-return set in G.

PROOF: Suppose that D is not a no-return set. Then there is a path vg, ..., Vm,..., v, IN
G with vy, v, € D and v,, ¢ D. By taking m7(vg), ..., 7r(vm),- .., 7r(v,) and eliminat-
ing all elements of this sequence which are identical to their predecessor, we obtain a path
Vs« -« s Vgy -, Uy IN G With v = 71 (vg) € 7 (D), v; = w1 (vy,) € m(D), and vy, = 77 (vyy).
Therefore, since D is the inverse image of D', it holds that v}, ¢ 7;(D). Thus, 7;(D) is not
a no-return set. Since surjectivity of 7; guarantees that 7;(D) = (7, '(D")) = D', this is
a contradiction to D' being a no-return set. a

This means that if there is a no-return set in a projection, it corresponds to a no-return set
in the original state-transition graph. Conversely, the property of being a no-return set is not
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Figure 3.2: Example for a projection not preserving no-return sets. The graph to the left is
the no-return abstraction G’ of some state-transition graph with V/(G") = B = { By, By, Bs}.
We consider a projection 7; and assume that Vo, w € B; U Bs : 7;(v) = 7;(w), and that
Yvo,w € By : m;(v) = m(w), i.e. By and Bj are projection equivalent. The resulting
projection H = 7;(G") is displayed to the right. Although the vertex By is a no-return set in
G',it’simage 7;(B;) = {B1, B3} is obviously not a no-return set in H.

generally preserved under projection, as the example in Fig. 3.2 shows. Thus, a no-return
abstraction should be performed after a projection. To be complete, we consider the third
possible combination of abstractions: projection and chatter-box abstraction.

PROPOSITION 30: Let G be a state-transition graph and H := 7;(G) its projection. If D is
a chatter-box in G, then D' := 7;(D) C V(H) is a single vertex or induces a chatter-box in
H.

PROOF: The subgraph induced by D is strongly connected in G~ = G N G~! by definition.
It follows that D’ = 7;(D) is a single vertex in H or it is strongly connected in 7;(G™)
(cf. p. 39). We show that 7;(G~) = 7;(G)~ = H, making D’ a chatter-box in H.

Since V(G~) = V(G), we have that V (7;(G) ) = V(71 (G)) = V(7 (G™)). For the edges,

holds. O

Simply speaking, chatter-boxes remain chatter-boxes under projection. Again, the converse
is not generally true: If D' is a chatter-box in 7;(G), it cannot be concluded that 7 *(D")
IS a chatter-box in G (see example in Fig. 3.3). Hence, one has to be careful when applying
chatter-box abstraction after projection. To sum up, for a large state-transition graph the
different abstraction methods should be applied in the following sequence:

1. Chatter-box abstraction
2. Projection

3. No-return abstraction
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Figure 3.3: Example for a projection producing “artifical” chatter-boxes. The diagram to
the left represents a state-transition graph G' with V(G) = {vy,vs, v3,v4}. We consider a
projection 7; and assume that 7;(v1) = m7(v2), but 77 (v1) # wr(vs) # wr(ve) # 7r(v1),
i.e. only v; and v, are projection equivalent. The resulting projection H = 7;(G) is displayed
to the right. The set {{v1, v}, {vs}} € V(H) induces a chatter-box in H, while its inverse
image {v1, v9, v3} C V(G) does not so in G.

3.2 Marginal Edges

In this section I present two techniques to simplify the state-transition graph of a QDE by
eliminating edges which are of little relevance in most applications. They also preserve con-
nectedness properties of the graph, thus being a special type of transitive reduction. Main
ideas appeared in Eisenack and Petschel-Held (2002) and are formulated here more rigor-
ously. There is related work of Bouwer and Bredeweg (2002), who compute another type of
transitive reduction of the state-transition graph. Along some edges two or more qualitative
directions or qualitative magnitudes change at the same time. This implies the existence of a
solution which passes through the intersection of two main isoclines or the intersection of a
main isocline with a landmark. It can be shown that for many systems the set of trajectories
with such features is of measure zero (Bernard and Gouze 2002). The completeness of the
QSIM algorithm guarantees that also the abstractions of such solutions are represented in
the state-transition graph. By restricting the space of admissible trajectories £ to functions
which do not attain values on such intersections of measure zero, we obtain a graph with
fewer edges. The implied loss of information is acceptable, since no features of relevance
are left out.

3.2.1 Characterising Marginal Edges

In the following let S be a qualitative state space with n quantity spaces, and G the state-
transition graph of a monotonic landmark ensemble M (u, C'). For each edge (v, w) € E(G),
there is at least one component 7 such that qdir,(v Aw) = 0 or that qmag; (v Aw) = A with a
landmark A € Q;. If qdir;(v) # qdir;(w), we say in the first case that the edge transgresses
the ith main isocline, while in the second we say that it transgresses the landmark X if
gqmag;, (v) # qmag,(w). This corresponds to the existence of a solution z(-) of a system of
the monotonic landmark ensemble such that for one ¢t € R, : fi(z(t)) = 0 (if it transgresses
a main isocline), or that z;(t) = A, where A € R is defined by the landmark vector A
associated with the system (cf. PROP. 2, p. 25, DEF. 4, p. 29 and Eq. 2.12).
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Figure 3.4: Different types of composed edges. Arrows in the boxes show qualitative direc-
tions of two variables.

Some edges e = (v, v3) in the state transition graph are composed in the sense that there
are two other edges f = (v1,v2) and g = (vq,v3), in simple words, e is a “shortcut”. If
all landmarks or main isoclines which are transgressed along f and ¢ are also transgressed
along e, it is tempting to elemi nate e: Along this edge the transgressions occur simultane-
ously although they do not necessarily have to by the model assumptions (otherwise only
the edge e would exist, but not the edges f and g). Eliminating all edges (v, v.,) for which
a path vy, ..., v, exists is conceptualised as transitive reduction in graph theory. However,
it is well-known that — in contrast to transitive closure — this operation cannot be defined
in a unique way (cf. van Leeuwen 1990). There is another subtlety: what happens along
alternative paths from v, to v3? Two cases have to be distinguished (see Fig. 3.4):

1. Along f some components change their qualitative direction or transgress a landmark,
while along ¢ other qualitative values change. Along the edge e the qualitative values
change at the same time.

2. Along g some qualitative directions change back to the value they had in v or transgress
the same landmark in the other direction, while other components change to a new
qualitative value. Along e only landmarks or main isoclines not transgressed along g
are affected.

The first case is a marginal edge, since along e the landmarks or main isoclines are trans-
gressed simultaneously “by accident”. This interpretation is not valid for the second case,
since some landmarks or main isoclines are crossed twice. Here, the edge e exhibits — com-
pared to f and g — a notable new property which should not be ignored. Only composed
edges e of the first type can be omitted, where transgressions coincide which do not neces-
sarily have to. Usually, they have no special relevance: Nothing basically new happens, the
result of both paths is the same (namely the system being in state v3), and e is not likely to
be observed in empirical studies.

Now, these considerations are formalised. Note that, since the quantity spaces @;,7 =
1,...,n are ordered (cf. section2.2.2, p. 27), expressions like “) is between qmag,(v) and
gmag,(w)” and max(qmag,(v)) are well-defined. If qdir,(v) # qdir;(w), then qdir;(v A
w) = 0, and if qmag;(v) # qmag,(w), then qmag, (v A w) = X is a landmark (by Eq. 2.12).
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Before defining a marginal edge, the following “qualitative intermediate value theorem” is
formulated.

PROPOSITION 31: Let vy,...,v,, be a path in G and ¢ € {1,...,n}. Then, for every
landmark A between qmag;(v;) and qmag;(v,,,) thereisa j € {1,..., m — 1} such that the
edge (v;, v;4+1) transgresses A.

PROOF: Since paths of length 1 in G correspond to abstractions of reasonable trajectories,
an edge (v, w) can only transgress landmarks A € qmag,(v) N qmag;(w) with A € @; by
continuity (cf. Eq.2.12). Thus, along the path vy, ..., v, there must be an edge (v;, vj11)
with gmag; (v; A vj41) = A O

DEFINITION 20: Let vy,...,v, With m > 3 be a path in G. Then, an edge (vi,v,,) €
E(G) is called marginal edge if for all i = 1, ..., n there are not two edges (v;,v;41),J =
1,...,m — 1 which transgress the same landmark or the sth main isocline more than once.

The concept is further clarified by the following equivalent characterisation, which is helpful
for the elimination techniques. For its formulation we define for (v, w) € E(G) the change

set Ch(v, w) = {i [ qmag; (v) # qmag;(w)} U{j = n + 1 | qdir;(v) # qdir;(w)}.

PROPOSITION 32: An edge (v1,v,,) € E(G) is marginal if and only if there is a path
V1,...,Up IN G, m > 3, such that the change sets Ch(v;,vjt1),7 = 1,...,m — 1, are
pairwise disjoined.

PROOF: If the change sets are pairwise disjoined, every i = 1, ..., 2n occurs no more than
once in a change set. Since only changing components can transgress a landmark or main
isoclines, (v1,v,,) is a marginal edge.

Now assume that no landmark or main isocline is transgressed twice. Take an arbitrary
i=1,...,2n.

For i > n, there is not more than one j such that qdir,_, (v; A vj11) = 0 and qdir;_,, (v;) #
qdir;_,(vj+1), and consequently not more than one j with ¢ € Ch(v;,v,41) — the intersec-
tions of the change sets with {n + 1, ..., 2n} are pairwise disjoined.

For i < n define Ay := qmag;(v; A vy,). Choose the smallest j such that i € Ch(v;,v;41)
and set \; := qmag;(v; A v41). If A; < Ag, then

qmag;(vj1) < A; < qmag;(v;) = qmag; (v1) < A < qmag,(vm).

Due to ProP. 31, A; will be transgressed a second time on v;,1,...,v,, Which is a con-
tradiction. If Ay < );, the analogue contradiction applies. Thus Ay = ;. The same ar-
gument applies for the next smallest £ > j with i € Ch(v,vx41). Therefore, it holds for
alll = 1,...,m — 1 with ¢ € Ch(v,,v;51) that gmag;(v; A vj11) = Ag. Since Ay cannot
be transgressed twice, also the intersection of the change sets with {1,...,n} are pairwise
disjoined. O

Later we will need the following property of the change sets to show the applicability of the
restriction techniques:
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PROPOSITION 33: If (v1,v,) € E(G) and there is a path v1,...,v,,m > 3 in G with
pairwise disjoined change sets Ch(v;,v;41),5 =1,...,m — 1, then

U Ch(?)j, Uj+1) = Ch(U1, ’Um).

j=1,...,m—1

PROOF: Let i € Ch(vy,v,). Since qval,(vy) # qval,(v,,) there must be at least one
j € {1, S (e 1} with i € Ch(vj, Uj+1).

Now suppose that i ¢ Ch(vy,vy,), i.e. qval,(v1) = qval,(v,). It is not possible that there
is one and only one j such that ; € Ch(v;,v;41), since otherwise qval;(v,) = qval;(v;) #
qval;(v;41) = qval;(v,). Because the change sets are disjoined, there also cannot be more

than one such j, and therefore i ¢ | J,_, ., Ch(vj, v;11). O

3.2.2 Eliminating Marginal Edges

| present two algorithms to eliminate marginal edges. One uses a preprocessing approach, the
other a postprocessing approach. Both can be combined. The preprocessing strategy requires
the modeller to reason about marginal edges which are likely to occur. This can be based on
earlier qualitative simulations, on algebraic reasoning or on knowledge about the application
domain. Removing marginal edges means preventing simultaneous changes of qualitative
values which can also occur subsequently. If two such changes are identified, associated
edges can be filtered out by introducing a new constraint into the qualitative landmark system,
called correspondence-not,

((cornot x y) <(Ix ly)>)

with a sequence of m pairs (| x |y), where | x represents a landmark of the variable x
(associated with index ¢) and | y a landmark of variable y (associated with index j), denoting
sequences of landmarks A;1,..., Aim and Aj1, ..., Ajm. Anedge (v,w) € E(G) satisfies
this constraint if

i ¢ Ch(v,
or j ¢ Ch(v,
orVi=1,...,m:qmag;,(v Aw) # Ay or qmag,(v A w) # A,

w)
w)

I.e. if no pair of changing components transgresses the given landmarks at the same time. All
marginal edges can be excluded if the qualitative directions of the state variables are included
as additional qualitative magnitudes of auxiliary variables with indices ¢ = n + 1,...,2n,
i.e. by augmenting the qualitative state space with the qualitative velocity space (as default
in the QSIM algorithm, cf. section 2.2.3, p. 32).

PROPOSITION 34: If the qualitative state space is augmented with the velocity space and
(v1,v,) IS @ marginal edge, there is a correspondence-not constraint which contradicts the
edge (v1, vy, but all edges along the path vy, . . ., v,, satisfy it.
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PROOF: At first recall that for the augmented qualitative state space Vv € V(G),i =
n+1,...,2n : [qmag;(v)] = qdir,_,(v), and consequently Ch(v,w) N {1,...,2n} in the
augmented state space equals Ch(v, w) in the original state space.

Let (v, v,,,) be amarginal edge. Choose &k, € {1,...,m—1},k #landi € Ch(vg, vg4+1)N
{1,...,2n}, j € Ch(v,vi41) N{L,...,2n}, i # j, such that \;; = qmag;(vg A vgy1) IS
between qmag; (v1) and qmag; (v,,,), and also A;; = qmag; (v; A vi41) is between qmag; (v;)
and gqmag;(v,,). This is possible since for a marginal edge, by PROP. 32, the change sets
are pairwise disjoined. The correspondence-not constraint given by the components i, j and
the pair of landmarks A; 1, A, has the required properties: Since ¢ # j, all edges along
v1, - - -, U, Satisfy the constraint. However, (vy, v,,,) does not, because due to PROP. 33,4, j €
Ch(vi,vm), amag;(vi A v,) = Aiq, and qmag,(vi A v) = Aj1, because );; is between
qmag; (v1) and qmag; (v,,), while A, is between qmag;(v,) and qmag;(v,,), and PROP. 31
(p. 64) holds. O

This strategy can substantially reduce computing costs, since fewer edges have to be gener-
ated during simulation.

The second method avoids the problem of the first — namely having to know potential
marginal edges in advance — and is completely automatic. On the other hand, it requires the
state-transition graph of the QDE to be determined first. Taking this as input, all marginal
edges are determined and eliminated from the state transition graph by exploiting PROP. 32
(p. 64). In the basic version, the change set Ch(v, w) is assigned to every edge (v, w) of the
state-transition graph. The method subsequently starts a depth first search (DFS) from every
vertex v; € V(G), such that maximal paths w1, ..., v, with disjoined change sets are tra-
versed. Efficient algorithms are well-established for depth first search with a given criterion
(cf. van Leeuwen 1990). If there is an edge (v, v;), 7 € {3,...,m}, then it is marked as a
marginal edge. After all the paths starting from all vertices in G are traversed, the marked
edges are eliminated. Of course, there are various possibilities to increase the computational
efficiency of the method, e.g. by not re-considering vertices which have already been visited.
A problem would occur with this procedure if eliminating a marginal edge interrupts the path
defining another marginal edge. Then, vertices which were connected in G would become
unconnected. However, this can be excluded:

PROPOSITION 35: Let G' be the graph obtained from the state-transition graph G by
eliminating all edges which are marginal edges. There is a path vy, ..., v, in G iff there is
alsoapathvy,...,v, inG".

PROOF: Obviously, paths in G’ are also paths in G, since V(G) = V(G') and E(G") C
E(G).

Now, letvq, ..., v, be apath in G. We have to clarify that there is still a path from v, to v,, in
G' if some edges of GG are marginal (and do not occur in G'). Suppose that (wy, wy) € E(G)
is such a marginal edge with wy, = v; and wy = vjy1, j € {1,...,m — 1}. Then, there
is a path wy, . .., wy, not containing the edge (wy, wy). If this path does not contain another
marginal edge, there is a path vy, ..., ws, ..., wy, ... v, Which also exists in G', but there is
no edge (v;,v;41).
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If there are multiple marginal edges in vy, ..., v,,, or if one edge of wy, ..., wy is marginal
again, this argument can be repeated iteratively. The procedure stops when no further marginal
edge is contained — with the consequence that there is still a path from v, to v,, in G'.

It would not stop if one of the paths from the source to the target of a marginal edge contains
another marginal edge which was considered before during the iteration, yielding a cyclic
procedure. To show that this can be excluded, consider a path vy, ..., wy,..., Wk, ...V IN
G and let (vq,vy,), (w1, wy) be marginal edges. Then, by PROP. 32 (p. 64) and PROP. 33,
the change sets Ch(vy, vs), ..., Ch(wy, wy), ..., Ch(wg_1, wy), . .., Ch(vy,_1,v,,) are pair-
wise disjoined. If the path wy, ..., wy contains the marginal edge (v1,v,,) again, we must
conclude for the same reasons that the change sets

Ch(’Ul, 1)2), ceey Ch(wl, ’wg), ceey
Ch(v,v2),...,Ch(vm_1,Vm),-- -,
Ch(wg_1, k), - - -, Ch(vym_1, V)

are also pairwise disjoined — a contradiction. O

To sum up, marginal edges can be defined so as to simplify a state-transition graph by restrict-
ing the space of admissible functions in a way that is not an obstacle from the application
perspective. Two techniques with different advantages have been presented for this task.
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3.3 Ordinal Assumptions

To define a monotonic landmark ensemble M (u, C), the signs of the components of the
Jacobian J(f), f € M(u,C) are considered. Usually, this leads to a large state-transition
graph G due to the generality of M (u, C'). The no-return abstraction developed in section 3.1
(p. 52) helps to identify and display structural features in this case, and the elimination of
marginal edges (section 3.2, p. 62) brings about more structure in G by restricting the space
of admissible trajectories. However, practice shows that restriction techniques like the elim-
ination of marginal edges together with eliminating non-analytical states (cf. section2.2.4,
p. 36) are not always sufficient to bring about enough interpretable subgraphs as no-return
and invariant sets. In many cases, the graph consists of one connected component. If more
edges can be eliminated, the value of abstraction techniques increases substantially. This is
only possible if model ensembles are further restricted by including more assumptions than
can be expressed by mere sign and landmark properties. We can use quantitative information
(which will be investigated in section 3.4, p. 77), but when uncertainty or generality is high,
this might not be available: we need to integrate additional, but not quantitative, information
which is likely to be available when reasoning, for example, with causal loop diagrams.

3.3.1 The Effect of Ordinal Assumptions

Ordinal assumptions represent one such type of information. By these we mean statements
that the value of some functions on the state space are always above or below the values of
other functions. In this section | concentrate on ordinal assumptions for partial derivatives of
models f of a monotonic ensemble M (X) of the form

Ve € X : Difi(x) > D, f;(z),

with prescribed i, j, k,l € {1,...,n}, ¥ = (0i;)ij=1,..n 0i; € A, amatrix of (extended)
signs and X the state space. In practice, ordinal assumptions are often supplied together
with causal loop diagrams, when not only the positive or negative influences are stated, but
also comparative propositions are made about their strengths. Such statements can be like
“the influence of z; on z3 is more important than the influence of x5 on z3, but it is not
known how strong the influence of z, on x3 is in comparison to the other two”. This can
be interpreted as a partial order of the partial derivatives of the models to be considered. In
some cases we can deduce from such knowledge that a main isocline can be transgressed
by trajectories only once. Before giving a general proposition to eliminate edges, the idea is
illustrated with a simple qualitative model.

5= (* 7).

The resulting state-transition graph is depicted in Fig. 3.5. It has one trivial no-return set, the
graph itself, exhibiting a cycle through all four states. We perform a phase plane analysis.
From X we derive — using the implicit function theorem — the monotonicity properties of both
main isoclines z; = fi(z) = 0,45 = fo(x) = 0 (Supposed they exist), which are denoted by

ExAMPLE 9: Define
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Figure 3.5: State-transition graph of the QDE of the monotonic system M (3) (computer-
generated output, one non-analytic state is eliminated).

sz X=V)5(x) X
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Figure 3.6: Phase plane analysis of an exemplary system f € M(X). To the left: areas with
constant direction of change, indicated by arrows and numbers corresponding to Fig. 3.5. To
the right: area (1) and (3) are splitto (1a), (16) and (3a), (3b), respectively.

the functions v, 5, vy o (the indices will become clear in the next subsection). The functions
Vg2 ! R — Rand V12! R — R solve fl(fl?l, ’01,2(1‘1)) = 0 and f2(331, ’02,2(331)) =0, yleldlng

[Divsa] = [~ 5] = -],
[D1’02,2] = [— ll;:]):z] = [_]a

I.e. both functions are decreasing. In Fig. 3.6, left, see the phase plane structure of an ODE
with f € M(X) where both isoclines exist and intersect exactly once. It can be verified
that the state-transition graph is correct: From area (4), corresponding to the qualitative state
(4), only area (1) can be reached. If the system is somewhere in area (1) only area (2) can
be reached, etc. The result is a cycle in the state-transition graph. However (considering
Fig. 3.6, right), it is possible to split areas (1) and (3), such that (2) and (1b) cannot be
reached from (1a), while (4) and (3a) cannot be reached from (3b). It is tempting to draw
a modified graph (Fig. 3.7), which exhibits a stronger invariance structure than the original
state-transition graph. O

Why is it not possible to derive this structure directly from X? This stems from the fact that
there are other systems f € M(3) with a different phase plane structure. Suppose there is
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Figure 3.7: Modified state-transition graph derived from the example in Fig. 3.6.
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Figure 3.8: Phase plane analysis of a system with property Eq. (3.1).

an equilibrium for z; = z7, i.e. v1 2(z}) = va2(27), and the system has the property that

Vry < af tv10(x]) < vga(x]),
Vi > x] :vg0(2]) > vao(x]).
Then, the phase plane analysis may look like Fig. 3.8, showing that a cycle is possible under
these conditions. This is also the case when there are multiple intersections of main isoclines.
Since the state-transition graph covers all these cases, it is a strongly connected component.
To exclude the cycle case, the model has to be supplied with additional information. If, for
example, we impose the ordinal assumptions
Ve e X : lel(l') > Dgfl(l')(> 0),
D, fa(x) < Dy fa(x)(< 0),

(3.1)

it follows that
lel > D1f2

D2.f1 D2f2,

and thus
D1f2 + lel
Dyfs  Dafy
=D (?)2,2(3?1) - U1,2(~T1)),
meaning that the distance between the main isoclines strictly increases with z, excluding
multiple intersections and a situation as characterised by Eq. (3.1).

0<—
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3.3.2 The ORDAS Algorithm

I now generalise this idea to state spaces with an arbitrary dimension. The result is a cri-
terion to eleminate paths using ordinal assumptions and the knowledge that a certain main
isocline was transgressed along a path before. We assume that > € A™*". At first a simple
proposition is shown, showing whether — for a given sign vector [z (¢)] and X — a state z(¢) is
above or below the ith isocline with respect to the direction of the &th unit vector. To avoid
complications only models f € M(X) are considered where for a given component i the
implicit equation f; = 0 is soluble for some & € {1,...,n}, meaning that there is a unique
solution v; , : X — IR, independent from z, such that

Ve e X : fi(xl,...,xk_l,viyk(xl,...,xn),xk+1,...,xn) =0.

Uniqueness of the solution v, is guaranteed by the implicit function theorem since f is
monotonic as specified by X2, such that the existence on X is the assumption here.

PROPOSITION 36: For a given 3, let f € M(X) be a function where f; is soluble for k. Let
v; . be the solution, choose an arbitrary x € X, and define o; := [f;(x)]. If 0, # 0 then

0i Oif T, > 0 04k Uik (T) if o; # 0,

or ry = ’Ui’k(.’L') if o; = 0.

PROOF: The case o; = 0 is obvious.
If o; > 0 then

fi(:vl, ey Tp—1,Thy Tht1, - - .,.Z'n) >0=
= fz-(:vl,...,:ck_l,vi,k(:vl,...,:Un),xk+1,...,:cn),

and thus O kT > Ui,k'ui,k(x).
By analogy for o; < 0, it holds that o; x5, < 0; xv;x(z). This and the former case together
yleld 0,0; kT > oiai,kvi’k(x). O

Next, we introduce assumptions about terms of the form
)= Difj - Difi — Dif; - Difs, (3:2)

defined for a differentiable function f : X — R", and 4,5,k,1 € {1,...,n}. Itis assumed
that the sign [dm Is constant on X. In some cases, this already follows from X2, but in other
cases it is a consequence of ordinal assumptions, as EX. 9 (p. 68) shows, where

(")
and [d}%} = [D1fi - Dafa — D1 fs - Dy fi] can be positive, negative or vanishing. If the

modeller knows, e.g. that Do fy > D: fi and Dafs > Di fo, then [dy’5] = [+]. This kind of
information is decisive for the elimination of edges:
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PROPOSITION 37: Let M(X) be a monotonic ensemble, G the resulting state-transition
graph, vy, v1, v9 @ path of length 2 in G, and let the following criterion hold:

(i) Thereexistsani € {1,...,n} such that
—qdir; (v) = qdir, (v1) = qdir,(v2) # 0, (3.3)
(i) thereisaj € {1,...,n} such that
qdir;(ve) = qdir;(v1) = —qdir;(v2) # 0, (3.4)
(iii) forsuchi, j thereexistsa k € {1,...,n} such that
qdir;(v1) 04 = qdir;(v1) 5% # 0, (3.5)
(iv) foralll € {1,...,n},1 # k, [d;] is uniquely determined, fulfilling
qdir;(vy) qdir;(vy1) ok [d;ﬂ > 0. (3.6)

Then there is no solution to an initial value problem & = f(x), [£(0)] = vo, f € M(X) with
fi soluble for &, which has the path v, v;, v, as abstraction.

PROOF:  Assume that there were a solution z(-) of the above type which has the path
vg, V1, U as abstraction. We demonstrate that this yields a contradiction.

For convenience, define o; = qdir;(v;) and o; = qdir;(v;). We know from Eq. (3.3) and
Eq. (3.4) (using Eq. 2.2) that there are ¢1, ¢, € R, with¢; < t5 such that &;(¢;) = 0 = 4;(¢2)
and z;(t2) # 0 # 4;(t1). Eq. (3.5) has the consequence that o, 5 and o do not vanish, and
thus PROP. 36 can be applied to x(¢;) and x(t2). Infer that

.Tk(tl) = Ui,k (.Z‘(t1)), (37)
0i 0i ) Tk (t2) > 0, 0,1 Vi k(2(t2)), (3.8)
2k (t2) = vjk(z(t2)), (3.9)
005k xk(tl) > 005k vj,k(x(tl)). (310)

Now consider the function A(t) := v, x(z(t)) — v;k(x(t)). It follows from Eqg. (3.7) and
Eqg. (3.10) that

00k At1) = 0505k 2x(t1) — 05056 vik(2(t1)) > 0,

and Eq. (3.5) implies that also o; 0, A(t1) > 0. Compare A(t,) with A(¢,): by differentiat-
ing and applying the implicit function theorem we obtain

DA= ) Dwip-in— Y, Dwjp-in= ) i = lgfkaJk”'f] lf)'
? J

I=1,...,n 1=1,...,n I=1,...,n
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The criterion guarantees that o; , o; D;A > 0, since o; x, 0, do not vanish and by Eq. (3.6)
forall [ # k

0<o0,0i05p [d;ﬂ =

= 0y (Uz',k Ui,k) 0;0j,k [d;cjl] =

[Dif; Difi = Difj Difi)
= 010 0 ;
Oik Ojk

where the last step exploits the multiplicative cancellation law of sign algebra (Eg. 2.1). Con-
sequently, o; 0; x A(t2) > ;05 A(t1) > 0, and Eq. (3.9) implies

0; 03 Vi (x(t2)) > 0505k vjk(2(t2)) = 0i 0i gk (t2),

which is a contradiction to Eq. (3.8).
We must conclude that there is no trajectory z(-) which has the path v, v1, ve as abstraction.
U

This proposition makes it possible to eliminate paths of length 2 if appropriate assumptions
about [djjl] are supplied by the modeller. Some of them are derived directly from X, while
others represent a new structural property of the QDE not already entailed by the sign matrix.
It should be noted that these assumptions cannot be chosen independently from each other
since, by symmetry,

4y = —dly = —dy], = df}. (3.11)
In contrast to the elimination of marginal edges (section 3.2), the criterion cannot be applied
to singular edges. In addition to the ordinal assumptions, some information about the “past”
of a qualitative state v, is used to exclude a potential “future” v,. It may be the case that the
path vy, v1, vo is excluded, while a path v, v1, ve is still possible.

Thus, an elimination algorithm is not straightforward. In the following, | present the
ORDinal ASsumptions algorithm. It exhausts PROP. 37 by “splitting” states as already in-
dicated in Ex. 9 (p. 68). This leads to a new graph containing multiple states with identical
qualitative values. Each of them represents one case were PROP. 37 can be applied, having
only the predecessors fulfilling Eq. (3.3) and Eqg. (3.4), and the successors which cannot be
eliminated under this condition.

DEFINITION 21: The ORDAS algorithm inductively computes a sequence of graphs
H,, ..., H; by the following procedure, which takes as input a state transition graph G and
a set of assumptions on the signs of expressions of the form Eq. (3.2).

Define Hy by

V(Ho) := {v x {0} |v € V(G)} CV(G) x N,
E(Hp) == {(v x {0}, w x {0}) | (v,w) € E(G)}.

For convenience, we write v; for v x {;}, and identify qdir(v;) with qdir(v). Enumerate the
vertices of Hy as vy, - .., vs, ... in an arbitrary order.
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For the inductive definition of the sequence of graphs we consider the vertex v§ at step i and
define the set of contradicting paths of a vertex v in H; as

Cp(v, H;) := {(u,0,w) € V(Hy)* |(u,v) € E(H;), (v,w) € E(H,)
and PROP. 37 (p. 72) can be used to
eliminate the path u, v, w}.

This also defines the set of contradiction initiating predecessors

Ci(v, H;) :=={u € V(H;) | (u,v,w) € Cp(v, H;)},
with its elements denoted by u, . .., ug, k := |Ci(v, H;)|.
Then, H; 1 is given by

V(Hi+1) = V(HZ) U {vzl'a S ’vlic}a
E(Hi—l—l) - E1 U E2 U E3 U E4 U E5,

where v, ... v’ are introduced as new vertices which appear in the following edges:
1> » Yk

By = {(u,w) [ (u,w) € E(H;) and u 7 vy # w},

By = {(vp, w) | (v5,w) € E(Hy)}

Es = {(u,v}) | (u,v}) € E(H;) and u ¢ Ci(vy, H)},

Ey = {(uj,v)) | 1 < j < k and u; € Ci(vj, Hy)},

Es = {(v},w) | (v, w) € E(H,),1< j < kand (uj, v}, w) ¢ Cp(ui, Hy)}.

The set F; represents all edges which are not affected by considering v§ at induction step s
and is consequently included in H; as well as in H; ;. Via E,, all successors of v} in H;
remain successors in H;, 1, since this vertex is made to represent all cases where PROP. 37
cannot be applied, and F5 contains are all corresponding predecessors in H;. In contrast,
the new vertices v!, ..., v} are introduced to represent a paths where the conditions of the
proposition are met. The edges F, subsume the contradiction initiating predecessors cor-
responding to each of the new vertices, and Es5 subsumes all remaining successors of a vj-
which cannot by excluded by PROP. 37. The next proposition shows that the result of the
ORDAS algorithm is a graph H which contains no path of length 2 contradicting the ordinal
assumptions, and maintains other important structural properties of G.

PROPOSITION 38: The ORDAS algorithm computes a finite sequence of graphs
Hy, ..., H;, ..., Hsuchthat H has the following properties:
(i) Forall vertices v € V(H) the set of contradicting paths Cp(v, H) = @.
(if) For all not-contradicting paths u, v, w in Hy, i.e. (u,v,w) ¢ Cp(v, Hy), u,v,w Is a
pathin H.
(iii) For all edges (v',w') € E(H) there exists an edge (v, w) € E(Hp) with qdir(v) =
qdir(v") and qdir(w) = qdir(w’).
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The first property guarantees that all paths to which PROP. 37 applies are eliminated in H.
The second property ensures that not too many paths are eliminated. The third safeguards
that no essentially new edges are introduced (which would be artifacts of the procedure).

PROOF: Obviously, the algorithm terminates after a finite number of steps since the number
of vertices in Hy is finite.

To prove property (i), we show that at each induction step 7 it holds for all v € {vg,v%, ..., vi}
that

Cp(v, Hi1) = 2,
and VI > 7 : Cp(’l},Hl) =J = Cp(’U,HH_l) = .

Fora givenv € {v}, ¢, ..., v%} consider an arbitrary path u, v, w in H; ;.

If v = v}, then by DEF. 21 (u,v) € F3 and (v,w) € E,. Hence, in H; there is also an
edge (v, w) and an edge (u,v) with u ¢ Ci(vg, H;). This entails (u, v}, w) ¢ Cp(vs, H;),
such that the path u, v, w cannot by excluded from H; using PROP. 37. Likewise, it is not a
contradicting path in H;, .

If v = o, then (v,w) € E5, implying (u;, vj, w) ¢ Cp(vg, H;), i.e. there is a path u;, vj, w
in H; which cannot be excluded by PROP. 37. Since qdir(u;) = qdir(u) and qdir(v}) =
qdir(v), the path u, v, w can also not be excluded from H; .

Assume for the induction step that for a given vertex v € V' ( H;) there is no contradicting path
u,v,win H;. By DEF. 21, alsov € V(H,;1). Since | > i, all paths of length 2 in H;; having
v as second vertex are of the form 4, v, @ with qdir(4) = qdir(u) and qdir(w) = qdir(w).
Thus, none of the paths can be excluded in H; ;.

For property (ii), let u, v, w be a path in H; with (u,v,w) ¢ Cp(v, H;), and consequently
u ¢ Ci(v, H;). Depending on whether u, v or w equals v} we can determine if (u,v) and
(v, w) are elements of Ey, Ey, E3, E4 or E5, making u, v, w a path in H; ;.

First consider that v = v§. Then (v,w) € E,, and as u ¢ Ci(v}, H;), also the edge
(u,v) € Ej.

Now let v # vg. If u # v} then the edge (u,v) € FEy, if w # v} then (v,w) € Ej, and
if u = v} then (u,v) € Ey. Forw = v} and v ¢ Ci(v}, H;), it holds that (v,w) € Fs;.
Otherwise, v € Ci(vj, H;), and since v # v} there is one j > 1 such that (v, v}) € F4. Note
that qdir(v}) = qdir(w).

Thus, in any case there is a corresponding path in H;,.; which cannot be eliminated using
PROP. 37 since it has the same qualitative directions as (u, v, w). By induction, the corre-
spondence also holds from H, to H.

To show property (iii), consider an edge e = (v, w) € E(H;1). Distinguish whether e is
an element of E, E5, E3, E, or Es5. If e € Ey, itis also an edge in E(H;). If e € Es, then
v = v}, and the edge (v}, w) exists in H; (and qdir(vi) = qdir(v)). For e € Es3, we have
that w = v, making (v, v}) an edge in H;, and for e € Ej itis v = v}, making (v§, w) an
edge in H;. Inthe case thate € E, itis v = u; and w = v} with v € Ci(vf, H;), such that
(uj,v5) € E(H;) and qdir(v}) = qdir(vj). Since there are no other types of edges in Hi,1,
all of them correspond to an edge in H; with identical qualitative directions. By induction,
there is also a correspondence from H to H,. O
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Si

Figure 3.9: The state-transition graph of Ex. 10 (left) and the result of the ORDAS algorithm
(right).

| present an example for the ORDAS algorithm.

EXAMPLE 10: Let a monotonic ensemble be given by

+ + -
N=|- - 0
- 0 +

The resulting state-transition graph is displayed in Fig. 3.9 (left). If we impose the assump-
tions

12 2,1 2.1 1,2
—dyy = —dyy = dy’y = dy = [+],

31 13 13 31
—dys = —dy) = dy’y = d3)) = [+],

the ORDAS algorithm vyields the result as also given in Fig. 3.9 (right). As the result H
of the ORDAS algorithm is a graph where vertices represent qualitative states, abstractions
techniques can also be applied to H. Performing a no-return abstraction yields a new result:
The is a non-trivial no-return set D, i.e. there is no path in H which re-enters D C V (H)
after it is left: all solutions z(-) given by a model f € M () which respects the ordinal
assumptions and which is soluble for the appropriate components cannot re-enter D. If there
is one ¢t; > 0 such that [f(z(¢1))] € D, and a ty > t; such that [f(z(¢2))] ¢ D, then
Vt >ty : [f(z(t))] ¢ D. Since there are paths in G which do not occur in H, no-return sets
are more likely to occur in H (see Fig. 3.10 for the example). O

Thus, there is a synergy between the new abstraction and reduction techniques presented in
this chapter, making qualitative models more valuable for questions of sustainable system
design. 1 illustrate this added value in more detail in Chapter 4. But first the sequence of
restricted model ensembles is completed in the next section.
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Figure 3.10: No-return abstraction of the result of the ORDAS algorithm for Ex. 10. The
no-return set consisting of more than one vertex is displayed as a cluster.

3.4 Quantitative Bounds

In this section | introduce linear-interval differential inclusions, which restrict a monotonic
ensemble M(X) to models for which interval constraints hold for the components of the
Jacobian. If there are multiple successors of a single vertex in the state-transition graph,
the question which of them will be attained can be formulated as a viability problem. After
defining linear-interval maps and investigating their absorption basins, I show how this can
be used to analyse the state-transition graph of a QDE.

3.4.1 Absorption Basins of Linear-Interval Differential Inclusions

Linear-interval differential inclusions are given by set-valued maps. Throughout this section
we regard singletons as intervals and consider a state space X C R".

DEFINITION 22: Let U be a matrix of compact intervals (u; ;); j=1,...,, Where each interval
either vanishes or does not contain 0. A set-valued map F : X ~» R", F(z) := Ux, where
the latter denotes interval-valued multiplication, is called a linear-interval map.

Interval-valued multiplication is defined in the usual way by Uz := {M=x | M € U}, where
amatrix M = (m;;)ij=1,..n, € Uifandonly ifVi,j = 1,...,n : m;; € u;;. DEF. 22
guarantees that every coefficient of U has a prescribed sign (which will be related to X
below). Note that a linear-interval map F' defines a model ensemble (cf. section 2.3, p. 42)
which includes nonlinear models f : X — R™ such that Vx € X : f(z) € F(x). Before
analysing absorption basins, the regularity properties of linear-interval maps are investigated.
Based on a matrix norm || - || on R™*", we define the norm || F'|| := maxysep || M]].

PROPOSITION 39: A linear-interval map F' has compact interval-valued images. It is Mar-
chaud, Lipschitz (both with constant || F'||) and homogeneous, i.e. VA € R : F(Az) = AF(z).

PROOF: (i) F has interval-valued images: Each component F;,i = 1,...,n has the form
> j=1,..n WijTi, Where u; ; are compact intervals. The properties of interval arithmetic imply
that this yields an interval. As it results from a continuous operation on a compact set, it is
also compact.
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(ii) F' is Marchaud: Dom(F') = R™ is obviously closed. It has convex values, because they
are interval-valued. It has linear growth, because || F'(z)|| = ||[Uz|| < ||U||||lz|| = || F||||z|| <
I|F||(||z|| + 1). Its graph is closed, because F' has compact values and the upper and lower
bounds of the values depend continuously on z (cf. p. 43).

(iii) F'is Lipschitz: Let z,2" € R"™. Since U is compact we can choose a matrix M € U
such that | M (2’ — z)|| = || F||||]z" — =||, and define

M(z' — x)
e:=———+——"—¢€ B(0,1).
e —a) <O
Therefore,
, ; ; IF & =), .
M(x' —x)+ ||F|||lr —xlle=M(zx —z) — M(x' —z) =0,
(« =) + |Flllo’ = slle = M(' = 2) ~ Sppe TS (! )

and 0 € B(U(z' — z), ||F|/||l' — z||). Hence, Uz C B(Ux', ||F||||z’' — z||), i.e. F(z) C
B(F(@), | Flllla - z[l) (cF. p. 42).

(iv) F'is homogeneous: Choose arbitrary x € R™, A € R. Due to the properties of interval
arithmetic it holds forall = 1, ..., n that

j=1,...n j=1,...,n

g

As discussed below, we need to compute absorption basins of linear-interval differential
inclusions # € F(x). In principle, this can be done with the viability kernel algorithm
(cf. section 2.4, p. 45). But since it is designed for a bounded constrained set and target, and
we will have to deal with (unbounded) cones, some remarks are necessary. We start with an
observation resulting from the homogeneity of linear-interval maps.

PROPOSITION 40: Let F be a linear-interval map, z(-) € Sr(zo) a solution for z, € R",
and A € R. Then y(-) :== Az(-) € Sp(zo).

PROOF: For almost every ¢t € R, it holds that §(t) = Az (t) € AF(z(t)). Due to PROP. 39,
the last term equals F'(A\x(t)) = F(y(t)), making y(-) a solution. O

As a consequence, the absorption basin of a cone is also a cone:

PROPOSITION 41: Let C, K C R",C C K be cones, and F' : R™ ~» R™ a linear-interval
map. Then D = Absp(K, C) is a cone.

PROOF: Choose zy € D and A > 0. We show that 3, := Azy € D.

By definition of the absorption basin, for all solutions z(-) € Sg(zo) there existsa T > 0
such that z(7) € C and Vt € [0,T] : z(t) € K (see DEF. 13, p. 46). Define y(-) := Az(-),
which is an element of Sr(yo) by PROP. 40. Since C, K are cones, this proposition also
implies that y(7') = Az(T) € A\C = Cand Vt € [0,T] : y(T) = Mz(t) € \K = K.
Therefore, yy € D. O
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Figure 3.11: State-transition graph of the QDE defined in EX. 11 after removing marginal
edges, non-analytical and equilibrium states. The vertices vy, . . ., vg are discussed in the text.

For cones C, K we can compute the bounded set D), := Abs(KNAQ, CNAQ), where A > 0
and (Q is an appropriately chosen bounded set.

PROPOSITION 42: Let C, K C R",C C K be cones, Q@ C R"and A > 0. Then D, = A\D;.

PROOF: For zy € D,, we show that y, := §x0 € D;: Choose z(-) € Sr(zg) and set
y(-) :== 1x(-), which is an element of Sp(;x,) due to PROP. 40. If 3T > 0 : z(T) € C'N
AQ = ACNAQ = N(CNQ), theny(T) € CNQ. IfVt € [0,T] : z(t) € KNAQ = MKNQ),
then y(t) € KN Q. Thusyy € Dy, i.e. Dy C AD;.

By symmetry, A\D; C D, also holds. O

Finally, the absorption basin Absg (K, C') can be recovered from D, by the following prop-
erty:

PROPOSITION 43: If 0 € Int(Q) then Absp (K, C) = [J,5 Da-

PrROOF: If 2y € J,.,Dx there exists one A > 0 such that z, € D,. Thus, for all
z(-) € Sp(x0)3T > 0:2(T) e CNAQ C CandVt € [0,T] : z(t) € KNAQ C K.
Therefore, 2y € Abs(K, C).

Now choose 2y € Absp (K, C)andasolutionz(-) € Sp(xo). By DEF. 13 (p. 46), there is one
T > 0suchthatz(T) € C and Vt € [0,T] : z(t) € K. Since z(-) is continuous, z(T) finite
and 0 € Int(Q), thereisone A > O suchthatz(7) € CNAQ andVt € [0,T] : z(t) € KNAQ.
Therefore, 2o € [, Da. O
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Figure 3.12: Boundaries of the absorption basins of v; with target v,, v3, v4 restricted to
a cube Q. Large arrows indicate the directions towards successors. Qualitative transi-
tions to v, necessarily occur from Absy (K (v1)) N Q, K (v1) N K (v2) N Q), the region be-
tween the surface to the right and the plane given by ©; = 0. A shift to v, happens from
Absp (K (v1) N Q), K (v1) N K (vs) N Q) between the lower surface and the plane given by
i3 =0. Absp (K (v1) N Q, K (v1) N K (v3) N Q), which would lead to state vs, is empty.

3.4.2 Analysing a State-Transition Graph with Linear-Interval Differ-
ential Inclusions

I now show how the absorption basins of linear-interval differential inclusions can be used
infer system knowledge from a QDE when quantitative bounds are available. Starting with
a sign matrix X, we set-up a monotonic ensemble and solve it with the QSIM algorithm.
Then, quantitative bounds are considered by setting up a linear-interval differential inclusion
where the signs of the intervals correspond to the signs of 3. | give a precise definition of the
differential inclusion and discuss its relation to the associated QDE. Recall that a monotonic
ensemble M (X) defines a set of systems & = f(z) suchthatforallz € X : [J(f(z))] ~ X.
Changing the perspective from the state space to the velocity space, we saw in section 2.3
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(p. 42) that it is not possible to investigate a QDE by considering a differential inclusion
i€ F(2) := {A2 | [A] ~ 2},

since the set-valued map F is unbounded. However, if intervals u; ; are known such that
Ve € X : D, fi(z) € u,, the linear-interval differential inclusion

i€ F()=Us,

can be set-up. Itis very regular by PROP. 39 (p. 77), and “simulates” the monotonic ensemble
M(X) in the following sense. Define the restricted model ensemble

M(S,U) = {f € M(Z) |Vz € X : T(f)(z) € U} C M(X).

with the solution operator Sy (sv)(-). Then Vz, € X,z(-) € Sprzuvy(wo) @ () €
Sr(%(0)). On the other hand, the differential inclusion also covers solutions of non-auto-
nomous ODEs & = f(z,t) with J(f)(z,t) € U forall t € R.. Linear-interval differential
inclusions are more general than QDEs in the sense that they also include non-autonomous
models, and are more specific in the sense that they only include bounded models.

When the state-transition graph G of the QDE is computed and a linear-interval differ-
ential inclusion F' is defined, | propose the following procedure. The modeller takes a close
look at the state-transition graph of the QDE and identifies subgraphs of importance, i.e. ver-
tices with multiple successors (some of which may be problematic or preferable by value
judgement). We want to identify conditions for a given successor to be reached. If there is
an edge (v, w) in G, we know from section 2.2.1 (p. 21) that there is an initial valued zq € X
and a solution z(-) € Sax) (o) such that [£(0)] = vand it 3T > 0 : [¢(T)] = v A w and
Vit €10,T) : sgn(z(t)) = v.

To describe these reachability conditions we define — in the velocity space — the cones
K(v) := {& € R | [#] = v} forv € A". For the linear-interval differential inclusion
i € F(i) = Ui, the absorption basin Absy (K (v), K(v) N K (w)) of the closure of such
cones contains all initial velocities &, such that for all solutions &(-) € Sp (o) with [ig] = v
there existsa 7' > 0 with (7)) € K(v Aw) and V¢ € [0,7T] : @(t) € K(v). The results from
the previous subsection can be used to compute this absorption basin with the viability kernel
algorithm as outlined in section 2.4 (p. 45). If Absy (K (v), K (v) N K (w)) is empty, the edge
(v, w) can be eliminated. Otherwise, the algorithm provides insights about the velocities for
which a qualitative state is reached from another one. This can be valuable in the context of
sustainability science, as such conditions yield early warning indicators of the form “once the
rates of change are in such and such a relation, the following trend will necessarily reverse
at a later time”.

EXAMPLE 11: We present an application of the method, where the monotonic ensemble is
described by the sign matrix

0

Y=

+ o o

+
0
0

+ 1
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Figure 3.13: Boundaries of the absorption basins of vs, with target vs, vg, restricted to a
cube Q. Absy (K (v3) N Q, K (v3) N K (v5) N Q) is a very small cone, whereas the boundary
of Absy (K (vs) N Q, K (v3) N K (vs) N Q) appears to be a plane separating a large part of
the quadrant. The small part of the boundary to the upper right is an artifact resulting from
restricting the absorption basin to @, which can be eliminated due to PRoOP. 43 (p. 79).

The resulting graph after eliminating marginal edges (cf. section 3.2, p. 62) and non-analytical
state (cf. section2.2.4, p. 36) is shown in in Fig. 3.11. Supposing that quantitative informa-
tion is available we set up an interval matrix

0 0  [0.7,0.9]
U:==|[-07,-04 0 0 :
[0.5,3.0] [0.5,3.0] 0

where the coefficients have signs corresponding to Y. This defines the linear-interval differ-
ential inclusion # € Uz. We now analyse two exemplary qualitative states v; = ([—] [—] [+])*,
v3 = ([=][+][+])" in G where multiple successors occur (numbers in Fig.3.11 correspond
to indices). The computed absorption basins of state v; with targets vs, v3, v4 are shown in
Fig.3.12. One absorption basin is empty. The boundaries of the other basins are smooth
except along one ray from the origin. There are no combinations of velocities which safe-
guard that v3 is reached, but there is a considerable likelihood that v, is a guaranteed suc-
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cessor. However, a large part of this quadrant necessarily leads to v4. In state v3, we have
the successors vs; and vg. Since there is no edge (vs, v1) the corresponding absorption basin
Absp (K (vs)), K (v3) N K (v1)) (and even the respective capture basin) has to be empty. The
size of the regions necessarily leading from v3 to one of the outcomes is considerably dif-
ferent (Fig. 3.13). As both absorption basins of state v intersect K (v, A vs), in some cases
the successor of vz can already be predicted at a time ¢, when [£(¢)] = v;. If v is reached,
(which may be less likely as the absorption basin is significantly smaller than the other),
the state-transition graph implies that the only possible subsequent qualitative transition is
(?)5, ?)3). O






Chapter 4

M anagement of Natural Resources

In this chapter | apply the framework of model ensembles proposed Chapter 2, in particu-
lar qualitative differential equations (QDESs), differential inclusions and viability theory to
develop novel conceptual models for three examples of natural resource problems, namely
subsistence farming, marine capture fisheries and fresh water use. These models demon-
strate the scope and limits of the abstraction and restriction techniques developed in Chapter
3 (which are intensively used) and show how the investigation of model ensembles yields
robust results for resource management.

| first give a short outline of the resource problems. In many cases, natural resources are
common pool resources, so it is often difficult to exclude users from the resource or limit
extraction and pollution. While users benefit individually from resource utilisation, the costs
of a degraded resource are likely to be shared by the community (Hardin 1968). Thus, to
avoid degradation, management strategies and institutional arrangements are needed which
guarantee sustainable use. Actually, some kind of management is implemented for most
exploited natural resources, but not always in a sustainable way (Ostrom 1990).

Agricultural production increased substantially during the 20th century, primarily due to
industrialised agriculture, intensification of cultivated systems, and expansion of cultivated
areas (Millennium Ecosystem Assessement 2005). One key factor for agriculture is the qual-
ity of soil. Much land is still used for subsistence farming, which is important for food safety
in developing countries. Subsistence farming can evolve along the so called impoverishment-
degradation spiral: existential rural poverty forces farmers to intensify their land use. This
leads to soil degradation, which reduces yield and thereby further exacerbates rural poverty
(Leonhard 1989; Reenberg and Paarup-Laursen 1997). There is ongoing research on ade-
quate practices to stop or prevent this problematic interaction of processes (e.g. Liideke et al.
1999; Reij et al. 2005).

Marine fish stocks are degrading worldwide. Due to globally decreasing catches, in many
cases the fishing industry can only be sustained at an economic level by paying high subsi-
dies, while at the same time increased capitalisation puts additional pressure on the stocks
(Banks 1999; Munro 1999; Pauly et al. 2002). As a consequence of this intricate situation
there is an ongoing debate on adequate control and management instruments. Recent years
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have seen a number of bio-economic models examining the effects of commercial fishery on
marine resources.

Fresh water is threatened by eutrophication, triggered by high nutrient loads of urban
runoff and excessive agricultural use of fertilisers. In this sense, inland waters are overused
asasink. Eutrophication is typically associated with algal blooms, declining fish populations,
and loss of recreation opportunities (Lathrop et al. 1998).

Within the list proposed by the German Advisory Council on Global Change (WBGU 1996)
the above land use problem can be classified as Sahel Syndrome (overcultivation of marginal
land), the fishery problem as Overexploitation Syndrome (overexploitation of natural ecosys-
tems), and the eutrophication problem as Waste Dumping Syndrome (environmental degra-
dation due to controlled and uncontrolled waste disposal). As discussed in Chapter 1, several
properties of these problems make it promising to use model ensembles and further methods
| presented and developed in Chapters 2 and 3:

e They appear at different places in a similar way, making a generalised identification of
patterns of global environmental change valuable.

e They are characterised by various uncertainties. For example, in the domain of fish-
eries we must live with the fact that the amount of fish and its growth properties as
well as the functions describing changes in behaviour of fishing firms are not exactly
known (Clark 1999; Whitmarsh et al. 2000; Charles 2001). The latter also holds for
the behaviour of subsistence farmers. In the case of eutrophication, storages and flows
of nutrients are not all easily measured (e.g. in the mud of a lake), and some highly
variable processes are not completely understood in a quantitative sense (Lathrop et al.
1998).

e They involve normative considerations, since a problematic pattern has to be under-
stood.

e In addition to addressing generality and uncertainty, we demonstrate in this chapter
how QDEs can be used to advance from identifying dynamical patterns to designing
management options.
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4.1 Land-Use Changesin Developing Countries

A well-known QDE model from sustainability science is presented in this section to demon-
strate the most basic ensemble methods. Its state-transition graph is computed, which has
a simple no-return abstraction, and examples are given how the methods contribute to the
understanding of the motivating real-world problem. Some management interventions can
be analysed in a straightforward way within this framework.

The Sahel Syndrome Model

The model studies regional land-use changes due to subsistence farming in developing coun-
tries (for details see Petschel-Held et al. 1999; Petschel-Held and Liideke 2001; Eisenack and
Petschel-Held 2002). State variables are the quality of the resource R, agricultural activities
A, and the poverty level P. Obviously, high agricultural activities reduce R due to overuse,
while low A has a positive effect on the quality of the resource. Poverty increases agricultural
activity, being the constituting behavioural assumption in a context of subsistence farming.
Poverty inversely depends on agricultural yield, which increases with activity and the quality
of the resource. The first question is whether these mechanisms necessarily bring about the
poverty-degradation spiral. We are interested in measures shifting the system in a favourable
direction. The model is described by the following equations:

A=u(P),
R=r(4),
P = y(A’ R)a

with A, R, P € R,. The behavioural function b € C'(R,,R),Dpb > 0 assigns to a
given poverty level the change of agricultural activity. The soil regeneration function r €
C' (R, R) is strictly decreasing with respect to A. Poverty is reduced by yield via the
function y € C*(R, x R, R) with D4y, Dry < 0: economic production increases with
effort A and resource quality R, thus reducing poverty.

By substituting y for P, poverty can be eliminated from the model, but as poverty is
an important component of the Sahel Syndrome, we want to keep it as a state variable. By
differentiation,

P:DAy-A—IrDRy-R

yielding some sign ambiguities in the Jacobian since

[DAP] = [DAAy b+ DRAy T+ DRy : DAT] = [7],
[DrP| = [Dagry-b+ Dgrry - 7] = [7],
[DpP| = [Day - Dpb] =[],
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unless we make appropriate assumptions on the second derivatives of the yield function.
Thus, taking (A R P)" as state vector, the basic monotonicity properties of the model are

captured by the sign matrix
(0 0 [+]>
YX=1[-] 0 0].
21 [

The model is refined by introducing landmarks and setting up a monotonic landmark en-
semble. The maximum sustainable agriculture is denoted by the landmark ns, and it is
assumed that (s ) = 0, i.e. below ns the soil regenerates, while it degrades above. Simi-
larly, we introduce ex for poverty (existential poverty level) with b(ex) = 0, meaning that
for a poverty level above ex agricultural activities increase (to offset yield losses). Further-
more, landmarks for the upper bounds of the variables are set. As introduced in section2.2.3
(p. 32), the state space is augmented with the velocity variables dA, dR and dP. \We obtain
the quantity spaces
Q4 :=(0,{0,ns}, ms, {NB, Amax }, Amax),
Qr = (0, {0, Rmax}, Rmax),
Qp := (0,{0,ex}, ex, {ex, Pmax}, Pmax),
QdA = ({—OO, O}a 07 {0’ OO}),
QdR = ({—OO, 0}, Oa {Oa OO}),
QdP = ({—OO, 0}7 0’ {O’ OO})’
the resulting quantity space @ and the qualitative state space S. By default, three constraints
link state and velocity variables:

C1:={v € S| qdiry(v) = [qmagy,(v)]},
Cy :={v € § | qdirg(v) = [qmag,(v)]},
Cy:={v € 5| qdirp(v) = [qmag,p(v)]}-
The basic properties of the yield function are expressed by the constraint
Cy:={ves|
[amag 4 (v)][qmag(v)] = —[qmagp(v)]A
[amag 4 (v)]qdirg(v) + [amagg(v)]adir 4 (v) = —qdirp(v)},

which accounts for the cases where one or more of the qualitative directions or magnitudes
vanish. The zeros of r and m are expressed by

Cs:={v e S| [qmagp(v)]ex = qdir,(v)},

Cs :={v €S | [qmag,(v)]ns = —qdirg(v)}.
Defining C' := {C1,...,Cs} and the constant mapping i : Q — A>3, ¢ — X, we ob-
tain a monotonic landmark ensemble M (u, C). All solutions of ODEs with right-hand side
f € M(u,C) on the state space X = R3, i.e. Spq(u,c)(R2), are possible evolutions of agri-
cultural systems as described by the Sahel Syndrome model. These can be computed using
the QSIM algorithm with a model code as follows:
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(quantity-spaces

(A (0 ns Amax) "Activity")
(dA (minf O inf) "dA")
(R (0 Rmax) "Resource")
(dR (minf O inf) "dR")
(P (0 ex Pmax) "Poverty" ))

(constraints
((d//dt A dA))
((d//dt R dR))
((M+ P dA) (ex 0))
((M AdR (ms 0))
(((M--) ARP)))

The landmarks for the upper and lower bounds of the quantity spaces are not designed to
appear in any constraint, but have another purpose. If a qualitative state v is considered by
the QSIM algorithm where one qmag;(v),7 € {1,2, 3} attains one of these landmarks and
qdir, (v) is such that the landmark will be transgressed, the state v is regarded as a final state,
I.e. no further successors of this state are generated. Thus, states are automatically detected
where the soil totally degrades, where efforts come their limits, etc.

Results

The quantity space of the model consists of 2025 qualitative states. By applying the QSIM
algorithm, we obtain a state-transition graph with 158 edges and 49 vertices. Some basic
abstraction and restriction techniques further simplify the result (see section2.2.4, p. 36).
We end up with 20 edges and 20 vertices, of which 16 are final states where at least one
variable attains its bound (see Fig. 4.1, Tab.4.1). The no-return abstraction (see section 3.1,
p. 52) of the graph is simple in this case because the graph contains no strongly connected
components, i.e. every edge is irreversible.

The irreversibility of all edges expresses an important feature of the model — it brings the
agricultural system to a situation which cannot be changed without an intervention. Since
the qualitative model subsumes a set of ODEs defined by right-hand sides f in a monotonic
landmark ensemble, interventions which change the quantitative state of the system without
crossing a landmark or which replace f by another right-hand side f' € M(u, C) have no
substantial effect. Fig. 4.1 shows that not every final state is problematic: although there
are cases where the resource quality is reduced to a minimum level or poverty comes to a
maximum, there are also final outcomes with a recovered resource or a level of well-being
above the existential level.

Value judgements enter the analysis at this stage. In Fig.4.1 an example is provided
for such a valuation of final states, based on the qualitative magnitudes and directions of P
and R. A degrading resource and existential poverty are considered as problematic, while
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Figure 4.1: Abstracted and restricted state-transition graph of the core of the Sahel Syndrome
(computer-generated output). The columns in the vertices represent qualitative values as
given in the legend, where landmarks and intervals between landmarks alternate. Diamonds
abstract multiple qualitative directions detected by chatter-box abstraction. Colours indicate
value judgements as explained in the text.
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Graph Vertices Edges
State-transition graph 49 158
After chatter-box abstraction 33 42
Removing marginal edges 33 36
Removing non-analytical states 20 20

Table 4.1: Number of vertices and edges resulting from different restriction techniques ap-
plied subsequently to the Sahel Syndrome model.

a recovering resource or low poverty is preferable. If a variable is in a preferable state and
the other not a problematic one, it is coloured green. If one is problematic and the other not
preferable, it is red. The ambiguous cases where one variable is in a problematic and the
other in a preferable state are grey.

Both problematic and preferable outcomes are possible for an initial state with increasing
agricultural activities below the maximum sustainable level and decreasing, but existential
poverty. The same applies for decreasing activities which degrade soils, combined with
increasing poverty below the existential level. But, once activity and poverty are above the
critical landmarks, it is inevitable for every solution of the monotonic landmark ensemble
M (i, C) that the resource totally degrades or poverty remains critical. Conversely, a positive
development necessarily occurs if poverty and agricultural activity are low at the same time.

Management

Three types of potential interventions into systems without control variables can be distin-
guished (Eisenack and Petschel-Held 2002):

External interventions: A manager is temporarily introduced who alters state vari-
ables to shift the system directly to another qualitative state. During the intervention,
the mechanism of the QDE is postponed but becomes active afterwards again.

Structural management: The social-ecological conditions are changed such that an-
other model ensemble has to be chosen, e.g. by another sign matrix or the introduction
of new landmarks and variables. This results in a different state-transition graph where,
e.g. problematic invariant sets may be resolved.

Micro-management: Management changes parameters such that the ODE describing
the system is defined by a new right-hand side which is a member of the same model
ensemble as before. The effect can be a change in the tendency of the system to shift
to one or another successor state. As this does not change the state-transition graph,
the evaluation of micro-management is beyond the scope of qualitative reasoning.

Petschel-Held et al. (1999) discuss three external interventions into the Sahel Syndrome dy-
namics. (i) A policy to combate poverty is initialised if P is existential, and results in poverty
reduction to below the existential level. (ii) The agricultural impact on soils is mitigated
when gqmag 4 (v) > ns, with the effect that activity is below the critical level afterwards.
(iii) Application of both policies at the same time. Interestingly, only the latter guarantees
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Figure 4.2: State-transition graph modified by external interventions (left: only combating
poverty, right: combating poverty and mitigating agricultural impact). The columns represent
the same qualitative values as in Fig. 4.1.

an improvement in every case (cf. Fig.4.2). Combating poverty shifts the system back to
a state where the resource may recover, but does not necessarily have to. It may also come
back to the situation where the intervention has to be applied again. If only the agricultural
impact is changed, the effect is symmetrical. This is avoided if both types of intervention are
combined.

Now we analyse an example of structural management. In Eq. (4.1) we observed two
sign ambiguities. Suppose some policy influences the agriculture such that these ambiguities
are resolved so that [D 4P| = [+] and [DzP] = [—]. This means that a high resource quality
always reduces poverty (if nothing else changes), while high activities have an adverse ef-
fect. This can be a consequence of introducing agricultural techniques more sensitive to the
resource and measures so as to dampen the influence of income on poverty. Would such a
policy be beneficial or not? By including the constraint

(((M+ - -) ARPdP)
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in the model description, i.e. defining the sign matrix

0 0 [+]
=[] 0 0|,
+] =] -]

and the sign map p' : Q — A>3, q — ¥, we obtain a new QDE defined by the mono-
tonic landmark system My, C) on the same state space as M (u, C'). The resulting state-
transition graph can be computed and compared to that of M(u, C) (see Fig.4.3). As ex-
pected, certainties increase slightly: In the state with low agricultural activity, recovering
resource and low as well as decreasing poverty (a), it is already sure that the outcome will be
positive. In the original model it is also possible that poverty begins to increase again (there,
the edge (b) is bidirectional, making both states a chatter-box). The situation is symmetric
for edge (c), making high and increasing poverty and high agricultural activity a safe pre-
dictor for a bad outcome: it would be dangerous to recommend the structural management
proposed here as a panacea, since its success or failure depends on the actual situation of the
system. This is emphasised by the fact that some parts of the state-transition graph cannot
be reached from every initial state. This has the consequence that combining this structural
management with intervention (i) from above (combating poverty) is sufficient for a good
outcome. However, there is a caveat to investigating structural management in a way like
here. Expanding the two assumptions about the effect of management, we obtain

DAAy'b+DRAy'T+DRy-DAT>O,
DARy'b+DRRy'T<O.

Thus, the monotonic landmark ensemble M (', C') contains all functions f € M(u, C) for
which both relations hold for every state in X. A restriction of this kind may make My, C)
an empty set, although this is not always obvious. In this case the required relations can still
hold on a restricted region of the state space X' & X. If it can be justified that an investigated
system stays in X', the state-transition graph remains meaningful. Otherwise, the solution
can be determined independently for monotonic landmark ensembles on different regions of
the state space and the solutions have to be combined appropriately.

Summing up, we have learned from the qualitative Sahel Syndrome model that the underly-
ing mechanism does not always bring about the impoverishment-degradation spiral. On the
other hand, there are qualitative states where the outcome is more predictable and manage-
ment can avoid a critical development. Two management options were analysed using QDEs
and the state-transition graph. It can be seen that simple interventions are not sufficient: com-
bining different external interventions, or external interventions with structural management
are more efficient.
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Figure 4.3: State-transition graph of the Sahel Syndrome with additional assumptions
(DAP > 0,DgP < 0). The boxes indicate sets of states which are not attainable from a
state with high or from a state with low poverty. The columns of the state representation are
again the same as in Fig. 4.1. The vertex (a) and the edges (b), (c) are discussed in the text.
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4.2 Capital Accumulation in Unregulated Fisheries

In this section | present a qualitative model about the problematic interaction of capital and
biological stocks in marine fisheries (for details, | refer to Eisenack and Kropp 2001; Kropp
and Eisenack 2001; Kropp, Zickfeld, and Eisenack 2002; Eisenack et al. 2006). | concentrate
on the demonstration of the abstraction and restriction techniques developed and presented
in this thesis: projection (section2.2.4, p. 36), elimination of marginal edges (section 3.2,
p. 62) and no-return abstraction (section 3.1, p. 52).

Capital accumulation has been a major issue in fishery economics over the last two
decades; commercial fishery is portrayed as a system in which a biological stock and a capital
stock interact dynamically (Clark et al. 1979; McKelvey 1985; Boyce 1995; Jgrgensen and
Kort 1997; Munro 1999; Pauly et al. 2002). The biological stock is the amount (number of
fish or biomass) of the target species, whereas the capital stock consists of fishing gear (boats,
nets, technical equipment etc.). As the capital stock is highly specialised and cannot readily
be converted to other uses, investment decisions are irreversible. In many contributions this
is understood as a major cause of over-fishing. If a fish stock is overexploited, making the
fishery less profitable, there is no opportunity to sell the fishing gear. Consequently, more
capital than efficient is allocated to the fishery, or equipment is transfered to other fisheries,
putting other target stocks at risk — a pattern known as serial overfishing (Gofi 1998). With
the model below | reveal one major cause of overfishing. It is shown that every solution of
the monotonic landmark ensemble necessarily produces a period where excess capacities are
built up, making the fishery less efficient and contributing to the risk of serial overfishing.
Since this is driven by profit-oriented resource use, the model is qualified as a representa-
tive system for the Overexploitation Syndrome (cf. Cassel-Gintz and Petschel-Held 2000;
Kropp, Eisenack, and Scheffran 2006).

First | set up an analytical model based on standard bio-economics. Then we use a
monotonic landmark ensemble for its analysis for the following reasons:

e Due to tractability, previous efforts in this field have relied on a variety of simplifying
assumptions, and many of them are restricted to equilibrium analysis. As QDESs extend
the possibilities to handle the global dynamic properties of a system, the model can be
substantially extended and some simplifications can be avoided.

e We are uncertain about exact functional relationships and parameters in marine fish-
eries (see p. 86).

The Capital Fisher Model

The capital fisher model investigates the dynamics of capital accumulation in an unregulated
marine fishing industry with nonlinear investment costs and stock-dependent harvesting pro-
ductivity. It describes a situation where N identical and profit maximising firms compete
for an unregulated resource, i.e. a marine fish stock of size z. Assuming that any harvesting
requires capital £ (e.g. ships, fishing gear), and that the productivity of these inputs depends
on the biological stock z, we can set up a variable cost function v(k, z, k) : R — R which
describes the harvesting costs at a given time for a given harvest h, fish stock = and capital
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stock k. We assume that this function has the following monotonicity properties:

Dpv >0, D v, Dyv < 0,
Dppv, Digv, Dyzv > 0,
Dy,v > O,thU,th’U < 0.

These inequalities describe consequences of economic standard properties of positive but de-
creasing marginal productivity, and that certain attributes of capital enhance the accessibility
of the fish stock (improved fishing gear and technology, increased horsepower of boats, etc.).
Additionally, we assume that the Hessian of v is positive definite, which is no contradiction
to the above inequalities (see Eisenack et al. 2006 for details).

The regeneration of the resource is given by a recruitment function R € C1(R,, R, ),z —
R(z) of logistic type. It attains a unique maximum sustainable yield (M SY’) for z = x5y
(both parameters do not have to be known quantitatively). Furthermore, R(0) = R(Q) = 0,
where Q > x5y the carrying capacity of the biological system (which also does not have
to be known qualitatively). For z < x5y, DR > 0, but D,R < 0 if z > x,5y. The fish
stock changes according to

z=R(z)— (h+ 1), 4.1
where A denotes the harvest of a firm under consideration and A’ that of all the others. The
change of each firm’s capital stock is described by

k=1— 6k, (4.2)

where I > 0 represents the investment rate and § a depreciation rate which is assumed to
be constant. Investment costs are expressed by a strictly convex increasing function ¢ €
C'(Ry,Ry), I — c(I). The convexity reflects inelastic supply of highly specialised equip-
ment and rising adjustment costs for higher investment. The demand for fish is described
by the downward sloping inverse demand function p € C*(Ry,Ry),h + h' — p(h + K'),
assigning a market price to a given amount of harvested fish.

The decision of each firm about 4 and I now has to be determined. We assume that the
harvest decision is myopic in contrast to the investment decision, i.e. fishing firms only take
the current state of the system into account when deciding about A, while they take long-term
effects into consideration when choosing the level of investment. The latter is justified by
the long time scale of capital dynamics (ships are typically used for 10 to 50 years). The
former is partly because of a lack of knowledge about the recruitment function, and partly
because firms consider their own influence on the fish stock to be negligible. Moreover,
they tend to assume that other firms behave in the same way. Thus, we suppose that the
impact of harvesting on the biological stock are neglected by the individual firms in their
short-term decision making. If each fishing company acts in an economically rational way, it
chooses harvest to maximise profits p(h+h')h—v(h, z, k) at each time. By using the implicit
function theorem, some standard properties of the inverse demand function, the monotonicity
and convexity properties of v, it can be guaranteed that the solution to this static problem is
a harvest supply function » : R2 — Ry, (2,k) — h(z,k) with Dyh, Dyh > 0. The
investment plan is chosen such that it maximises the discounted profit given by

= /J et (p(h + WY = v(h, 2 k) — c(I))dt,
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subject to Eq. (4.1), Eq.(4.2) and h = h(z, k). Here, r denotes a constant discount rate
and J = [0,77] a planning interval. Assuming that all firms are characterised by the same
technology and behave in the same way (i.e. h + A’ = Nh), the decision problem can be
solved with a theorem on dynamical optimisation by Mangasarian (1966). The resulting
analytical model can be written as:

i = R(x) — Nh,

k=1- 6k,

h = h(z, k),

I= DrreD) ((r + 6)Dre(I) + Dyv(h, z, k).

Unfortunately, many signs of the Jacobian display ambiguities, and only some of these can
be resolved by introducing landmarks. To distinguish the monotonically increasing part of
R from the monotonically decreasing part, z is supplied with the landmark xnsy:

<0 ifz>xnsy,

Dy =D,R— ND,h = :
= 0 otherwise ,

Dyi = —NDuh < 0,

Dyi = Dk =0,

Dyl = —6 <0,

Drk=1>0,
: 1

D, = ———(Dyzv+ DipvDgh) 2 0,

DHc(I)( k kh )<

: 1

D=——_(D Dy vD.h) =
k Dnc(I)( ke + DirvDih) 2 0,
. D[CD][IC

DI = (r+06)(1 — 22217
R TR

Assuming 2.eLiie to be small, for a qualitative state ¢ with qmag_(g) < xnsy, we have
g q 8a y

. (Drre(I))?
the sign matrix
77 -] 0
wa@) =10 [-] [+]],
77 7] [+]
-] [-] O
w@ =10 [-] [+]].
77 17 [+

To formulate a set of constraints C' we introduce the landmark MSY := R(xmsy) for R and
h. Also, harvest increases monotonically with z and k. As in the previous section 4.1 (p. 87),

while for qmag,(¢) < xmsy
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Graph Vertices Edges
State-transition graph

after chatter-box abstraction 134 599
Removing marginal edges in runtime 103 330
Removing non-analytical states 59 103
Removing further marginal edges 59 93
Simple projection 30 47

Table 4.2: Number of vertices and edges for abstraction and restriction techniques subse-
quently applied to the Capital Fisher model.

upper and lower bounds are introduced into the quantity spaces to detect cases with extreme
outcome, e.g. a diminishing fish stock or harvest rate. Several cor not constraints (cf. sec-
tion 3.2, p. 62) are defined to eliminate marginal edges during computation (see Appendix
for the model code).

Results

Without the cor not constraints (but using simple chatter-box abstraction, cf. section 2.2.4,
p. 36), the state-transition graph has 134 vertices and 599 edges. Several restriction tech-
niques are applied (chatter-box abstraction, projection and restriction to analytical functions,
cf. section2.2.4, p. 36, and elimination marginal edges, cf. section 3.2, p. 62; see Tab. 4.2).
The result is presented in Fig. 4.4 in a manually improved form, where equilibria are omitted
and all remaining final states are classified into two categories: (A) represents a catastrophic
state where the fish stock is fully exploited (x = 0), while in (B) the stock recovers (i > 0)
but no harvest takes place (h = 0). The former is an environmental and economical disaster,
while the latter is only an economic disaster. (A) can only directly be reached if x < xnsy
and & < 0, while for type (B) & > 0 and 4 < 0 is a precondition.

The no-return abstraction (cf. section 3.1, p. 52) yields that the subgraph containing all
except the final states is a strongly connected component, i.e. as long as no final state is
reached, every vertex can possibly be re-entered. This is in contrast to established bioe-
conomic ODE models, where the system evolves monotonically towards equilibrium, or
where equilibrium is reached after one turning point (e.g. Clark et al. 1979; McKelvey
1985; McKelvey 1986; Boyce 1995). However, the occurrence of boom-and-bust cycles is
an empirical fact in many industrial fisheries (Hilborn and Walters 1992; Charles 2001): the
state-transition graph can be used to reconstruct case studies which cannot be reconstructed
by the older models (e.g. the collapse of the North Atlantic cod fishery or the historical devel-
opment of the blue whale industry, cf. Eisenack et al. 2006). This shortcoming is mainly due
to various linearity assumptions which are used to derive tractable solutions. QDEs allow for
greater flexibility in this respect.

The non-linearities also bring about another strong feature of the state-transition graph:
every fishery described by the model necessarily undergoes a phase of over-capitalisation,
I.e. capital increases although catches are declining. In Fig. 4.4 this is the case in vertices
#3, #6, #8 and #18. It is easy to see that every path in the abstracted state-transition graph
which starts from vertex #1 and has at least length 3 reaches one of these vertices or results
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in a collapse. State #1 is a typical situation in a fishery where exploitation begins: Fish
stocks are still high but declining, while investment increases the capital stock and harvests.
But overcapitalisation also occurs for other initial conditions unless the system remains in a
chatter-box forever or reaches a final state. This property is rooted in the fact that v, < 0
and vy, < 0, i.e. that the harvest supply function A increases in z and k. As long as increased
harvest is observed although the fish stock is reduced, net investment must be positive to
compensate losses from increasing marginal costs. In other words, an increase in marginal
costs due to a decreasing fish stock may trigger additional investment in an effort to keep
marginal costs from rising excessively. Therefore, £ cannot start to decrease before h.

The above model is less constrained than the Sahel Syndrome model, which becomes obvious
from the no-return abstraction: there are no invariant sets except final states — it concludes
that substantially more knowledge than considered by a monotonic landmark ensemble is
needed to make crisper predictions. This is supported by experiments in which all ordinal
assumptions consistent with the basic monotonicity properties were tested (cf. section 3.3,
p. 68). Although some paths can be excluded such that several no-return sets consisting
of single states emerge, they do not improve the overall situation. However, in spite of
this ill-posed nature, diverse abstraction and restriction techniques substantially simplify the
state-transition graph, and robust properties are revealed which are common to all systems
given by the monotonic landmark ensemble.
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4.3 Participatory Fishery Management

In this section | present and assess various management schemes of participatory resource
management using viability theory and qualitative differential equations. The analysis is
based on two models which are examined as dynamic control systems (cf. previous work
in Eisenack 2003; Kropp, Eisenack, and Scheffran 2004; Eisenack et al. 2006). | show
that serious problems may result if participatory management is purely resource-based. The
analysis investigates whether a less risky management strategy can be implemented even
with only limited data.

Viability criteria are imposed on both models of a management framework. We as-
sess whether different management strategies comply with these requirements and how they
change the structure of the resulting state transition graph. The first model is investigated
solely by analytical techniques from viability theory (cf. section2.4, p. 45). The second
model describes a closely related but more complex setting. It uses QDEs to account for
uncertainties more thoroughly and to design a qualitative closed-loop control in a system-
atic way. But would a management strategy which is promising in the setting of the first
model remains robust in the second? The new methods developed in Chapter 3, elimination
of marginal edges (section 3.2, p. 62) and no-return abstraction (section 3.1, p. 52), are im-
portant tools when addressing this question. The model also demonstrates another way in
which viability theory can be fruitful for qualitative reasoning by restricting the qualitative
state space to a region close to the boundary of a constrained set.

Recently, participatory strategies to fisheries management have been seen as a promising
way. The basic idea is to include stakeholders — e.qg. fishing firms, processing companies, sci-
entific institutions and NGOs — in the decision-making process on catch restrictions. (Jentoft
et al. 1998; Noble 2000; Charles 2001; Potter 2002). This is in contrast to the common type
of top-down management where a government agency imposes restrictions on the fishery.
When a fishery reaches a state of crisis, scientific institutions are criticised for putting too
much emphasis on conservation objectives and neglecting the economic sustainability. If
fishermen are involved in the decision-making process, it is assumed that economic objec-
tives will complement conservation goals of government organisations and that compliance
with regulations will be better (Pinkerton 1989; Mahon et al. 2003). In many cases, this type
of management is exercised via a fishery council where the representatives of stakeholder
groups negotiate, e.g. about the total allowable catch. This plan is executed by a manage-
ment organisation which works in close collaboration with local fishermen.

One precondition for the success of both top-down and participatory frameworks is a
proper information base, usually delivered by scientific institutions (e.g. ICES 2002). In this
context it is sometimes argued that fishery management is focused too much on an ecological
viewpoint — compared with efforts to examine the behaviour of the resource users, their eco-
nomic settings, and aims — sometimes referred to as “ichthyocentrism” (Lane and Stephenson
2000; Davis and Gartside 2001). Thus, the following models are designed to discuss the po-
tential benefits and risks of participatory and ichthyocentric management frameworks. We
want to know if there is still a risk of overexploitation.



102 Management of Natural Resources

4.3.1 Viability Analysis of Management Frameworks

The quota negotiation model of a participatory management framework uses game theory and
includes scientific catch recommendations as control variable (for details, | refer to Kropp,
Eisenack, and Scheffran 2004; Eisenack, Scheffran, and Kropp 2006). The model is supplied
with viability constraints to identify conditions for viable control. Different recommendation
strategies are assessed against these conditions. One of them will also be assessed within the
extended model in the next subsection.

The Quota Negotiation Model

As in section4.2 (p. 95), the basic state variables is the biomass of a fish stock z, which
is influenced by the total harvest i and the recruitment function R, yielding for the stock
dynamics the ordinary differential equation

& = R(z) — h.

Recall that R(zysy) = MSY, R(0) = R(Q) = 0 and for z > x5y We have D, R(x) < 0,
while D,R(x) > 0 for x = zsy. Due to the complexity of ecosystems we have only
limited knowledge about the behaviour of a fish stock. Thus, no additional assumptions
about R are made.

In a participatory framework the total harvest A is determined in a negotiation process
about the allocation of catch quotas, written as vector ¢ € RY, to NV groups of fishing firms.
The resulting total harvestis h = )., . ¢;. The negotiation process is modelled with the
following assumptions: A scientific institution and representatives from the fishing industry
bargain for the total harvest 4 and the individual quotas g;. When these pressure groups agree
on an allocation, the result is transformed into practice by the management authority. The
negotiations are opened by the scientific institution, which makes a recommendation » > 0
for the total catch. Each group of the fishing industry tries (i) to get an optimum share of the
total harvest h and (ii) to increase h above the catch recommendation r if it is profitable.

The optimum share and the optimum increase h — r may differ between the groups,
e.g. due to technical and economic parameters. There is a trade-off between higher prof-
its resulting from higher quotas and deviation costs d; imposed by exceeding the scientific
recommendation. These costs are linked to the legitimation of bargaining positions which
challenge scientific advice and increasing transaction costs of fierce negotiations. They may
differ between the pressure groups. It is further assumed that the fishing groups act to opti-
mise short-term profits. This is realistic if single fishing firms perceive their impact on the
resource as negligible (Banks 1999; Kropp, Eisenack, and Scheffran 2004). This entails that
they only account for short-term deviation costs.

Each group i is supplied with a profit function 7; : R, x RY — R, depending on the
fish stock and the overall allocation plan,

mi(z,q) = pg; — ci(g;, x) — di( Z

j=1,...y

q; — r), (4.3
N

where the first term represents revenues on markets, p corresponding to the market price
(which is assumed to be exogenous), while ¢; € C'(R; x Ry, R;),7 = 1,..., N are cost
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functions, assigning variable costs of a single group to its catch g; and the amount of fish z. It
is economically reasonable to assume that all cost functions ¢; are convex and increasing in g;,
while costs are decreasing in = due to higher densities of fish. The deviation costs, described
by the functions d; € C*(R,,R,),7 = 1,..., N depend on the individual quota ¢;, on the
quotas allocated to the other pressure groups, and on the scientific catch recommendation r.
If>°,_1 _n ¢ — r becomes negative, we assume that d; vanishes, since deviation costs do
not apply if the sum of all quotas is below the recommendation. It is reasonable to assume
that each d; is a monotonically increasing, convex function.

Each group 7 negotiates for a quota which maximises their profit 7; for given p, x and
r. This problem can be described as a non-cooperative game with the so called Nash equi-
librium as solution, where each participant takes the decision of the other participants as

given (Nash 1951). Since all profit functions 7;,7 = 1, ..., N are concave and continuously
differentiable with respect to ¢;, the Nash equilibrium is given by the equation system
Vi=1,...,N:Dym =0. (4.4)

In the following analysis we restrict this general approach to the case of two specific fishery
groups (e.g. artisanal and industrial fishers) and provide a possible functional specification
for variable and deviation costs by

o + Biq;

¢i(gi, x) :== — (4.5)

0 iIf gi+qg<r,

4.6
ki(q1 + g —r)* otherwise . (4.6)

dilgn + g2 — 1) := {

The parameters «;, 3;, k; (1 = 1, 2) are not completely known, but positive.

PROPOSITION 44: Inthe Nash bargaining solution for the profit functions given by Eq. (4.3)
with Eq. (4.5), Eq. (4.6) and N = 2 results in the total catch

hy(z,r) if r<7(x) and hy(z,7)>0,

3 if r>#(z)>
h(z,r) = ) rre Fo) 20, (4.7)
0 if 7#(z) <0,
0 if 0<r<#(z) and hy(z,7) <0,
= max (0, min(hy(z,7), f“(ac))), (4.8)
where
. upr — v
r(x) = ,
(@) B1e
upr + wrr — v
hy(z,7r) = ,
o(:7) B1B2 + wz
and

U= %(BQ + B1) > 0,

w = Pikg + Paky > 0,

1
V= E(Otlﬁg + 012,31) > 0.
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The continuous total harvest function 4 increases monotonically in z and r. The functions
7, hy, are strictly increasing. Additionally, it holds that

ho(z, 7(2)) = 7(z), (4.9)
if #(z) > 0 h(z,r) < 7(a). (4.10)

I\/A

()

The function h (Eq. 4.7), depending on the fish stock x and the harvest recommendation r, is
called the total harvest function. The different cases result from that fact that for recommen-
dations » > #(x) it is not profitable for fishing firms to exceed them. In this case the total
harvest equals 7(z), which is the optimum catch if k; = ko = 0. We refer to this case as
non-binding harvest recommendations. However, if r < 7(z), recommendations are binding,
resulting in the catch hy(z, 7).

PROOF: At first we derive Eq. (4.7). Suppose the bargaining is constrained to the case
¢1 + g2 < r where deviation costs vanish. In this case the conditions Eq. (4.4) can be
solved independently from each other for ¢; and ¢» by elementary calculations, yielding
h(z,7) = q1 + ¢o = 7(z). Thus, if 0 < #(z) < r, the harvest is 7(z). Now suppose that
0 < r < #(x), making the conditions Eq. (4.4) a linear equation system. The solution for ¢,
and ¢, yields the harvest h(z,r) = hy(z,r). Of course, if 7#(z) < 0 or hy(z,r) < 0, then
h(z,r) = 0 because harvest cannot be negative.

The monotonicity properties of h, z, 7, h, and Eq. (4.9) can easily be shown with elementary
calculations.

For r > #(x), Eq. (4.10) is true because h(z,r) = 7(x). For r < #(x) and hy(z,7) > 0,
h(z,r) = hy(z,7) < hy(z,7(z)) = 7(x) due to monotonicity of h, and Eq.(4.9). If
0 <r < #(z)and hy(z,r) < 0, then h(z,r) = 0 < 7#(z). This covers all possible cases for
Eq. (4.10).

Eq. (4.8) is valid because by Eq. (4.7), harvest does not vanish iff 0 < 7#(z) < ror0 <
hy(z,7) A < 7(x). Using Eq. (4.9) and the monotonicity properties, in the first case

h =7(z) = hp(z,7(x)) < hy(z,7),
i.e. h = min(hy(z,7),7(z)). Similarly, in the second case

h = hy(z,7) < hp(z,7(x)) = 7#(x).

We end up with the ODE
T = R(il?) - h(ﬂ?,T),

where r € R, is a control variable. In the following we will express different management
regimes as different strategies for choosing . To assess them, we need quality criteria —
these are provided using the framework of viability theory.
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Viability Constraints

Two reasonable viability constraints are defined and investigated for our examination of ma-
rine fisheries, and conditions are deduced under which a control rule for r exists, which
respects both constraints:

1. Ensure that the biomass of a stock always remains above a minimum level z > 0:

Vi x(t) > x.

2. Require that a minimum total harvest A > 0 can always be realized or exceeded:

Vt: h(t) > h.

We refer to the first criterion as environmental and to the second one as economic viability.
We define the set-valued map F': R, ~+ R by

F(z) :={R(z) — h(z,r)|r € Ry and h(z,r) > h}. (4.11)

It assigns to a system state x all possible velocities resulting from a harvest recommendation
r which ensures economic viability. We are now looking for a set of states in the interval
[z, o0] which is viable with respect to F'. In such a set it is possible to choose an open-
loop control function r(-) such that both viability constraints are met forever (cf. section 2.4,
p. 45). This will serve as the basis to assess whether concrete control rules for r keep this set
viable.

To apply the viability theorem (PROP. 10, p. 48), we have to evaluate the regularity of
F'. This includes determining the fish stocks for which F'(z) = @ — which yields the cases
where economic viability cannot be met.

PROPOSITION 45: The set-valued map F' defined by Eq. (4.11) equals

Fle) = {[R@) ~ #(z), Rx) - max (b, hy(x,0))] if#(z) > h,

_ (4.12)
1%} otherwise ,

and is Marchaud on every compact set K C R where 3z € K : #(z) > h.

PROOF: At first we show that F'(xz) # @ if and only if 7(x) > h. The set F'(x) does not
vanish if and only if there isone » € R, : h(z,7) > h. Then, from Eq. (4.7), Eq. (4.9) and

Eq. (4.10),
< h(z,7(z)) = #(z) > h(z,r) > h.

0 )
Now suppose that 7(z) > h > 0. With choosing r > 7(x) the total harvest function Eq. (4.7)
yields h(z,r) = 7#(xz) > h,i.e F(z) # @.

Next, we determine the concrete form of F. We only have to consider the case 7#(x) > h,
and denote the lower and upper bounds of F' as F(z) and F(x), respectively. By definition,
R(z) — h(z,r) cannot be below F(z), and choosing r = 7(z) yields exactly F'(xz). Now
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choose r = 0 < 7(z). If hy(z,0) > h > 0,thenVr > 0 : h(x,r) > h(z,0) = hy(z,0) due
to Eq. (4.7) and the monotonicity of the total harvest function. Since r cannot be negative,
R(z) — h(z,r) cannot be above R(z) — hy(x,0). If, on the other hand, Ay(z,0) < h < 7(z),
there isone r € [0, 7#(x)] such that h(z,r) = hy(z,r) = h due to Eq. (4.7), Eq. (4.9) and con-
tinuity of A. In summary, continuity of A guarantees that F'(x) contains exactly the values
between F(z) and F(z).

That the set-valued map F' is Marchaud when it is restricted to K can be verified using the
characterisation from p. 43. Obviously, F' has convex values and Dom(F) = K N{z €
R, | 7#(z) > h} is an intersection of closed sets and nonempty since 3z : #(z) > h. The
Graph(F) is closed because because F and F depend continuously on = and Dom(F) is

compact. It has linear growth since it is bounded on a compact set. O

Choosing a compact subset of R, is only a technicality to account for the case that the
recruitment function R(z) may decrease faster than linear for z > @ (when it has negative
values). Alternatively, this can be excluded by an additional model assumption. However,
since a harvested fish stock will not be above the equilibrium of a non-utilised stock @, this
is irrelevant in our case: we can simply choose a compact set K D [0, @], as long as there is
one z € K with 7#(x) > h.

We are now ready to apply the viability theorem, stating that for a Marchaud map a closed
set K is viable iff K is a viability domain (cf.PROP. 8, p. 47); in our case

Ve e K: F(x) # @, (4.13)
F(inf (K)) N[0, 00] # &, (4.14)
F(sup (K)) N [—00,0] # 2. (4.15)

PROPOSITION 46: An interval J = [z, b] is a viability domain of F" iff

(i) ' <z:7(z")=h,
(i) and R(z) > max (ﬁ, hy(z, 0)),
( .

>
(i)  and R(b) < 7(b)

PROOF: Condition (i) is equivalent to Eqg. (4.13): It follows from monotonicity of 7 that
Vo > z' : #(x) > h, such that F(z) # @ by PROP. 45. Conversely, if Vo € J : 7(z) > h
there exists an appropriate x’ since # is continuous increasing and has a positive zero.

Condition (ii) holds iff F'(x) > 0 which is equivalent to Eq. (4.14) by PROP. 45,

Condition (iii) holds iff £'(b) > 0 which is equivalent to Eq. (4.15). O

This proposition can be interpreted as follows. If a fish stock is in a viability domain, it is
possible to choose an appropriate harvest recommendation » which keeps the fishery in the
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domain. Condition (i) guarantees that for sufficient large recommendations r the economic
viability criterion can be met. This must be possible for all states in the viability domain. The
second condition safeguards that for a fish stock at the lower boundary of the interval, » can
be decreased sufficiently to prevent the fish stock from declining further. If the catch has to
be decreased below A to obtain & > 0, the economic viability constraint would be violated.
Condition (iii), being more technical in nature, implies that fishing firms would voluntarily
catch more than R(b) if recommendations are non-binding, such that & < 0 in this situation.

Note also that the viability kernel Viaby(K) — which is the largest closed viability do-
main contained in K (cf.PROP. 10, p. 48) — is the largest interval J C K satisfying the
conditions. It has to be an interval, since condition (i) holds for all x > =z’ and never holds
for z < 2, and the other conditions only apply on the boundary of the viability kernel.

Management

We now use PROP. 46 to assess the viability of two different recommendation strategies for
r. Although it is possible to keep the system viable if an appropriate strategy is selected,
the proposition does not ensure that every control strategy is successful. Formally, such a
strategy assigns a value for r to a given system state, i.e. a closed-loop control according to
the following schemes:

e Ichthyocentric control: The harvest recommendation is purely based on an exact esti-
mate of the stock recruitment, i.e.

r = R(x).

e Conservative control: The harvest recommendation is based on economic viability in
the sense that recommendations are adjusted to yield h = h, i.e.

r=r(x),

where r(z) is defined as the smallest » > 0 such that ~(x, ) > h or as +oo if no such
7 exists.

These strategies can be regarded as extreme cases of management where only ecological or
where only economic criteria matter. The latter is called “conservative” because this strategy
only guarantees a minimum aspiration level for harvest, but avoids increased catches.

Ichthyocentric control:  Assuming that the harvest recommendation r equals recruitment
presupposes that the scientific institution is able to estimate R(z) correctly. This is a chal-
lenging task, since an exact estimation of the stock biomass is bound to fail due to unavoid-
able measurement deficits (see the discussion of uncertainties above, p. 86). However, let us
assume that the estimator is correct. We show that even in this ideal case, the strategy cannot
guarantee viability. The main argument stems from the crucial fact that

h(z,r) >r<r <i(x) (4.16)
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i.e. that the negotiated harvest is always above the scientific catch recommendation, except
in the case of non-binding recommendations. This relation holds by Eqg. (4.7) and Eqg. (4.9),
since D, h, < 1, and it holds for 0 < r < 7(z) that h(xz,r) = hy(z,r) > r, while for
r > 7(z) it holds that A (z, ) = #(x) < r. Thus, if recommendations are binding, then

h(z,r) = h(z, R(z)) > R(z),

harvest is above recruitment, resulting in a decreasing fish stock. Comparing with PROP. 46,
even if there exists a viability domain, the ichthyocentric strategy necessarily violates the
environmental viability criterion if h < R(z) < #(z). It is only viable if, contrarily, h <
7(z) < R(z) holds. The latter means that the realized catch # must be significantly lower
than the scientific recommendation, a situation which normally does not occur in industrial
capture fisheries (Eisenack et al. 2006). This makes it impossible that the fish stock recovers
once it is below z. We can summarise that even in the case of a perfect stock assessment, the
ichthyocentric strategy exposes the fishery to a risky development.

Conservative control: Ifaviability domain J = [z, b] exists for the fishery, then r(z) < oo
for all x € J, since economic viability is guaranteed. It also holds that max (Q, hy(z,0 ) <
R(z) (cf. PROP. 46). By definition of r,

h(z,r(z)) = h < R(x)
if r(z) > 0;and if r(x) = 0,
h(z,r(z)) = hy(z,0) < R(z).

Together, this has the consequence that conservative control guarantees also environmental
viability. If the fish stock is below [z, b], i.e. outside the viability domain, environmental or
economic viability is no longer sustained. However, it is possible that only the economic
criterion is violated, resulting in h(z,r(x)) < R(z), i.e. x may increase until a viability
domain is reached again. In contrast, if only the environmental criterion is violated, there
is no chance of a recovery although harvest remains above s for some time: the strategy is
always viable if the management begins in the viability domain of a fishery, and is thus less
risky. Additionally, conservative control allows for a recovery in some fisheries.

Conservative control was claimed to be based purely on economic observations. For
binding catch recommendations, the control equals

h(wz + BiB) +v  up
wx w

r(z) =

This might raise the objection that the parameters u, v, w, which depend on technical and
political conditions, may be uncertain to the scientific institutions. In this case, one idea is to
approximate conservative control by an adaptive strategy

i = f(h),
f€CYR,, Ry), (4.17)
f(b) = 0, th < 0.
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The result is that for harvest above h, recommendations are decreased and vice versa. This
is close to a qualitative control rule which can also work in data-poor settings, and motivates
an expanded qualitative model of participatory resource management in the next subsection.
It shows how the conservative strategy performs if capital dynamics come into play.

4.3.2 Qualitative Viability Analysis and Control Design

The negotiation model with capital extends the previous model by introducing capital as a
further state variable (see Eisenack 2003 for details). As shown in section 4.2 (p. 95), this can
fundamentally change the dynamics. If the conservative control strategy is also useful in this
setting, this indicates its robustness. The model is transferred to a QDE formulation, again
to take account of uncertainty and generality (see p. 86) and to allow for a systematic state
space scan in a higher dimensional setting. It is also an example of how viability constraints
can be incorporated in the definition of a monotonic landmark ensemble. Finally, it admits
a methodological innovation for the design of a closed-loop control in following way: first,
a control variable « is included in the model as an open-loop control, and the sign matrix
3> and the constraints C' are formulated such that the monotonic landmark ensemble admits
all solutions which result from any continuously differentiable control «(-) on R... Thanks
to the guaranteed coverage theorem (see PROP. 3, p. 34), the resulting state-transition graph
contains the abstraction of all trajectories brought about by all possible open-loop controls
u(+). This graph can be used to identify the controls which are promising. In a second step
the model is refined by introducing qualitative constraints for u — defining a class of closed-
loop controls and producing a subgraph of the state-transition graph from the first step. The
state-transition graphs of alternative controls can be compared against each other to choose
the best option. Using QDEs has two advantages in this context:

e Solving the model for an unconstrained control is possible since the qualitative state
space is finite.

e The search space of possible qualitative constraints for « is also finite (as a conse-
guence of the finite qualitative state space) — in contrast to the design of a quantitative
closed-loop control.

The Negotiation Model with Capital

As in the previous sections, the basic state variable is the resource stock z, supplied with a
logistic recruitment function R and reduced by harvest 4. For simplicity, the investigation
is focused on stocks =z < x5y Since non-viable behaviour is more likely to happen in
this situation. In addition, the amount of capital £ accumulated in the fishery is introduced
as a second state variable. Capital is important in this context because (i) it represents the
technological efficiency and has an effect on optimum harvest, (ii) inertia is introduced in the
model (cf. section 4.2, p. 95), and (iii) it is assumed that capital is an indicator of the political
pressure the fishing industry can exercise.

The harvest A is determined in a negotiation process in the fishery council. Again as-
sume full compliance, with catches exceeding the initial catch recommendation . In con-
trast to the previous subsection, catch recommendations are always binding. The model is
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extended in that the outcome of the negotiations, depending on the political power of the
fishing industry which is assumed to increase with & such that the so-called negotiation equi-
librium is expressed by a total harvest function » € C'(R%,Ry), (z,k,7) — h(z,k,7)
with D, h, D, h, D.h > 0. The stock size x has a positive effect since higher catches are
profitable for higher abundance of fish. Catches also increases with r since they are larger
when recommendations are less restrictive. Both is in accordance with Eq. (4.7) for binding
recommendations.

The dynamics of capital £ are described by the investment rate I’ and depreciation, given
by a (quantitatively unknown) depreciation rate 6 > 0 (similar to section 4.2, p. 95):

k= I(h,k):=I'(h, k) — 6k.

The investment function I' € C*(R%,R.) is related to the profit expectations of fishing
firms. It is assumed to decrease in & for economic reasons, including the law of diminishing
returns (Eisenack 2003). All together, I decreases with k, but increases with A due to better
profit expectations.

To design a control strategy for the catch recommendations, we make no assumptions
about r at this stage as outlined above. The associated sign matrix with state vector (z k hr)*
(note that 4 is implicitly determined) is:

The last ambiguous row results from the yet undetermined control rule for » which propa-
gates to the monotonicity properties of A. The latter are also uncertain due to the unspecified
Hessian of h. The same viability criteria as in the previous subsection are introduced. To
include them in the QDE we define xm n = z as landmark for the state variable z, and
hm n = h for A. Additional corresponding values are defined by setting the landmarks
hv = R(z) and xv with R(xv) = h. To define a quantity space for the variables, a choice
has to be made about the order of the landmarks. We investigate the more interesting case
where xmi n < xv and hv < hmi n, which corresponds to the case where R(z) < h (see
Appendix for the model code). If the results from the previous subsection are robust to ex-
tending the model by capital &, we expect from PROP. 46 (p. 106) that stocks below xv are
not part of a viability domain.

Results

The state-transition graph of the QDE is very large due to the unconstrained control variable
r. To keep it tractable, several abstraction and restriction techniques are applied. At first, we
restrict the quantity space to xm n < x < xnsy and h > hv, since states where both envi-
ronmental and economic viability is violated are not our main interest, as well as fish stocks
x > Tpsy (See above). The QSIM algorithm automatically detects states where this quantity
space is left. We further introduce multiple cor not constraints to exclude most marginal
edges by preprocessing, and apply simple chatter-box abstraction (cf. section2.2.4, p. 36).
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Graph Vertices Edges
After chatter-box abstraction

and removing marginal edges in runtime 137 407
Removing further marginal edges 137 321
Removing non-analytical states 78 170
Projection on z and h 18 38

Table 4.3: Number of vertices and edges resulting from different restriction techniques ap-
plied to the negotiation model with capital.

More simplifications are possible by removing marginal edges (cf. section3.2, p. 62) and
non-analytical states (see Tab. 4.3 for the effect of the methods). The no-return abstraction
(cf. section 3.1, p. 52) reveals 2 non-trivial no-return sets. All other no-return sets are final
states where the boundaries of the restricted quantity space are hit. To make this structure
visible, a simple projection (cf. section2.2.4, p. 36) is performed with respect to the vari-
ables = and A (see Fig.4.5). Once the system enters the “downstream” no-return set, only
problematic final states are possible —environmental or economic viability will necessarily be
violated. But even in the “upstream” no-return set it is possible that catches fall below A. The
no-return sets can be distinguished by the qualitative value of x: In the upstream subgraph it
is above xv, while it is below this landmark in the downstream subgraph. We should bear in
mind that the graph covers all possible open loop controls r(-) € CY(R; — R,),t — 7(t).
This means that however r(-) is chosen, and for all ODEs given by f € M(u,C), viability
will be lost once = < xv. This very robust result parallels the conclusions of the previous
subsection (cf.PROP. 46, p. 106).

Management

To find successful interventions in the sense of structural management (cf. section 4.1, p. 87),
the second step of the design method as outlined above is adopted (p. 109). Since r is still
unconstrained, we introduce additional constraints to the model which describe the recom-
mendation strategy of the scientific institution — one subsumes conservative control as intro-
duced in the last subsection, and the other one considers economic and ecological indicators.
The resulting state-transition graphs are compared. It is clear from the above model results
that management interventions only make sense for x > xv. The aim of these interventions
is to prevent harvest from decreasing below A and to keep the system in the upstream no-
return set. For simplification, we restrict the model ensemble by considering only qualitative
values for z above xv (see Appendix for the modified version of the model including several
possible constraints).

Conservative control is implemented in the adaptive version Eq. (4.17) by introducing a
quantity space for 7~ and the constraint
((M hdr) (hmin 0)).

We apply the same restriction and abstraction techniques as before, with the result that the
former upstream no-return set splits into two no-return sets (see Fig. 4.6). Observe that eco-
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Figure 4.5: Projection of the restricted state-transition graph of the negotiation model with
capital with respect to x and h. Final states are indicated by ellipses where a trajectory
leaves the pruned state space: the variable transgressing the boundary is printed in an ellipse.
Ellipses are red, when the lower boundary is transgressed (z = xm n or A~ = hm n), while
green ellipses denote a recovering fish stock (x = xnsy). Red boxes represent no-return
sets. To improve the presentation, final states are printed within the strongly connected no-
return sets they are the successors to.

nomic viability cannot be violated in this part of state space. On the other hand, the con-
servative strategy cannot generally prevent x falling below xv. This can be explained if
recommendations react too slowly to deviations of A from A or if the inertia introduced by &
makes the system non-viable. If the knowledge about the fishery only allows for the set-up of
a qualitative model as here, it must be admitted that conservative control is also risky. Even
if the model is refined by various ordinal assumptions, the ORDAS algorithm presented in
section 3.3 (p. 68) does not provide substantial improvements.

Quialitative control subsumes various possibilities for constraints defining control rules.
Here, we consider a specific set of constraints which improves the situation:

(((M- + -) xdx dh r) (xnmsy O O hmn)),
(((M- + -) x k h dh)).
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Figure 4.6: Projection of the restricted state-transition graph resulting from conservative
control. Red ellipses denote that = drops below xv; other ellipses and clusters are used as in

Fig. 4.5.
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and we implicitly assume that there exists a control function v € C'(R, x R? ,R,),r =
u(x,a‘c,h) with Dyu, Dju < 0, Dzu > 0 and u(zasy,0,0) = h. The function associated
with the last row of X is denoted by f. Such assumptions need a deeper justification, because
they could result in M(u,C) = @. We have to show that there are functions u, f with the
given monotonicity properties such that

Consequently,

& = R(z) — h, (4.18)
k= I(k, ) (4.19)
h = h(z, k1), (4.20)
= u(z, i, h), (4.21)
= f(z,k,h). (4.22)

This is only possible if » can be chosen such that by inserting Eq. (4.21) in Eq. (4.20) and dif-
ferentiating with respect to time yields the same monotonicity properties of 4 as in Eq. (4.22).
Showing this directly is problematic since / also appears as an argument of w. Thus use an
indirect approach. Substituting Eq. (4.18) into Eq. (4.21), and then Eq. (4.21) into Eq. (4.20)
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yields '
h = h(z, k,u(z, R(z) = h, h)),

which can be solved for & by the implicit function theorem. We obtain

, Dyh + D,h(Dyu + DyuDyR)
Dh = — , 4.23
D,hDju ( )
, Dyh
D.h =
h D,hD;, 0
. 1+ D,hD;u
Dyh = 0
" D,hDju ’

where Eq. (4.23) has an ambiguous sign — based on the sign assumptions made so far. Thus,
the signs do not contradict the last row of X, i.e. the monotonicity properties of f. It also
becomes clear that the qualitative control rule includes choosing « such that Eq. (4.23) is
negative. The restricted and abstracted state-transition graph following from these specifica-
tions is given in Fig.4.7. The graph contains 6 strongly connected no-return sets such that
the qualitative control rule introduces much more certainty into the system. The rule also
introduces a small invariant set of states where fish stock and harvest never violate the via-
bility constraints. There are no problematic outcomes for one intermediate no-return set as
long as it is not left. On the other hand, this cannot be safeguarded by the qualitative con-
trol rule since the system may also evolve into an invariant set with non-viable final states.
In summary, this rule is an improvement but not a perfect solution. However, an extensive
explorative test of various other constraints for » and ordinal assumptions has not revealed a
strategy which performs substantially better.

Summarising the results from both models in this section, we have seen that a recommenda-
tion strategy based purely on the observation of the fish stock necessarily leads to economic
or environmental decline. The situation can be improved substantially by a strategy based
on purely economic observations. However, it does not generally work in the more complex
setting where capital dynamics come into play and only qualitative observations about the
system can be made. This also contributes to the insight that sustainable common property
harvesting under uncertainty represents really a difficult problem. At least, the more flexible
qualitative control requires only little information about the state of the fishery and is less
risky than data-rich ichthyocentric management.
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4.4 Lake Management

In this section | analyse a qualitative model of a lake ecosystem subject to a management
system to avoid eutrophication. Based on a model by Carpenter (2003), it is modified to
account for various uncertainties. The methods developed in this thesis, in particular ordinal
assumptions (cf. section 3.3, p. 68) and quantitative bounds (cf. section 3.4, p. 77) are applied.

Eutrophication of inland waters is a major threat to water quality. It is a process by
which a body of water acquires a high concentration of nutrients, especially nitrogen and
phosphorus, which promote primary production (Schworbel 1999). “Many ecosystem ser-
vices are reduced when inland waters and coastal ecosystems become eutrophic. Water from
lakes that experience algal blooms is more expensive to purify for drinking or industrial uses.
Eutrophication can reduce or eliminate fish populations.” (Millennium Ecosystem Assesse-
ment 2005, p. 69). The major cause of eutrophication is excessive inputs of phosphorus
from urban runoff and agricultural areas (Lathrop et al. 1998). Despite decades of water re-
search and management, blooms of blue-green algae are still a major water quality problem
in lakes and reservoirs. Deterministic models are frequently used to determine consequences
of phosphorus input changes, but they involve large prediction uncertainties (Lathrop et al.
1998).

The modification of the original model allows for further insights in the underlying lake
management dynamics. It combines an ecosystem model of phosphorus dynamics in lake
water and sediment with a management model. The manager observes the phosphorus con-
tent in the water column P and in the sediment A qualitatively and takes measures to change
phosphorus input using a specified management strategy, e.g. by constructing and operating
sewage plants. As in the previous section 4.3 (p. 101), several qualitative constraints describ-
ing the management strategy can be assessed for viability (i.e. to avoid eutrophication in our
case). We concentrate on one interesting alternative.

The goal of the original contribution is to explore the possibility of anticipating thresholds
before they are crossed in a setting of high uncertainties: The levels of phosphorus input are
subject to unpredictable variations (e.g. due to weather). The original model is parameterised
such that its state is close to a critical level of eutrophication. The lake manager is assumed
not to know the values of all parameters of the ecosystem exactly. This leads Carpenter to
formulate the relation between input target and actual phosphorus input as well as parameter
estimation of the lake manager stochastically. The model contains a non-linear term describ-
ing phosphorus release from the sediment to the water column. This non-linearity helps to
explain abrupt transitions from a so called clear-water regime to a turbid regime (high phos-
phorus in water column or eutrophic lake). For simplicity, Carpenter describes this threshold
effect by a sigmoid rational function depending on P, although various other processes con-
tribute to phosphorus release and other sigmoid functions cannot be refuted (Wetzel 2001).
These problems are good reasons to develop a qualitative version of the model:

e There is uncertainty about functional relationships.

e Several parameters and some state variables (esp. M) are not known exactly and costly
to measure.

e The effects of the decisions of the lake manager are not exactly predictable.
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The Model

The basic model equations are

P=—(s+h)P+r¢M+1L, (4.24)

M = sP —bM — ré M, (4.25)

with L being the exogenous phosphorus influx into the lake which is the control variable
of the lake manager. The parameter s describes the rate of sedimentation from the water
column, h the outflow rate from the lake. Phosphorus leaves the sediment by two processes:
a part is buried with rate b, and another part may be recycled to the water column, depending
on the parameter r, the phosphorus content of the sediment M and a dependent recycling
parameter ¢. It is assumed that ¢ is small for low P, increases quickly near a threshold, and
converges to a maximum afterwards. The quantitative simulation performed by Carpenter
(2003) requires a functional form for ¢ although little is known about an exact quantification.
One possibility is

P
- me+ P

¢(P)

with a threshold parameter m. The parameter values used for the original model are given in
Tab. 4.4. | translate this to a model ensemble by replacing the function ¢ with the qualitative
constraint

((S+ Pphi) (11 0) (12 1)),

claiming that the monotonic landmarks ensemble should contain all ODEs with a functions
¢ € CH{R,,R,), P — ¢(P) for which values A, A\s € R, exist such that

VP < )\ : 6(P)
\V/P Z )\2 : ¢(P) )
VP € (A, A2) : 6(P) € (0,1) and Dpg(P) > 0.

0,
1

Also the linear relationships of the original model are generalised to monotonic functions
such that a broad variety of non-linear dependencies are also included in the monotonic
landmark ensemble. This is justified by our limited knowledge about the exact relationships,
especially for this highly simplified model. The generalisation is based on the signs of the
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( —(s+h) 0 1
s -b 0

for P < A4,

partial derivatives of P and M:

—(s+h)+rMDp¢ ro 1
(4.26)

s —rMDp¢ —(b+rg) 0
fOfPE()\l,)\Q),

—(s+h) r 1
s —(b+r) 0
for P > \,.

DpP DyP D.P\ _ )
DpM DyM DLM)

\

The quantity space of P is supplied with the landmarks A; < Ay < A, the latter denoting
a problematic level of eutrophication. In the first version of the qualitative model, the con-
trol variable L is left unconstrained as in the previous section (cf. section4.3, p. 101) — the
resulting state-transition graph will contain the consequences of all continuous differentiable
phosphorus input functions L(-). We will test possible constraints for L only in the second
step. The sign matrices contributing to the definition of the monotonic landmark ensemble
M(p, C) are

(1) 0 [+

[+] [=] O for gqmagp(v) < g,
\[7] 7] [

(17 [+ [+

p) =4[] [ 0| foramagp(v) € (A, Aa),

\[7] [ [

([—] [+] [+

+] [-] © for qmag,(v) > Ao.
A\

The complete model specification is given in the Appendix.

Results

The state-transition graph of this very general model has 72 vertices and 269 edges. Elim-
inating marginal edges (cf. section 3.2, p. 62) and states which are non-analytical in P, M
or L reduces the graph to 34 vertices and 78 edges (see Fig.4.8). No-return abstraction
(cf. section 3.1, p. 52) reveals that all vertices except the final states form a strongly con-
nected component. This is not surprising due to the generality of a model with unconstrained
management. However, it is worth comparing this result with the negotiation model with
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capital from section4.3.2 (p. 109), in particular Fig. 4.5, where even in the unconstrained
case no viable control exists for some states.

Management

As in the previous section 4.3 (p. 101) we can in principle test out all possibilities to constrain
the control variable L. This corresponds to finding a closed-loop control for the lake manager
to influence L, e.g. by the effort put into operating sewage plants, depending on the manager’s
qualitative observation of the system. | do not describe the whole search process here, but
present one of the promising qualitative control rules. It works on a restricted quantity space,
obtained by introducing a further landmark A\, € (A1, A2) for P such that

VP >\, : DpP < 0and DpM > 0.

Only qualitative states v with qmagp(v) > A, are considered and the landmark phi | * :=
o(A.) is defined for the quantity space of ¢. Within the parameterisation of the original
model this means that

VP >\, : TMDpp(P) < s,

which is valid if a sufficiently small upper bound is given for M. Then, since Dp¢p(X2) = 0,
such a landmark A, always exists if ¢ is differentiable twice. For the original parameter
values and a reasonable bound M < 1500, the relation is satisfied for A\, > 4.92 = 2.05m.
Thus, the pruned quantity space restricts the attention to the state space region close to eu-
trophication, which is in spirit of the original model. In this region the qualitative constraints
(((M- + +) PML dP)),
(((M+-) P MdV),
are valid. If we take the parameterisation of Eq. (4.24) and Eq. (4.25) as given, and assume

that the lake manager can choose a strategy such that L is determined by a monotonic de-
creasing function v € C*(R,, R, ), P — u(P), differentiating with respect to time yields

L= Dpu(P)(— (s +h)P +r¢(P)M + L),
and

DPL = DPPUP + DP’U,DLP,
Dy L = DpuDy P < 0,
DLL = DPU,DLP < 0.

By assuming Dppu = 0, i.e. u to be an affine function, and since s > rM Dp¢(P) for
P > ),, the following constraint can be formulated:

(((M+ - -) PML dL)), (4.27)

i.e. L is described by a function u € C'(R%, Ry ), u +— u(P, M, L) such that Dpu > 0 and
Dysu, Dru < 0. This means that the lake manager implicitly considers the changes in M, L
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if he only observes P and reacts in an affine way — which is much easier to perform. The
essence of this situation is entailed by a monotonic landmark ensemble with

=] [+ [+
p=X:= [+ [-] 0 |. (4.28)
+ =1 -

(the model code is given in the Appendix). The state-transition graph contains 61 vertices and
172 edges, which are restricted to 35 vertices and 54 edges after applying the usual restriction
techniques. The no-return abstraction of the restricted graph yields one strongly connected
component, 3 no-return sets consisting of one state, and 18 final states where the region with
P € (A, Aew) Is left. However, the large no-return set has successors with eutrophication as
well as others where the phosphorus level becomes low, making it difficult to evaluate the
proposed control rule as preferable or problematic.

The situation changes when appropriate ordinal assumptions are made. According to
section 3.3 (p. 68), these are assumption on the signs of

di, = Dif; - Difi = Dify - Dify,
(cf. Eq.3.2, p. 71). In the case of Eq. (4.28), some of these signs are already prescribed, e.g.
[d3] = —[dy3] = —[d33] = [d33] > 0,
but others are free to choose. We assume that
diry,diy > 0,
diy = dyy = dyy = 0,

and the further ordinal assumptions resulting from symmetry (see Eq.3.11, p. 73). These
assumptions do not make the model ensemble empty since

dys = DpPDpuDyP — DpuDpPDy P =0,
dy3 = DyyPDpuD P — DpuDy PD P = 0,
di:g = DPPDPUDLP — DLPDpquP =0,
d'2 = h(b+r¢) + b(s — rMDpg) > 0,

dys = —Dpud;’; > 0,

such that all ordinal assumptions are valid. We are now ready to run the ORDAS algorithm
developed in section 3.3 (p. 68). The procedure detects 10 paths of length 2 which contradict
at least one of the ordinal assumptions. As some of these paths share vertices, only 6 new
vertices and 22 new edges have to be introduced. Although this is an increase in number
(see Tab. 4.5), the graph now has 3 strongly connected components and 5 non-final no-return
sets consisting of a single state, i.e. the structure fosters stronger predictions of system be-
haviour (see Fig. 4.9). Even more preferable, there a two invariant sets of vertices which can
be clearly evaluated: One admits only final states with eutrophication, the other admits only



122 Management of Natural Resources

Parameter Value Units Parameter Interval

b 0.1-1072 a! b [0.05,0.15] - 102
h 0.15 a! h [0.10, 0.20]

r 1.9-107% ot r [1.50,2.50] - 1072
s 0.7 a™t s [0.60, 0.80]

m 2.4 kg m—2 B [0.80, 1.20]

q 8 dimensionless o) [0.00, 1.00]

Table 4.4: Left: parameter values of the lake model of Carpenter (2003). Right: interval
estimates for model parameters, containing the values of the original model.

Graph Vertices Edges
State-transition graph

after removing marginal edges in runtime 61 172
Removing marginal edges 55 105
Removing non-analytical states 33 54
After applying ORDAS algorithm 41 72

Table 4.5: Number of vertices and edges resulting from different restriction techniques ap-
plied subsequently to the lake management model.

final states where P decreases below \,. Thus, we cannot conclude that the proposed rule
in its general form is always successful, but it is successful once the positive invariant set is
reached. In the large no-return set this cannot be predicted from our general assumptions.
For crisper results we pick out some interesting states in the graph and investigate the ten-
dency that the system shifts into one or the other successor state by using quantitative bounds
(cf. section 3.4, p. 77).

A Linear-Interval Version of the Management Model

We consider the qualitative state v; where qmagp(v1) = {A«, A2}, qdirp(v1) = qdiry(v) =
[+], and qdir,,(v1) = qdir, (v;) = [—]; denoted as state (A) in Fig.4.9. In this state the
next successor can determine the fate of the system: If the input level L begins to increase,
the large neutral no-return set is entered. In this case there are several succeeding paths of
length 2 leading to the negative invariant set or to an eutrophic state. If the phosphorus in
the sediment begins to increase, entering the neutral no-return set is just postponed, with the
same of risk of reaching the negative invariant set. In contrast, if P decreases, the phosphorus
in the water column will necessarily fall below A\, — no matter which affine control function
the lake manager chooses. The question is whether there is a reasonable tendency for the
latter outcome.
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Figure 4.9: Restricted state-transition graph of the lake model with qualitative control rule
and ordinal assumptions as discussed in the text. Final states where phosphorus exceeds
the unacceptable threshold )., are marked as green ellipses, while final states where P falls
below ), are red.

We now formulate a linear-interval differential inclusion as introduced in section 3.4
(p. 77) which is valid in the qualitative state described above. We compute the absorp-
tion basin of each successor state, i.e. all initial velocities which necessarily lead to a given
successor state. For this task quantitative intervals for the components of the Jacobian of the
system are needed. The values of the original model are replaced by intervals to account for
uncertainties. To define the affine closed-loop control function u(P) = « — 5P, also choose
an interval for 3 since the actual phosphorus input L can substantially differ from an input
target u(P) (Carpenter 2003). The intervals are given in Tab. 4.4. Little is known about actual
values of the non-linear part ¢. Although by assumption qmag,(v) = {phi | *, 1}, a tight
estimate is difficult since also phi | * is not known quantitatively. For sake of generality we
only assume that ¢ € [0, 1]. This has two important consequences: First, in this formulation
¢ is no longer a function of P, but an independent parameter. Secondly, this parameter can
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Figure 4.10: The absorption basins Abs g (K (v;), K (v1)NK (w1))NQ, Absg (K (v1), K (v1)N
K('LUQ)) N Q and AbSF(I_{(Ul), I_{(Ul) N K(’w;;)) N

change arbitrarily in time (as long as ¢(-) remains measurable). The interpretation of the
dynamics brought about by a linear-interval differential inclusion is thus different from the
QDE dynamics as already discussed in section 3.4 (p. 77). Having said this, the appropriate
set-valued map (cf. Eq. 4.26, p. 118) is defined by the interval matrix

[~1.00, —0.70] [0,0.0250] 1
U= [0.60,0.80] [-0.0265, —0.0005] 0 :
[0.56, 1.20] [—0.0300, 0] [—1.2, —0.8]
We use the viability kernel algorithm to compute the absorption basins
AbSF(K(’Ul), K(’Ul) N K(wl)),

AbsF(I:((vl), I:((vl) N f:((w2))a
Absp (K (v1), K (v1) N K (ws)),



4.4 Lake Management 125

Figure 4.11: The absorption basins Absg (K (v2), K (v2) N K (ws)), Absg(K (v2), K (v) N
K (ws)), restricted to a cube. The former is too small to be seen in this presentation.

with F : R® ~ R3, (P, M, L) ~ U(P M L)" and

v = ([+] [=1[=])"
w = (=] [=][-])",
wy = ([+][+][-])",
ws = ([+] [-][+])"-

Recall that for v € A", K(v) = {¢ € R™ | sgn(¢) = v}, such that the absorption
basins contain all initial values for which the system necessarily shifts from state v; to
state wy, wo Or wsz (cf. section3.4, p. 77). The boundary of all three absorption basins,
restricted to the cube @ = [0,10] x [—10,0] x [—10,0] is depicted in Fig.4.10. The vol-
ume of Absy (K (v1), K(vi) N K(w;)) N Q is of considerably large compared to the other
absorption basins (restricted to Q) — this can be interpreted that within the given parame-
ter ranges there is a considerable chance that the system enters the invariant set where the
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Figure 4.12: The absorption basins for successor states of v; for 5 € [0.2,0.4].

phosphorus concentrations necessarily decreases. However, none of the three successors can
be generally excluded. The volume of Absp (K (v;), K (v1) N K (ws)) N Q, where the phos-
phorus content in the sediment will begin to increase again is the smallest compared to the
other absorption basins. This is different from the state v, denoted by (B) in Fig. 4.9, where
amagp(ve) = {2, Aew}, qdiry,(ve) = [+], and qdirp(ve) = qdiry(ve) = [—]. For one
successor wy, P begins to increase and there is the risk of entering the invariant set with un-
avoidable eutrophication. There is only one other combination of qualitative directions of the
successor states of vy, which is denoted by ws: M begins to decrease. Again we use the pa-
rameter ranges given in Tab. 4.4, with one exception: since in v, unambiguously ¢(P) = 1,
one obtains

[—1.00,—0.70]  [0.0150, 0.0250] 1
U= | [0.60,0.80] [—0.0265, —0.0155] 0 ,
[0.56,1.20]  [—0.0300,—0.0120] [—1.2,—0.8]

yielding the absorption basins as indicated in Fig. 4.11. Here, Abs (K (v2), K (v2) N K (wy))
is significantly smaller than the other absorption basin — we conclude that in state v, the
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linear-interval control strategy performs very well. It is also possible to assess how absorp-
tion basins change if the management strategy is modified. Assuming a smaller value for
Dpu, e.g. B € [0.2,0.4], the absorption basins associated to v; are depicted in Fig. 4.12.
In contrast to Fig. 4.10, the volume of the absorption basin leading to an increasing M or
L (restricted to () becomes much more smaller. There is a large absorption basin of ini-
tial velocities from which every trajectory enters the preferable invariant set. Thus, a less
“sensitive” lake management is profitable under the conditions of state v;.

We conclude from this section that making ordinal assumptions can substantially improve
the structure of the state-transition graph and that the linear-interval version of the qualita-
tive model gives clear hints for the tendency of alternative system changes in critical states.
Both proved to be useful tools for the design of resource management strategies. As in the
previous section, the search for a preferable qualitative control is performed on a finite set
of possible alternatives. Ordinal assumptions provide further degrees of freedom for man-
agement design. Although the search space for management options becomes infinite when
using linear-interval differential inclusions, it can be used to refine results already obtained
by qualitative reasoning. Thus, the two methods complement each other.






Chapter 5

Conclusions

In this thesis, | have demonstrated with several examples from natural resource management
that even very general model ensembles can reveal robust and valuable features. The new
restriction and abstraction techniques for model ensembles as well as techniques for viable
control design substantially improved the capacity for yielding such results. The framework
of model ensembles as the organising principle of the thesis proved to be a common ground
for various methods like qualitative differential equations (QDEs), differential inclusions and
causal loop diagrams. The achievements of this thesis can be summarised on three levels:
theoretical, with respect to the concrete resource use problems investigated in Chapter 4, and
for future applications.

e The concept of a model ensemble provides common ground for linking QDEs, dif-
ferential inclusions and viability theory, and meets methodological demands of sus-
tainability science. Together with the graph theoretical formulation, abstraction and
restriction can be investigated in a systematic way.

e The experience with the new abstraction and restriction methods proves an increased
applicability of qualitative reasoning methods. They allow the identification of robust
properties of infinite ensembles of ODEs as they occur under uncertainty and general-

ity.

e The applications demonstrate that relevant conclusions for natural resource manage-
ment can be made on the base of model ensembles. Viable control strategies can be
designed with these methods.

Theoretical Achievements

The thesis contributes to the theory of qualitative reasoning from different perspectives. In
section 2.1, | proposed model ensembles as a framework to embed both qualitative differ-
ential equations (QDEs) and differential inclusions. It is designed to meet essential needs
of sustainability science and can be expected to be useful for other domains where uncer-
tainty or generality of models have to be faced. It also suggests a base to combine qualitative
and quantitative dynamics, and by providing a systematic description of the relation between
QDEs and ODEs, we can take a new view on qualitative modelling. In former approaches, a
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QDE is portrayed as an abstraction of a single ODE which yields — more or less “involuntar-
ily” — a large set of systems including ODEs which are not intended as valid representations.
In contrast, within this thesis the modelling already starts from a set of systems which may
all be valid under uncertainty or generality.

This way of formalising the relation between ODEs and QDEs further profited from the
use of graph theoretical concepts, which have not been used explicitly in the qualitative
reasoning literature previously (section2.2). These concepts not only allowed for a more
concise formalisation, but also for a generic definition of abstraction (section 2.2.4) and the
development of new and advanced abstraction techniques.

The no-return abstraction | developed in section 3.1 was motivated by detecting irre-
versible system development and emerged from a discrete analogon of invariant sets as
defined in viability theory. It was shown that sets of qualitative states which cannot be re-
entered once they are left are closely related to the well-known concept of strongly connected
components of directed graphs. It can also be proved how this method can be combined with
established abstraction techniques as chatter-box abstraction and projection.

The use of abstraction techniques is limited if the state-transition graph is not very well
structured. Further model assumptions are needed to restrict the model ensemble. Some
steps in this direction were made in this thesis. | presented automated elimination of marginal
edges as one new method in section 3.2. Its power stems from a clear definition of “marginal-
ity”” which fosters the use of two complementary algorithms, and from the fact that the num-
ber of marginal edges tends to be large due for combinatorial reasons.

Another achievement is the restriction of monotonic (landmark) ensembles by making
ordinal assumptions as defined in section 3.3. These restrict the model ensemble to a subset
where certain expressions involving the coefficients of the Jacobian of the systems are larger
or smaller than other expressions. This restriction and the proposed ORDAS algorithm yields
stronger structural properties by eliminating paths of length 2.

A hybrid method combining QDEs and differential inclusions was developed in sec-
tion3.4. It can be applied if the modeller has information about quantitative intervals for
each component of the Jacobian. The viability algorithm computes whether given edges
in the state-transition graph can be eliminated under this restriction of the model ensemble
and determines velocities which necessarily lead to a given qualitative successor state. This
method is limited by the capacities to compute viability kernels. If progress is made in the
computation of viability kernels, the results of the hybrid method are still valid such that
there is a potential for its future improvement.

In some of the applications in Chapter 4, control problems play a prominent role (sec-
tion 4.3, section 4.4). QDEs can easily be used to design qualitative control rules. Since the
qualitative state space is a finite set, all possible qualitative constraints for the control vari-
able can be explored to identify conditions under which the structure of the state-transition
graph significantly improves, e.g. by producing invariant sets. Such constraints are important
candidates for management strategies which are robust under uncertainties and transferable
to different natural resource use cases.
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The applications yield several robust properties of natural resource use although model en-
sembles are very general in nature. In section4.1 about agriculture on marginal land it is
shown that the so called poverty-degradation spiral does not necessarily occur for all ODEs
which are consistent with the qualitative description of the underlying mechanisms. On the
other hand, a slight restriction of the model model ensemble identifies states which lead to a
certain outcome for all ODESs: If poverty and agricultural activity are low and decreasing at
the same time, the soil cannot degrade at a later stage.

For unregulated fisheries, | demonstrated in section 4.2 that every ODE describing cap-
ital dynamics according to some general qualitative assumptions exhibits a phase of over-
capitalisation, i.e. every fishery described by the model will invest in fishing gear and tech-
nology for some time although harvests are already decreasing. In section 4.3 the effects of
participatory fisheries management and of ichthyocentric decision-making were assessed in
combination. The results from a general ODE model complemented with viability criteria
and from a QDE model both show that participatory management is not sustainable per se
and that management which focuses solely on the ecological view necessarily produces tra-
jectories violating environmental or economic viability criteria. A more complex qualitative
control strategy was designed which at least outperforms ichthyocentric control.

The example of lake management in section 4.4 demonstrates how ordinal assumptions
and numerical bounds can yield new insights into a model which is prone to uncertainties
although a theoretical structure and quantitative data are available. The original quantitative
model contains one functional relationship for phosphorus recycling, of which little is known
empirically. A model ensemble allows generalisation of this relationship. To design a man-
agement strategy on this base, ordinal assumptions proved to be essential to bring about a
more advantageous structure. The linear-interval version of the model shows, counter intu-
itively, that in a certain qualitative state a management which is less sensitive to changes in
the phosphorus content of the lake is more likely to prevent eutrophication.

All these applications analyse problematic interactions of society and ecology which
mainly occur on a regional level. However, although every lake, every fishery and every agri-
cultural system is different, the problems investigated are not singular: They are observed in
a more or less similar way at many places on Earth. Using QDEs, their communalities can
be precisely formulated as a syndrome of global change without ignoring particularities. If
such a description does not yield robust management strategies, more particularities have to
be considered and the models have to be refined. In contrast, management strategies which
are already robust in the general setting can be transferred between different instances of a
problem.

Model Ensembles for Sustainability Science

I conclude with a reflection on how adequate the framework of model ensembles is for sus-
tainability science and about the potential of the new techniques for future use. The set of
applications in this thesis demonstrates several advantages and limits. In all case studies,
removing marginal edges (section 3.2) was one of the basic techniques to restrict the state-
transition graph, thereby revealing more structure and improving the graphical representa-
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tion. Also the no-return abstraction was used for every model. It reveals important structural
features even of large state-transition graphs and can substantially improve the graphical
representation. This was particularly important for the control design exercises, where the
number of non-trivial no-return sets is a highly valuable indicator for the predictability of a
given management strategy. On the other hand, this method also made some limits of mono-
tonic landmark ensembles more visible. Many qualitative models are so weakly constrained
that the state-transition graph consists only of one strongly connected component and sev-
eral final states. This stresses the urgency to restrict the model ensemble — if possible — by
making further model assumptions beyond pure QDEs.

Ordinal assumptions are one such possibility which is appealing since it does not require
pure quantitative information about the system. This restriction method proved to be valuable
for some applications, but the ORDAS algorithm did not produce stronger results for every
case. Not all ordinal assumptions a modeller can make yield a graph with more no-return
sets. A systematic assessment of all combinatorially possible ordinal assumptions and sign
matrices of dimension three reveals that in some cases the ORDAS algorithm does not change
the state-transition graph. The stronger restriction of partial derivatives to intervals can be
combined with ordinal assumptions. More importantly, this method yields information about
the tendency of transitions to a given successor state — a valuable result, since qualitative
states have multiple successors in most of the relevant applications.

Considering not a single model but a set of models defined by common structural features
takes account of uncertainty and generality at the same time. Using monotonic (landmark)
ensembles has a further advantage if some system variables are difficult or impossible to
measure quantitatively. Currently, the methods discussed and developed in the thesis reach
their limits if the issue of complexity has to be modelled, since they are restricted to a small
or intermediate number of variables. It must be noted that simple qualitative management
models based only on knowledge expressed by a causal loop diagram are, in many cases,
too general to make crisp predictions about systems behaviour. Hence, if there is really not
more information available, management of such systems seems hardly possible except for
good-natured cases. Using landmarks and restriction by ordinal assumptions or quantitative
intervals can substantially improve results. However, for very large models ambiguities due
to uncertainty or generality make it difficult to detect robust properties of model ensembles.
Therefore, the strength of monotonic (landmark) ensembles lies more in the context of con-
ceptual modelling where dynamical systems are reduced to the most relevant components.
The impact of such models should not be underestimated, since they can be used in social
learning processes where decision-makers or lay people draw basic conclusions from a model
which they can transfer to the much more complex environment they live in. Finally, we have
seen that viability theory can be flexibly combined with model ensembles, which allows for
complementing conceptual models with normative knowledge — another basic requirement
to contribute to decision-making for sustainable development.

For the future, more implications of ordinal assumptions could be investigated. These as-
sumptions are rather strong in comparison to a monotonic (landmark) ensemble. Since in
some models only a small number of paths can be excluded by the ORDAS algorithm, this
suggests that there are further ways to reduce the state-transition graphs by exploiting ordi-
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nal assumptions. One interesting possibility for future consideration could be to expand the
representation of qualitative states by including not only signs of derivatives with respect to
time, but a (partial) ordering of the velocities. Together with ordinal assumptions on the co-
efficients of the Jacobian this provides rules about whether the order of velocities can change
in time. If this or other new approaches yield a state-transition graph with less ambiguity and
more strongly connected components, the usability of the no-return abstraction will increase.
It may then be valuable to exploit further concepts from graph theory, which currently does
not seem fruitful. A third direction of future research is to explore model ensembles such
that QDEs can better cross-fertilise with well established simulation techniques. Within the
context of sustainability science, model ensembles offer a promising conceptual framework
to discuss uncertainties at the same time with issues of classification of “syndromatic” and
“paradigmatic” archetypes. By reasoning about restrictions and subsets of model ensembles,
and by investigating how policy options and institutional arrangements change the solution
operator, this is central to the design of sustainable futures. I hope this work encourages the
appropriate use of qualitative reasoning methods for this task and shows important paths for
further development.






M odel Code

Codefor the Capital Fisher M odel

See section4.2 (p. 95) for details. The variables are transformed to replace D,v by nvk :=
— Dyv to meet technical limitations of the script language. Some cases where one variables
obtains it upper or lower bound are excluded by the

unr eachabl e- val ues directive.

(quantity-spaces
(x (0 xmsy Q xmax) "Stock")

(k (0 kmax) "Capital ")

(1 (0 I max) "l nvest nent")
(R (0 Rmsy Rmax) "Recruitnment")
(h (0 MBY hnax) "Harvest")
(nmvk (0 inf) "-D k v")

(dx (minf O inf) "dx")

(dk (mnf O inf) "dk")

(dI (mnf O inf) "dl "))

(constraints

;; derivatives
((d//dt x dx))
((d//dt k dk))
((d//dt 1 dl))

((add dk k 1) (0 0 0))
((add dx h R) (0 0 0) (O MSY Rmsy))
((add dI mvk 1) (0 0 0))

;; auxiliary variables
((U x R (xmsy Rmsy) (0 0) (QO0))
(((M+ - -) hx k nvk))

;; algebraic constraints
(((M+ +) k x h))

;; sigma (only second, unambi guous row)
(((M- +) kI dk)) ; inmplicit in (add dk k 1)
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;; exclusion of nmarginal edges

((cornot x h) (xnsy MSY))
((cornot x dx) (xmsy 0))
((cornot x dk) (xmsy 0))
((cornot x dl) (xmsy 0))
((cornot h dx) (MY 0))
((cornot h dk) (MsY 0))
((cornot h dl) (MsY 0)))

;: technical directives

(unr eachabl e-val ues
(x xmax) (k kmax) (I 0 I'max) (R Rmax) (h hmax) (nvk 0))




Code of the Negotiation M odel with Capital

The basic model with unconstrained recommendations  and restricted quantitiy space (see sec-
tion4.3.2, p. 109).

(quantity-spaces
(x (xmn xv xney) "Stock")

(k (0 knmax) "Capital")
(h (hmin MSY hmax) "Harvest")
(r (O hmin rmax) "Cat ch Recommendati on")

(dx (minf O inf) "dx")
(dk (mnf 0 inf) "dk")
(dh (mnf 0 inf) "dh"))

(constraints

((d//dt x dx))
((d//dt k dk))
((d//dt h dh))

basi c constraints
(((M+ -) x hdx) (xv hmn 0) (xmsy MY 0))
(((M- +) k h dk))

(((M+ + +) x kr h))

; exclude k=0 and h>0

(((NQ -0 +0) k h) (0 hmin))

o h >

(((NQ- +) hr) (hmin hmn))

; exclusion of marginal edges

((cornot x h) (xv hnin))
((cornot x h) (xv MSY))
((cornot x h) (xmin hmn))
((cornot x h) (xmn MSY))
((cornot x h) (xnsy hmin))
((cornot x h) (xnsy MSY))
((cornot x r) (xv hnin))
((cornot x r) (xmn hmn))
((cornot x r) (xnmsy hmn))

cor not
cor not
cor not
cor not
cor not
cor not
cor not
cor not

dx) (xv 0))
dx) (xmin 0))
dx) (xmsy 0))
(xv 0))
dk) (xmin 0))
dk) (xmsy 0))
dh) (xv 0))
dh) (xmin 0))

X X X X X X X X
o
~
Nt

((
((
((
((
((
((
((
((



((cornot

((cornot
((cornot
((cornot
((cornot
((cornot
((cornot
((cornot
((cornot
((cornot

((cornot
((cornot
((cornot

jum pien pien ben Hien en

—_

r
r

dh)

dx)
dx)
dk)
dk)
dh)
dh)

dx)
dk)
dh)

(xmsy 0))

(hmin 0))
(MBY 0))
(hmin 0))
(MBY 0))
(hmin 0))
(MBY 0))

(hmin 0))
(hmin 0))
(hmin 0))

dx dk) (0 0))
dx dh) (0 0))
dk dh) (0 0)))

; technical directives

(unreachabl e-val ues

(k kmax) (h hmax) (r O rmax))

(weak-cycl es)

(wi t h-envi si onment)

s initial state of sinulation

(make-initial-state
(x ((xv xmsy) dec))
(k ((0 kmax) nil))

(r ((hminrmx) nil))
(h ((hmin MSY) nil)))




Negotiation Model with Capital and a further restricted qualitative state space. The code
contains different constraints for r:

(quantity-spaces

(x (xv xnsy) " St ock™)
(k (0 kmax) "Capital")
(r (O hmin rmax) "Cat ch Recommendati on")

(h (hmin MSY hmax) "Harvest")
(dx (mnf O inf) "dx")
(dk (mnf O inf) "dk")
(dh (mnf O inf) "dh")
(dr (mnf 0 inf) "dr"))

(constraints

((d//dt x dx))
((d//dt k dk))
((d//dt h dh))
((d//dt r dr))

basi c constraints
(((M+ -) x hdx) (xv hmn 0) (xmsy MY 0))
(((M- +) k h dk))
(((M+ + +) x kr h))
; conservative control
;7 ((M hdr) (hmn 0))
; qualitative control
(((M- +-) x dx dh r) (xmsy 0 O hmin))
(((M- + -) x k h dh))

; exclude k=0 and h>0
(((NQ -0 +0) k h) (0 hmin))

r <h

(((NQ- +) hr) (hmin hmn))

; exclusion of margi nal edges

((cornot x h) (xv hnin))
((cornot x h) (xv MSY))
((cornot x h) (xnsy hmin))
((cornot x h) (xnsy MSY))
((cornot x r) (xv hnin))
((cornot x r) (xmsy hmin))
((cornot x dx) (xv 0))
((cornot x dx) (xmsy 0))
((cornot x dk) (xv 0))
((cornot x dk) (xmsy 0))
((cornot x dh) (xv 0))



((cornot

x

dh) (xmsy 0))

((cornot x dr) (xv 0))

((cornot x dr) (xmsy 0))
((cornot h dx) (hmin 0))
((cornot h dx) (MY 0))
((cornot h dk) (hmin 0))
((cornot h dk) (MsY 0))
((cornot h dh) (hmin 0))
((cornot h dh) (MBY 0))
((cornot h dr) (hmin 0))
((cornot h dr) (MY 0))

((cornot r dx) (hmn 0))
((cornot r dk) (hmn 0))
((cornot r dh) (hmn 0))

((cornot dx dk) (0 0))
((cornot dx dh) (0 0))
((cornot dk dh) (0 0))
((cornot dx dr) (0 0))
((cornot dk dr) (0 0))
((cornot dh dr) (0 0)))

;;; technical directives

(unreachabl e-val ues
(k kmax) (h hmax) (r 0 rmax))

(weak-cycl es)
(w t h-envi si onment)

;; initial state of sinulation
(make-initial-state

(x ((xv xmsy) dec))

(k ((0 kmax) nil))

(r ((hmin rmax) ni

))
(h ((hmin MSY) nil)))




Model Codefor Lake M anagement

The basic model with unconstrained phosphorus input L (see section4.4, p. 116).

(quantity-spaces
(P (01112 eu) "l ake phosphorus")
(M (0 inf) "sedi ment phosphorus")
(L (0 inf) "intake")
(dP (minf 0 inf) "dP")
(dM (minf 0 inf) "dM)
(dL  (mnf O inf) "dL")
(phi (0 1) "regi me")
(r (0 inf) "recycling"))

(constraints
((d//dt P dP))
((d//dt MdM)
((d//dt L dL))

((M+- ) PM dV)
(((M- ++4) Pr L dP)
((mult Mphi r) (00 0))
((S+ P phi) (11 0) (12 1))

((cornot dP dM (0 0))
((cornot dP dL) (0 0))
((cornot dL dM (0 0)))

(unr eachabl e-val ues
(M0) (L 0O) (PO0))

(w t h-envi si onment)

(make-initial-state
(P ((O011) nil))
(M (0 inf) nil))
(L ((0 inf) nil)))




\ersion with qualitative lake management. The quantity space is restricted to P > \,.

(quantity-spaces

(P (121* 12 eu) "l ake phosphorus")

(M (0 inf) "sedi ment phosphorus")
(L (0 inf) "intake")

(dP  (mnf O inf) "dP")

(dM (m nf 0 inf) "dM')

(dL  (m nf 0 inf) "dL")

(phi (0 phil* 1) "regi me")

(r (0 inf) "recycling"))

(constraints
((d//dt P dP))
((d//dt MdM)
((d//dt L dL))

((M+- ) PM dM)

((M- ++4) Pr L dP))

(mu It M phi r) (0 0 0))

(S+ Pphi) (1120) (12 1) (I* phil*))
((M- ++) PML dP))

AN AN AN SN

; control
(((M+ - -) PML dL))

((cornot dP dM (0 0))
((cornot dP dL) (0 0))
((cornot dL dM (0 0)))

(unreachabl e-val ues
(MO) (L0O) (PI11))

(wi t h-envi si onment)

(make-initial-state
(P ((I*12) nil))
(M ((O inf) nil))
(L ((O0 inf) nil)))
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Zusammenfassung

Die Doktorarbeit studiert unendliche Ensembles gewohnlicher Differentialgleichungen mit
gemeinsamen Monotonieeigenschaften, wie sie in der Nachhaltigkeitsforschung auftreten.
Es werden neue Verfahren zur Behandlung von solchen Ensembles entwickelt und an ver-
schiedenen Problemen des nachhaltigen Umgangs mit nattirlichen Ressourcen erprobt.

Qualitative Differentialgleichungen (QDESs) und Differentialinklusionen werden in den
neu formalisierten Rahmen der Modellensembles eingebettet. Unter einem Modellensemble
versteht man eine Menge M von Funktionen f auf einem Zustandsraum X C R", die An-
fangswertprobleme & = f(z,t),z(0) = x, definieren. Der mengenwertige Ldsungsoperator
weist einem Anfangszustand die Losungen fir alle f € M zu, und liefert im allgemeinen
sehr groRe Losungsmengen. Fir eine QDE schreibt man eine Matrix von Vorzeichen X
vor und definiert das monotone Modellensemble M als die Menge aller Funktionen f €
C'(X,R™), so dass fur alle z € X die Eintrdge der Jacobimatrix J (f)(x) dem Vorzeichen
nach mit X Ubereinstimmen.

Die erste Anwendung betrifft die Armuts-Degradations-Spirale in Entwicklungslandern.
Die zweite und dritte behandelt Fischereimanagement, insbesondere die industrialisierte
Hochseefischerei und partizipatorische Managementansétze. Die vierte untersucht Wasser-
management zur Vermeidung von Eutrophierung. Die Anwendungen sind Bestandteil der
Syndromforschung, die nach typischen Mustern sozial-6kologischer Verdnderungen sucht.
Sie stellen besondere Anforderungen an die Modellierung, insbesondere Unsicherheiten im
Wissen und der Bedarf nach verallgemeinerbaren Resultaten.

Es wird gezeigt, dass Modellensembles hierfiir geeignet sind. Uberwiegend kommen
QDEs zum Einsatz, die in der neu eingefuihrten graphentheoretischen Formulierung einen
endlichen Zustandsgraphen als Losung haben. Dies legt den Grundstein ftr die Entwicklung
von vier neuen Verfahren zum Umgang mit grof3en QDESs. Hierbei kann die Viabilitatstheorie
begrifflich wie methodisch fiir Abstraktions- und Restriktionsverfahren eingesetzt werden.
(i) Die graphentheoretische Fassung viabler Mengen fiihrt zur No-return Abstraktion, die
einen engen Bezug zu starken Zusammenhangskomponenten aufweist. Damit lassen sich
Zustandsgraphen aggregiert darstellen und beziiglich Nachhaltigkeitsfragen evaluieren. (ii)
Die Restriktion der zuldssigen Losungen erlaubt es, Kanten von untergeordneter Bedeutung
aus dem Zustandsgraphen zu eliminieren. (iii) Die Restriktion auf Systeme, bei denen die
Eintrdge der Jacobimatrix eine vorgegebene partielle Ordnung aufweisen, ermdglicht die
Elimination weiterer Pfade. (iv) Zuletzt werden Intervallschranken fiir die Eintrdge der Ja-
cobimatrix berticksichtigt.

Die Anwendungen zeigen, dass mit diesen Methoden neue und robuste Eigenschaften
auch sehr allgemeiner Modelle zum Management natiirlicher Ressourcen gewonnen werden
konnen. Zudem werden ihre Starken fur den Entwurf alternativen Politikoptionen deutlich.

153



