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Abstract We present a minimal conceptual model

for the Atlantic meridional overturning circulation

which incorporates the advection of salinity and

the basic dynamics of the oceanic pycnocline. Four

tracer transport processes following Gnanadesikan

(1999) allow for a dynamical adjustment of the

oceanic pycnocline which de�nes the vertical ex-

tent of a mid-latitudinal box. At the same time the

model captures the salt-advection feedback (Stom-

mel 1961). Due to its simplicity the model can be

solved analytically in the purely wind- and purely

mixing-driven cases. We �nd the possibility of abrupt

transition in response to surface freshwater forcing

in both cases even though the circulations are very
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different in physics and geometry. This analytical

approach also provides expressions for the critical

freshwater input marking the change in the dynam-

ics of the system. Our analysis shows that includ-

ing the pycnocline dynamics in a salt-advection

model causes a decrease in the freshwater sensi-

tivity of its northern sinking up to a threshold at

which the circulation breaks down. Compared to

previous studies the model is restricted to the es-

sential ingredients. Still, it exhibits a rich behavior

which reaches beyond the scope of this study and

might be used as a paradigm for the qualitative be-

haviour of the Atlantic overturning in the discus-

sion of driving mechanisms.

1 Introduction

The Atlantic meridional overturning circulation (AMOC),

a crucial branch of the global oceanic circulation

system, transports large amounts of heat towards
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high latitudes. A cessation of this circulation would

reduce temperatures regionally in the Nordic Seas

by up to 8� C (Manabe and Stouffer 1988; Clark

et al 2002) with strong climatic implications world-

wide (Laurian et al 2009). These include changes

in precipitation patterns (Vellinga and Wood 2002),

Atlantic ecosystems (Schmittner 2005; Kuhlbrodt

et al 2009), sea level distribution (Levermann et al

2005; Yin et al 2009), European climate (Laurian

et al 2010), the El Niño Souther Oscillation (Tim-

mermann et al 2005) and Asian monsoon systems

(Goswami et al 2006).

Since the initial study by Stommel (1961) the

discussion about past and future variations of the

AMOC is linked to the existence of multiple stable

equilibria of the circulation. Across a large spec-

trum of climate models, existence of multiple states

has been observed in conceptual models (Stom-

mel 1961; Johnson et al 2007; Guan and Huang

2008), ocean circulation models with idealised ge-

ometry (Marotzke et al 1988; Marotzke and Wille-

brand 1991; Thual and McWilliams 1992; Rahm-

storf 1995b), various Earth system Models of In-

termediate Complexity (EMICs) (Manabe and Stouf-

fer 1988; Rahmstorf et al 2005; Yin and Stouf-

fer 2007; Ashkenazy and Tziperman 2007) as well

as uncoupled oceanic general circulation models

(Rahmstorf 1996). While state-of-the-art coupled

climate models are too computationally demand-

ing to explore the full stability range of their circu-

lation, no multi-stability under present day bound-

ary conditions has yet been observed Stouffer et al

(2006). But also some few models of intermediate

complexity are reported to lack multi-stability of

the AMOC (Prange et al 2003; Nof et al 2007).

In these studies, it has been speculated that ex-

tensive diapycnal mixing might be the reason for

multi-stability. Recently Hofmann and Rahmstorf

(2009), showed that multi-stability is possible for a

wind-driven overturning. They attributed the exis-

tence of multiple stable states to the Atlantic salin-

ity distribution.

The dispute about the physical mechanism pro-

viding the necessary energy to sustain an overturn-

ing circulation (Kuhlbrodt et al 2007) is thus a cru-

cial aspect in the stability analysis of the AMOC.

The two main candidates for these so-called driv-

ing mechanisms are diapyncal mixing (Jeffreys 1925;

Munk and Wunsch 1998) and Southern Ocean wind

divergence (Toggweiler and Samuels 1998; Gnanade-

sikan et al 2005). To sustain the global overturning

circulation, the driving mechanisms need to power

it by 2TW = 2� 1012W (Munk and Wunsch 1998).

In addition to characterising the driving mech-

anisms of the AMOC, other processes need to be

considered for its stability analysis. While surface

�uxes of freshwater and heat alone can not sustain

a deep overturning circulation (Sandström 1916;

Kuhlbrodt 2010), they are important to set the den-

sity structure of the ocean. This density structure

determines how much of the available energy is

indeed directed into a basin wide overturning cir-

culation (Schewe and Levermann 2010). We com-

bine thus the two main driving mechanisms of the
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AMOC with two limiting processes not provid-

ing net energy to the system, but shaping its spa-

tial pattern following Gnanadesikan (1999). These

four processes are complemented by the advection

of salinity and thereby a dynamical equation for

the meridional density gradient. So far an analyt-

ically solvable model that comprises both driving

mechanisms of the overturning is missing. In con-

trast to Johnson et al (2007) who suggested a simi-

lar model, their focus was to study a inherent oscil-

lation between ön̈- and öff̈-state of this circulation.

Here we aim to provide a minimal model that al-

lows to examine the ön-̈state AMOC stability in a

wind- and mixing driven case.

Analytical solutions are derived for the purely

wind- and the purely mixing-drivencirculation cases.

Our results reveal a threshold behaviour with re-

spect to surface freshwater forcing that is inde-

pendent of the mechanism powering the AMOC.

Compared to Stommel (1961) we �nd a reduced

sensitivity of the overturning circulation to fresh-

water �uxes in the North Atlantic resulting from

the compensating effect of the pycnocline dynam-

ics.

The paper is structured as follows: the model

design and its idealised components are presented

in section 2. In this context the necessity of tracer

advection (see Stommel (1961)) in the approach

of Gnanadesikan (1999) as already proposed by

Levermann et al (2005) and Levermann and Fürst

(2010) is emphasised. The main results are intro-

duced in section 3, where the model is analysed

for three instructive cases. This is followed by an

analysis of the freshwater sensitivity of the north-

ern sinking (sec 4). A validation of our conceptual

approach is conducted in section 5 using the model

of intermediate complexity CLIMBER-3a (Mon-

toya et al 2005) for a qualitative intercomparison.

We conclude in section 6

2 Model description

For a minimal model that comprises wind- and

mixing-induced overturning we propose a standard

interhemispheric geometry as illustrated in �gure 1.

It combines the four basic meridional tracer trans-

port processes associated with the overturning cir-

culation (Gnanadesikan 1999) and thereby describes

changes in the meridional density structure. Since

we �nd that changes in heat advection represent a

second order effect compared to salt advection, we

keep oceanic temperatures �xed. This enables an-

alytic solutions in a number of cases and captures

signi�cant atmospheric and oceanic feedbacks for

the overturning circulation. In principle the model

can be easily generalized to account for the ad-

vection of temperature. As surface boundary con-

ditions for salinity we apply constant freshwater

�uxes with global zero mean. This is represented

by two freshwater bridges from the upper mid-latitude

box (subscript U) to the southernFS and north-

ernFN box denoted by subscripts S and N, respec-

tively.
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Fig. 1: Schematic depiction of the conceptual
model. The depth of the pycnoclineD is deter-
mined by the balance between northern deep wa-
ter formationmN, mixing driven upwelling in the
low latitudesmU , Ekman upwellingmW and eddy-
induced return �owmE. Salinity is advected along
with these transport processes and determines to-
gether with a �xed temperature distribution, the
density difference between the northern and upper
low-latitude boxDr .

2.1 Pycnocline dynamics

The representation of the dynamics of the oceanic

pycnocline follows Gnanadesikan (1999). Here we

assume that the oceanic pycnocline depthD is rep-

resented by the vertical extent of the mid-latitude

box. Its time evolution is given by four tracer trans-

port processes

BLU �
¶D
¶t

= mW + mU � mE � mN : (1)

HereB is the average, zonal extent of the Atlantic

ocean basin,LU is the meridional extent of the

tropical boxes (between latitudes� 30� ). Using Ek-

man boundary layer theory, the wind driven vol-

ume transport is predicted via a scale analysis of

the equation of motion.

mW = B�
t Dr

j fDr j r 0
= CW (2)

The mean Coriolis parameter in the Drake pas-

sage is fDr while r 0 denotes the ocean average

density. Wind stress feedbacks though possibly rel-

evant (Fyfe et al 2007; Toggweiler and Russell 2008)

will not be captured by our model. Since there is

no dependency on the oceans density strati�cation

we substitute this �ux by a constantCW = mW for

simplicity in later calculations. The eddy return

�ow mE is parameterised following Gent and McWilliams

(1990) using a thickness diffusivityAGM

mE = B�
AGMD

LS
y

= CE � D

This �ux is proportional to the meridional slope

of the isopycnals which is approximated by the ra-

tio of the meridional extent of outcroppingLS
y and

the pycnocline depthD. The constants are again

comprised withinCE to enhance legibility. Note

that Levermann and Fürst (2010) recently showed

that for capturing the AMOC changes under a CO2

increase scenarioLS
y would need to be varied. For

these kind of changes in the geometry of the �ow

apart from changes inD, additional equations would

be needed. Here we keepLS
y constant. The mixing-

driven low-latitudinal upwelling is described by a

vertical advection-diffusion balance. Assuming an

exponential density pro�le in the vertical yields
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Variable Name Value Unit Description

Geometry
H 4� 103 m Average depth of the Atlantic ocean basin
B 1� 107 m Average width of the Atlantic ocean basin

LN 3:34� 106 m Meridional extent of the northern box
LU 8:90� 106 m Meridional extent of the tropical box
LS 3:34� 106 m Meridional extent of the southern box

Strati�cation
r 0 1027 kg=m3 Average density of the Atlantic ocean
S0 35 psu Average salinity in the Atlantic ocean
LS

y 1:5� 106 m Meridional extent of the southern outcropping
LN

y 1:5� 106 m Meridional extent of the northern outcropping
AGM 103 m2=s Thickness diffusivity

k 4� 10� 5 m2=s Background vertical diffusivity
aT 2:1� 10� 4 1=� C Thermal expansion coef�cient for isobars
bS 8� 10� 4 1=psu Haline expansion coef�cient for isobars
C 0:1 � Constant accounting for geometry and strati�cation

External Forcing
bN 2� 10� 11 1=(ms) Coef�cient forb -plane approximation in the North Atlantic
fDr � 7:5� 10� 5 1=s Coriolis parameter in the Drake Passage
t Dr 1:0 N=m2 Average zonal wind stress in the Drake Passage
FN 0:2 Sv Northern meridional atmospheric freshwater transport
qN 5:0 � C Temperature of the Northern box
qU 12:5 � C Temperature of the tropical surface box
qN 5:0 � C Temperature of the southern box

Table 1: Physical parameters used in our conceptual model

mU = B� LU �
k
D

=
CU

D
: (3)

wherek is the vertical diffusivity. This approach

is frequently applied for the mixing induced up-

welling in the ocean interior (e.g. Munk and Wun-

sch (1998) and references in Kuhlbrodt et al (2007)).

Parameterisations of northern sinking have been

derived following numerous approaches summarised

in Appendix A (Robinson 1960; Marotzke 1997;

Gnanadesikan 1999; Johnson and Marshall 2002;

Guan and Huang 2008). In our model, the scaling

is adopted from Marotzke (1997) who assumes a

generic density distribution in the Atlantic. This

allows to substitute the zonal density difference

in the geostrophic equation with a meridional one

(Marotzke 1997). Ab -plane approximation �nally

gives

mN = C
g

bNLN
y

Dr
r 0

� D2 � CNDr � D2 (4)

The constantC is given by the current geom-

etry and characteristics of the density distribution.

Again all quantities except forD andDr are com-

prised in a constantCN. We assume that the rel-

evant density difference for the northern sinking
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Variable Name Value Unit Variable Name Value Unit

SN 34:92 psu mN 14:7 Sv
SU 35:39 psu mU 5:8 Sv
SD 34:94 psu mW 13:0 Sv
SS 35:05 psu mE 4:1 Sv

D 613 m TD 5:0 � C
Dr 1:23 kg=m3

Table 2: Equilibrium state obtained after 40000 model yearsfor equations (1) and (5) with parameters from table 1. The
northern sinking is mainly fed by the Southern Ocean Ekman transport with some contribution from low-latidudinal up-
welling. In the notation of (Rahmstorf 1996), the state is purely thermal, since the surface freshwater �uxes where chosen
such that salinity reduces northern sinking.

is to be taken between the northern and the upper

low-latitudinal boxesDr � r N � r U . This choice

represents the most direct interpretation of the as-

sumptions entering the derivation by Marotzke (1997).

In its �nal form equation (4) can furthermore be

motivated in a more heuristic way: Currently ma-

jor northern sinking occurs in the Nordic Seas. Thus

its volume transport is mainly de�ned by the North

Atlantic Current crossing the ocean basin from West

to East. This �ow is geostrophically balanced by a

meridional difference in sea surface elevation which

is observed in ocean models of varying resolution

(Levermann et al 2005; Landerer et al 2007; Vel-

linga and Wood 2007; Schlesinger et al 2006). Due

to the existence of a level of no motion the sea

surface elevation difference must be counteracted

by a density difference in the upper levels (e.g.

Griesel and Morales-Maqueda (2006)). This den-

sity difference is apparent in oceanic reanalysis data

(Levitus 1982) though the scaling of the overturn-

ing circulation needs to be taken from the geostrophic

argument and can not be directly observed due to

lack of data. The quadratic dependence on the pyc-

nocline depth originates from a vertical integration

of the scaled geostrophic balance which is linear in

D by use of the hydrostatic equation.

2.2 Salinity dynamics

In order to capture the salt-advection feedback deemed

responsible for a possible multistability of the over-

turning circulation (Stommel 1961; Rahmstorf 1996),

salinity advection is incorporated. Salinity changes

are then linked to the pycnocline dynamics of sec-

tion 2.1 through the meridional density difference

Dr � r N � r U . For simplicity a linear equation of

stateDr = r 0 (bSDS� aTDq) is assumed, where

aT and bS are the thermal and haline expansion

coef�cients. The time evolution for salinity then
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reads

¶
¶t

(VNSN) = mN (SU � SN) � S0FN

¶
¶t

(VUSU ) = mW � SS+ mU � SD � (mN + mE) SU

+ S0(FN + FS) (5)

¶
¶t

(VDSD) = mN � SN + mE � SS� (mU + mW) SD

¶
¶t

(VSSS) = mW (SD � SS) + mE (SU � SS) � S0FS:

The volumes of the different boxes are computed

viaVN = B� H � LN; VU = B� D � LU ; VD = B� (H �

D) �LU ; VS= B�H �LS, whereH is the depth of the

ocean.

2.3 Model Equilibrium

Basing our model on equation (1) and (5) with

parameters chosen from table 1 we can numeri-

cally determine the equilibrium solution. The re-

sulting circulation found after 40000 model years

(table 2) shows a mainly wind-driven northern sink-

ing (mW = 13:0 Sv) with some contribution of low-

latitudinal upwelling (mU = 5:8 Sv).The salinity

distribution shows a southward salinity gradient.

This means in the notation of Rahmstorf (1996) we

are in a purely thermal state with salinity reducing

northern sinking. This is due to the positive north-

ern freshwater bridge which will become evident

in section 3.

2.4 Parental models

Let us shortly recap how the two parental mod-

els emerge from the current one. In Gnanadesikan

(1999) the north-south density differenceDr is a

constant and thus independent of the vertical den-

sity structure represented by the pycnoclineD. Equa-

tion (1) is the same as the one used by Gnanade-

sikan (1999). However, the prognostic salinity equa-

tions ( 5) need to be omitted. Gnanadesikan (1999)

justi�ed the use of a constantDr assuming that

surface properties of the ocean are determined by

dominant restoring to the atmosphere. In order to

estimate the in�uence of changes inDr on the

northern sinking, we consider the derivative

¶mN

¶Dr
= CND2 + 2CNDr D

¶D
¶Dr

: (6)

For the parameter set of table 1,¶mN=¶Dr varies

between 0:25Sv=(0:1kg=m3) at a density difference

of Dr = 1:5kg=m3 and 3:03Sv=(0:1kg=m3) atDr =

0:1kg=m3. Figure 2a depicts the relative change of

mN as a response to an increase ofDr by 20%.

Though this deviation ofmN does not exceed 10%

away from the singularity forDr (�g. 2a), the sig-

ni�cance of the density difference lies in its impact

on the stability behaviour of the system.

Stommel (1961)'s original model is restricted

to the advection of salt. Rahmstorf (1996) showed

that no conceptual difference emerges if temper-

ature advection is included together with surface

restoring. In these models the size of the boxes

is prescribed, which can be interpreted as a �xed
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Fig. 2: Relative response of northern sinking due
to an added density deviation of 20% in the
Gnanadesikan (1999) limit (a) and due to a 20%
change in the pycnocline depthD in the Stom-
mel (1961) limit (b). The lack of the dynamics
in one variable reduces the applicability of these
two limit cases. For our parameter set, theStom-
melcase has no real solution when the pycnocline
depth falls below 525m(see equ. (7)).

pycnocline depthD. Consequently equation 1 is

omitted. The Stommel (1961) equation is then quickly

derived by substitutingDS= � S0FN=mN (equ. (9))

in the scaling for the northern sinking (equ. (4)).

The resulting quadratic equation inmN represents

the bistability of the Atlantic overturning circula-

tion found in a number of coarse resolution mod-

els (e.g. Manabe and Stouffer (1988); Rahmstorf

(1995a); Rahmstorf et al (2005)). In the present

formulation the relevant solution reads

mN =
CND2r 0aT jDqj

2

 

1+

s

1�
4bSS0FN

CNr 0D2a 2
TDq2

!

:

(7)

In contrast to Rahmstorf (1996) the relevant den-

sity difference for the northern sinking is chosen

to be the one between the northern and the low-

latitude box. Consequently, the relevant freshwa-

ter bridge for the bistability ofmN is the one in

the North not in the South. Note that theStommel

model does not capture any process in the South-

ern Ocean. The in�uence of density strati�cation

changes inStommel's approach can be inferred from

the derivative

¶mN

¶D
= 2CNDr D + CND2 ¶Dr

¶D
: (8)

This derivative is positive and varies from 8:1Sv=(100m)

at D = 550m up to 10:4Sv=(100m) for largeD =

1000m. The relative response ofmN for a 20%

increase in the pycnocline depth reveals that this

effect is one order of magnitude higher than in

Gnanadesikan'slimit for analog changes inDr

(cf. �g. 2a and b). Thus, the effect onmN are of the

same order as its absolute value, which stresses the

importance of changes inD. Thus the lack in the

dynamics of one of the two essential variables,D

or Dr , con�nes the physical applicability of both

parental models.

3 Governing equation for equilibrium

Using the salinity balance equations (5) in steady

state we eliminate the meridional density differ-

enceDr from equation (1) in order to obtain a

governing equation for the oceanic pycnocline that

allows for a salt-advection feedback. The salinity
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balance of the northern box yields

DS= �
S0FN

mN
= �

S0FN

CU=D + CW � CED
(9)

which links the salinity differenceDS� SN � SU to

the pycnocline depth. Substitution in equation (4)

in combination with equation (1) yields the full

governing equation of the model expressed inD.

� D5 �CNr 0CEaTDq

+ D4 �
�
C2

E + CNr 0CWaTDq+ CNr 0bSS0FN
�

+ D3 � (CNr 0CUaTDq � 2CECW)

+ D2 �
�
C2

W � 2CUCE
�

+ D � 2CUCW

+ C2
U = 0; (10)

Since the temperature difference between low-latitudes

and high northern latitudesDq � qN � qU will be

negative for any realistic situation, our analysis of

the equation will be restricted toDq < 0.

The governing polynomial has �ve mathemati-

cal roots forD (see �g. 3, orange line), each repre-

senting an equilibrium state of our model. Since

negative or imaginary pycnocline depths do not

have an interpretation in our model set-up, only

the positive roots are of interest. Among this phys-

ical solutions, some might be unstable under the

time-dependent dynamics of the model. We will

not explicitly compute the Lyapunov-exponents of

the system, but let the numerical integration de-

termine the stability. The parameter choice of ta-

ble 1 yields a stable state with a pycnocline depth

Fig. 3: Governing polynomials for each subcase
of the model, where the equilibrium state'sD is
determined by the zero transitions of the graphs.
The horizontal dotted line marks the zero, while
the grey shaded area indicates negativeD with-
out physical relevance. The polynomial of degree
�ve (orange line) represents the entire model with
its standard parameters. Only two of its roots are
positive and thus have a physical meaning. The
smaller one atD = 613 m denotes the stable state
while the larger root, at̃D = 1713 m, must be an
unstable solution. The polynomial of degree three
(blue line), representing the wind-driven case, has
also two relevant solutionsD = 542 m andD̃ =
1394 m. In addition, the mixing-driven case is de-
picted by the fourth order polynomial (green line).
Only two real solutions are detected, a stable one
at D = 526 m and an unstable one atD̃ = 909 m.

of D = 613m (see table 2). Since adjacent solu-

tions cannot share the same stability properties the

other zero transition in �gure 3 withD = 1713m

represents an unstable solution.

A more robust argument for the stability prop-

erties is obtained by the sign of the governing poly-

nomial. For positiveD (and as long asD < (CW+
q

C2
W + 4�CECU )=(2CE) = 2191m), the polyno-

mial is proportional to the time derivative of¶D=¶t.

Thus an initial value ofD = 0m would augment
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because the polynomial is positive. But when the

�rst root is exceeded atD = 613m, the polynomial

and thus¶D=¶t become negative andD decreases.

Consequently this root represents a stable steady

state. The corresponding solutions for the salinity

equations are separately presented in appendix D.

3.1 Mixing-driven overturning

First consider a purely mixing-driven case, where

SO Ekman transport and eddy return �ow are ne-

glected1,CE = 0 andCW = 0. The governing equa-

tion (1) reduces here tomN = mU and the pycno-

cline consequently reads

D =
�

CU

CNDr

� 1=3

: (11)

Moreover this provides a simple scaling relation

for the northern sinking.

mN =
�
C2

UCNDr
� 1=3

(12)

SinceCU is linear in the vertical mixing coef�-

cient k , we reproduce the classical scalingmN �

k 2=3Dr 1=3 introduced by Robinson (1960) and Bryan

(1987) (see �gure 4f). But an important difference

is the existence of a minimalDr � beyond which

no physical solution exists. It is derived from the

governing equation (10) which reduces to a fourth

1 Since the southern box is now disconnected from the
other basins, the corresponding salinity equation (5) re-
quires zero southern freshwater �uxFS = 0 in order to ob-
tain an equilibrium solution.Obviously this does not affect
the pycnocline depthD (cp. eqn. 10), nor the volume trans-
ports. It only has an impact on the various box salinities.

order polynomial in the mixing limit

CNr 0bSS0FN � D4 + CNr 0CUaTDq � D3 + C2
U = 0:

(13)

The functional form of the left hand side is de-

picted in �gure 3 (green dashed-dotted line) to-

gether with the general case. UsingD = CU=mN,

expression (13) can be rewritten in terms of the

volume transport

m4
N � CNr 0C2

U aT jDqj � mN + CNr 0C2
UbSS0FN = 0:

(14)

Both equations can be solved analytically. We omit

the complicated functional form here and rather

provide expressions for conceptually interesting char-

acteristics of the solution.

As shown in �gure 4 no real positive solution

for the oceanic pycnocline exists for northern fresh-

water �uxes beyond a critical valueF �
M. This �ux

is de�ned by the zero transition of the determinant

(�gure 4a, vertical light black line) which is de-

�ned by the polynomial in equation (13). The dis-

criminant is presented in appendix B.1 and its root

yields an equation for the critical freshwater �ux

F �
M =

3(2CNr 0)1=3C2=3
U a 4=3

T

8bSS0
jDqj4=3 : : (15)

In contrast to the Rahmstorf (1996) model which

yields a quadratic dependence of the critical fresh-

water �ux on the north-south temperature differ-

enceF � = ka 2
TDq2=(4bSS0), the pycnocline dy-



11

Fig. 4: Purely mixing-driven case: dependence of the equilibrium solution on the northern freshwater
input FN. Grey shaded areas indicate negative values either forD or mN. The stable branch for the pycn-
ocline depth (a, black heavy line) is in correspondence with the solution in�gure 3. The unstable branch
(a, dashed black heavy line) shows a pole with a change in sign atno freshwater �ux. This panel also
shows the real part of imaginary solutions (a, dark grey lines) to give an impression of the distribution
of the solutions. Surpassing a certain freshwater �ux, no physically meaningful solution can be obtained.
This point is marked by the change of sign in the determinant (a-e, black light line). In panel (b), the
behaviour of the northern sinking (stable and unstable branch) is depicted, clarifying the abrupt change
from one regime to the other. The other panels (c-f) give an overview of the characteristics of the stable
solution. Remarkable are the identitySN = SD (b), the existence of a minimal density difference and the
scaling of the northern sinking withDr 1=3(f).
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namics in our model reduce this sensitivity2. The

derivative¶D=¶FN is in�nite at F �
M for the stable

physical solution (see appendix B.1 and �g. 4a),

which provides an additional equation to determine

further properties of the critical point.

D�
M =

�
4CU

CNr 0aT jDqj

� 1=3

(16)

(mN)�
M =

�
C2

UCNr 0aT

4
jDqj

� 1=3

(17)

Equations (12) and (17) give the critical density

difference

Dr �
M =

r 0aT

4
jDqj = 0:40

kg
m3 : (18)

Despite the different scaling ofF �
M in Rahmstorf

(1996), the critical density difference scales linear

with Dq in both models. The decline ofD with

increasingDq results in a weaker dependence of

the critical northern sinking onDq compared to

the linear dependence in Rahmstorf (1996).

A qualitative difference to the wind-driven case

(subsection 3.2) emerges in the limit of highly neg-

ative northern freshwater �uxes. Dividing the gov-

erning equation (13) byFN and taking the limit

FN ! � ¥ shows that the overturning circulation

grows without bounds. The reasons are the iden-

tity mN = mU = CU=D in the mixing case and the

fact that an in�nite freshwater �ux causes the py-

cnocline depth to vanish. This is not the case for a

purely wind-driven overturning.

2 Herek is a positive constant which might depend on a
prescribed pycnocline depth but not onDq. In our model,k
is quadratic in the pycnocline depth.

3.2 Wind-driven overturning

Next, we consider the purely wind-driven case,CU =

0. In this limit, equation (1) reduces to a quadratic

equation inD and provides a relation between the

pycnocline depth and the density difference. The

only physical solution is

D =
CE

2CNDr
�

 s

1+
4CNCWDr

C2
E

� 1

!

:

Insertion into equation (4) yields

mN = CW �
C2

E

2CNDr

 s

1+
4CNCWDr

C2
E

� 1

!

:

(19)

The relation betweenmN and the density differ-

ence is very different from the mixing case. While

no power law exists for the entire range ofDr , the

northern sinking approaches the (constant) strength

of the southern ocean upwelling,mW = CW, for in-

creasing density differenceDr . On the other hand,

for a vanishing density difference, the northern sink-

ing tends to the unphysical limitmN ! � ¥ (see

equ. (19)). The crucial question is if the variable

Dr can indeed become arbitrarily small in the wind-

driven case. For this, setCU = 0 in the full govern-

ing equation 10 to obtain the complete equilibrium

dynamics.

+ D3 �CNr 0CEaTDq

+ D2 �
�
C2

E + CNr 0CWaTDq+ CNr 0bSS0FN
�

� D � 2CECW + C2
W = 0 (20)
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Fig. 5: Dependence of the equilibrium solution for the wind-driven case on the northern freshwater input
FN. Grey shaded areas indicate negative values either for the pycnocline or the northern sinking. The
stable branch for the pycnocline depth (a, black heavy line) is in correspondence with the solution in
�gure 3. The negative solutions forD are assumed to have no physical relevance. Nevertheless another
positive unstable (a, dashed black heavy line) and the real part of an imaginary branch (a, dark grey
line) are depicted to give an impression of the structure of the solutions. Exceeding a speci�c freshwater
�ux FN, no physical meaningful solution can be found. This point ismarked by the change of sign in
the determinant (a-e, vertical black light line). In panel (c), the behaviour of the northern sinking (stable
and unstable branch) is depicted, clarifying the abrupt change from on regime to the other. A solely
wind-driven overturning imposes an upper bound on the northern sinking. The other panels (b-f) give an
overview of the characteristics of the stable solution and (f) exhibits the existence of a minimal density
differenceDr �

W.
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Using D = ( CW � mN) =CE we can transform this

equation into an expression for the northern sink-

ing

+ m3
N �CNr 0C

2
WbSS0FN

+ m2
N �

�
C2

E � 2CNr 0CWaTDq+ CNr 0bSS0FN
�

+ mN �CNCWr 0 (CWaTDq � 2bSS0FN)

+ CNCWr 0aTDq = 0: (21)

Both equations for the wind-driven case show a

third order polynomial which can be solved an-

alytically. As in the mixing case a stable physi-

cal solution exists up to a critical threshold of the

northern freshwater �uxFN < F �
W (see �gure 5a-

e, light vertical line). This critical freshwater �ux

F �
W is determined by the only real root of the cor-

respondent discriminant which shows a third or-

der in FN (cp. appendix B.2). Since the analytic

solution is complicated it is only depicted in �g-

ure (6). As an alternative to analyse the full so-

lutions, we focus on the sensitivity ofF �
W on the

North-South temperature difference retrieved by

the derivative of the discriminant with respect to

Dq (see appendix B.2). This derivative can suit-

ably be approximated for realistic temperature dif-

ferences from the limitDq ! � ¥

¶F �
W

¶Dq
� lim

Dq!� ¥

¶F �
W

¶Dq
= �

aTCW

bSS0
(22)

for jDqj �
C2

E

CNr 0CWaT
;

which is given as a slope in addition to the full de-

pendence in �gure 6 (dashed blue line). This �nd-

ing comprises that the functionF �
W (Dq) becomes
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Fig. 6: Critical freshwater �uxF � as a function
of the meridional temperature differenceDq for
the mixing-driven, wind-driven and full problem.
In the wind-driven case the sensitivity onDq
can be conveniently approximated by the value of
the derivative¶F �

W=¶Dq at minus in�nity (blue
dashed). This slope is again retrieved by approx-
imating the full problem (blue dashed), but in ad-
dition the offset can be determined (equ. (25)).

quasi-linear for large temperature differences. Fig-

ure 6 indicates that it also is a good approxima-

tion for realisticDq. Moreover, it is shown that

� aTCW=(bSS0) � jDqj is an upper constraint for

the actual critical freshwater �uxF �
W for realistic

temperature differences (see appendix B.2).

In the present case, the limitFN ! � ¥ causes

the pycnocline depthD and consequently the eddy

return �ow mE to vanish (see equ. (20)). Thus, in

contrast to the mixing case where northern sinking

diverges, here the northern sinking approaches the

constant southern upwellingmW.
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3.3 Full problem

Though no complete analytic solution can be ob-

tained for the full model (equ. (10)), some analytic

insight can be gained. A formal expansion of the

steady state pycnocline dynamics with respect to

the parameter set(CE;CU ) aroundmN = mW, i.e.

(CE;CU ) = ( 0;0), yields

m(1)
N = CW �

s
CW

CNDr0
�CE +

s
CNDr0

CW
�CU (23)

with

Dr0 � Dr j(0;0) = � r 0

�
bS

SOFN

CW
+ aTDq

�
(24)

Each of the three terms in (23) can be understood

in light of the former limits of purely wind-driven

and mixing-driven circulations. The �rst term is

the Southern Ocean upwelling which serves as an

off-set to the northern sinking. It is reduced by the

eddy return �ow represented by the second term.

An additional contribution emerges through the low-

latitudinal upwelling of the third term. This ap-

proximation holds reasonably well for the param-

eter set of table 1 for a realistic range of density

differences (�gure 7f, light line).

For the full problem, an analytic treatment of

the critical freshwater �uxF �
F is not possible since

the discriminant¡ F (equ. (58)) is a �fth order poly-

nomial inFN (cf. appendix B.3). However, the in-

termediate value theorem states, that a �fth order

polynomial has at least one real root. For a physi-

cal choice of parameters (positiveCN;CE;CW;CU ),

the full problem therefore always exhibits a criti-

cal freshwater �uxF �
F . This value can now be esti-

mated by using the linearised model equation (23).

The discriminant of this second order polynomial

in D provides a second order polynomial to be solved

for F �
F(appr). One of the two solution is physically

interesting and yields the approximated critical fresh-

water �ux

F �
F(appr) = �

CW

bSS0
�
�

Dr �
0

r 0
+ aTDq

�
(25)

Dr �
0 =

0

@
� CW +

q
C2

W + 4�CECU

2�
q

CN
CW

CU

1

A

2

= 0:29
kg
m3 (26)

This relation �rst of all con�rms that linearity of

the critical freshwater �ux inDq is not merely re-

stricted to the wind driven case, but also serves

well to approximate the full problem. In both cases

we �nd the same proportionality constant. More-

over, this approximation also provides an estimate

for the offset of this linear relation. This offset is

proportional to the criticalDr � , which in �rst-order

is independent of the meridional temperature gra-

dient and totally determined by the respective trans-

port parameters. Equation (25) captures the depen-

dency ofF �
F on Dq reasonably (�g. 6). Another

interesting detail is that the critical freshwater �ux

of the full problemF �
F exceeds the ones from the

wind- and the mixing-driven cases. This gives rise

to a discussion for the freshwater sensitivity of the

model.
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Fig. 7: Dependence of the equilibrium solution for the full problem on the northern freshwater inputFN.
Grey shaded areas indicate negative values either for the pycnocline or the northern sinking. The stable
branch for the pycnocline depth (a, black heavy line) is in correspondence with the solution in�gure 3.
The negative solutions forD is assumed to have no physical relevance. To give an impression of how
the solutions are distributed in the phase space, panel (a) also shows a positive unstable (dashed black
heavy line) and the real part of imaginary branches (dark grey lines). Surpassing a speci�c freshwater
�ux FN, no physical meaningful solution can be found. This point ismarked by the change of sign in the
determinant (a, black light line). In the middle left panel, the behaviour of the northern sinking (stable
and unstable branch) is depicted, clarifying the abrupt change from one regime to the other. Beside the
other characteristics (b-e), the complete solution (f, heavy line) shows a scaling whose major shape can
be adequately described via a Taylor expansion (f, light black line).
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4 Overturning sensitivity to freshwater

The derivative¶mN =¶FN gives a mathematical mea-

sure for the sensitivity of the northern sinkingmN

to changes in the intensity of the northern freshwa-

ter �ux FN. This derivative can be determined for

the Stommel (1961) model and for all our subcases

but not for the approach of Gnanadesikan (1999).

FN is here implicitly included via the parameter

Dr and one would need an extra equation to link

them. However, for the mixing- and wind-driven

case as well as for the full problem, the deriva-

tive ¶mN =¶FN is a function with a pole of order

one inFN (see appendix C). In theStommelmodel,

the derivative is obtained from equation (7) show-

ing a pole of order12. In order to determine which

model has the highest sensitivity to freshwater in-

put in the North Atlantic, it is necessary to align

the positions of the respective poles.

Since the pycnocline depthDS is a parame-

ter in the Stommel (1961) model, we choose it

such that the pole of theStommelmodel is at the

same position as the pole of the mixing-driven case

(�g. 8). This is motivated by the resemblance of

the circulation described in theStommelmodel and

in our mixing-driven case. Both exhibit only one

mixing-driven circulation cell connecting the vari-

ous boxes. This approach (cf. appendix C) yields

DS =
p

3�
�

�
CU

2CNr 0aTDq

� 1=3

: (27)

For our parameters, the right hand side has a

value of 564:1m. Choosing a smallerDS, shifts the

pole of theStommelmodelF �
S to a lower position

than the one for the mixing-driven caseF �
M. Study-

ing the wind-driven case and the full problem, we

�nd that considering some additional constraints

on the parameter space, their respective polesF �
W

andF �
F are located at higher positions than that of

the mixing-driven caseF �
M (cp. �g. 6 and app. C).

These constraints are not violated by our parame-

ter set (see table 1).

Fig. 8: Sensitivity of northern sinking to changes
in surface freshwater �ux: In theStommelmodel
(black line) the sensitivity ofmN to changes in
freshwater �uxFN is higher than in our model with
varying pycnocline. Thus independent of the phys-
ical driving process, the pycnocline stabilises the
overturning circulation up to the critical threshold
where no solution exists. In addition, considering
all the subcases of our model, the mixing-driven
case is most sensitive.

Assuming the found sequenceF �
S � F �

M < F �
W

and F �
M < FF � , we now focus on the freshwater

sensitivity ofmN. It is possible to show (appendix C)

that the Stommel (1961) model exhibits a higher
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sensitivity compared to the mixing case (also see

�g. 8), as long asDS ful�lls a slightly more strin-

gent constraint:DS � 558:4m. This reducesF �
S by

merely 4:6 � 10� 3Sv. Thus, this new constraint is

well approximated by the more intuitive one of

equ. (27). However, even ifF �
S slightly surpasses

this constraint (same order of magnitude 10� 3Sv),

the sensitivity of the Stommel (1961) model would

exceed that of the mixing-driven case below a fresh-

water input in a close vicinity ofF �
M (�g. 8 and ap-

pendix C). In order to mutually compare the fresh-

water sensitivities of the different cases in our model,

the implicit expressions of the derivatives¶mN=¶FN

are used. Appendix C reveals that some additional

parameter constraints grant that the freshwater sen-

sitivity of mN in the mixing-driven case is higher

than that for the wind-driven case and the full prob-

lem (also see �g. 8). These new constraints are

again not violated by our parameter set. Thus, in-

dependent of the predominant driving mechanism,

the dynamics of the model pycnocline stabilises

theStommeloverturning up to the critical thresh-

old. The model can even bear a lower density dif-

ference (Dr �
M = 0:40kg=m3 andDr �

F � 0:29kg=m3).

In correspondence with the �nding that the wind-

driven overturning is limited byCW, this case shows

the lowest freshwater sensitivity below a small pos-

itive FN.

5 Comparison with comprehensive ocean

model

For a brief validation of the qualitative behaviour

of our conceptual approach, experiments with a

model of intermediate complexity were carried out

varying vertical diffusivity and SO wind forcing.

All results are based on simulation with CLIMBER-

3a , described by Montoya et al (2005). It includes

modules describing the atmosphere, land-surface

scheme as well as sea-ice. The three-dimensional

oceanic component (MOM-3) has a horizontal res-

olution of 3:75� � 3:75� and 24 non-uniformlyspaced

levels covering the vertical extent.

The �rst set of steady state experiments inves-

tigates the in�uence of vertical background diffu-

sivity in the ocean, analoguous to (Mignot et al

2006). Three experiments with vertical diffusiv-

ity of 0:3;0:4 to 1:0 � 10� 4m2=s were conducted.

The second set of experiments follow Schewe and

Levermann (2010) and analyse the in�uence of the

zonal wind stress in the Drake Passage on the MOC.

An ampli�cation of the zonal wind �eld was ap-

plied in a latitudinal band between 71:25� S and

30� S with factors ofa = 0:5;1:0;1:5 and 2. Both

experiments are closely linked to one of the two

upwelling mechanisms powering the AMOC. The

wind experiments directly affect the rate of Ekman

pumping in the SO, while changes ink excert con-

trol on the low-latitudinal upwelling. The values

for D, Dr , mN andmW � mE are determined as de-

scribed in Levermann and Fürst (2010).
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For appropriate parameters, our conceptual model

captures the qualitative response of CLIMBER-3a

to changes in the magnitude of the two driving

mechanisms (�g. 9). This is not trivial since CLIMBER-

3a allows for many more complex feedback mech-

anisms than the conceptual model. This con�rms

the choice for the central transport processes to

be feasible and supports that the dynamics of the

AMOC is well described by variations in both the

pycnocline depth and the meridional density gra-

dient.

6 Discussion and conclusion

In this study we address the question on whether

and to what extent the stability properties of the

AMOC depends on its driving processes that are

associated with the upwelling branches of the over-

turning (Kuhlbrodt et al 2007). At the moment two

mechanisms are under discussion: upwelling in the

low latitudes induced by turbulent mixing across

isopycnals and an ascent of water masses in the

latitudinal band of the Drake Passage due to di-

verging westerly winds. We present a conceptual

model which comprises both processes in addi-

tion to the salt-advection feedback considered at

the heart of an AMOC instability. The strength of

our model lies in the possibility of studying qual-

itative differences between a mixing- or a wind-

driven overturning.

First and foremost, considering the conceptual

model to be in steady state, an analytic description

is found for the wind- and for the mixing-driven

case (see section 3). In the mixing-driven case, it

reproduces the classical scaling of the northern sink-

ing with k 2=3Dr 1=3 introduced by Bryan (1987).

Set by the SO winds, the purely wind-driven over-

turning imposes an upper bound for the northern

sinking. For an overturning circulation, which is

powered by both driving mechanisms, a correspond-

ing approximation of the northern sinking is found.

This scaling relation (see equ. 23) provides an in-

structive equation for the respective in�uences of

the two driving mechanisms and the SO eddy trans-

port. This comprehensive case and the purely wind-

driven one exhibit no simple power law for the en-

tire range ofDr .

One of the main results is the existence of a

critical threshold beyond that no AMOC can be

sustained, i.e. no physical solution exists in our

model. The existence of an off-states for a wind-

driven overturning was already suggested by John-

son et al (2007) in a similar but slightly more com-

prehensive model than presented here. They com-

puted the off-state by setting the northern sink-

ing to zero. It should however be noted that their

model as well as the one presented here are de-

signed for a situation with a functioning overturn-

ing. While it is possible to determine the point at

which solutions cease to exists, it is not obvious

that these models can be used to compute the off-

state in any realistic way. In a G99 set-up an off-

state requires that SO upwelling is compensated

by eddy return �ow in the Southern Ocean. While
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Fig. 9: Solutions to the governing equation 10 as a function of the Southern Ocean wind stress and the
vertical diffusivity. Results from CLIMBER-3a are superimposed as� symbols. The panels depict (a)
the pycnocline depth (in meters), (b) the Northern sinkingmN (in Sv), (c) the meridional density gradient
(in kg=m3) and (d) the transport ef�ciency. This quantity determines the fraction of the Northern sinking
supplied by the Southern Ocean(mW � mE)=mN.
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it is clear that the tracer budget of heat and salin-

ity can be closed in this fashion, it is not obvi-

ous whether the same holds for the momentum

balance. For this, eddies would need to transport

signi�cant amount of momentum. At present such

a mechanism is not incorporated in most oceanic

general circulation models.

Our conceptual model makes it however possi-

ble to explore the existence and the position of the

critical freshwater threshold. The dependences of

this critical freshwater �ux are crucially dependent

on the involved transport processes and can be ex-

press as a function of the meridional temperature

difference. In our model relevant density and thus

temperature differences are taken between low and

high latitudes. Due to polar ampli�cation this tem-

perature difference is likely to decrease under fu-

ture warming (e.g. Cai and Lu (2007)). We �nd

that the sensitivity of the critical freshwater �ux to

the meridional temperature difference is reduced

from a quadratic dependence in aStommelmodel

(Rahmstorf 1996) to one of the power 4=3 in the

mixing-driven case and to 1 when SO wind forcing

is included. Physically this means that the dynam-

ics of the pycnocline depth causes the overturn-

ing to be more robust under atmospheric temper-

ature forcing. In addition, an overturning partially

or exclusively powered by SO winds is able to bear

higher freshwater �uxes than a purely mixing-driven

circulation (with parameters chosen from table 1

one �ndsF �
M = 0:23Svcompared toF �

F � 0:60Sv).

The sensitivity of the overturning to changes in

freshwater �uxes in the North Atlantic below the

critical threshold also depends on the main driv-

ing mechanism.(section 4). Setting the pycnocline

depth in theStommelmodel to a certain valueDS

allows the sensitivity comparison to our model. This

is done by setting the critical freshwater input of

the Stommel (1961) model to the same position

as the threshold of the mixing-driven case. Under

this parameter constraint, the freshwater sensitiv-

ity of the northern sinking is less pronounced in

the mixing-driven case than in aStommelmodel.

Under further parameter constraints, we were able

to show that a mixing-driven overturning is more

sensitive to freshwater perturbations than an AMOC

driven by SO winds. One can thus conclude that

the pycnocline dynamics stabilises the northern sink-

ing under changes in the northern freshwater �ux.

This might pose a problem for AMOC monitor-

ing since the threshold is not easily detected by

a signi�cant, preceding slow-down (cp. �gures 4.

5 and 7). It should be noted that the model pre-

sented here was designed as a minimal model that

captures the salt-advection feedback in combina-

tion with a representation of both AMOC driving

mechanisms. Levermann and Fürst (2010) recently

showed that in order to capture the behaviour of

the coupled climate model CLIMBER-3a under

global warming an additional dynamical equation

for the geometry of isopycnal out-cropping in the

SO is necessary.
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Appendix

A Scaling of the Northern Sinking

This section brie�y presents �ve different approaches to

formulate scaling laws for the northern sinking. For each

approach, a short derivation is given, which identi�es the

main assumptions and discusses their validity. In this con-

text, the difference between two vertical scales is empha-

sised, the pycnocline depthD and the level of no motion

L .

1. The �rst description fromRobinson (1960), also

called the classical scaling, assumes the meridional over-

turning circulation to be in geostrophic balance. The verti-

cal derivative of the momentum equation in the steady state

yields

f
¶v
¶z

= � g�
¶r
¶x

; (28)

when the hydrostatic equation is applied. Herev de-

notes the meridional velocity,r is the ocean density �eld

andg is the gravitational constant.

Two scales, one for the meridional velocity �eldV and one

for the characterisitic depthL of the vertical pro�le of hor-

izontal velocities, are introduced. The second is identi�ed

with the level of no motion, where the mean meridional

velocities vanish. Additionally using a scale for the zonal

density gradientDxr occurring over a length scaleLx gives

V =
g
f

Dxr
r 0

�
L
Lx

: (29)

In order to transform the zonal density gradient into

a meridional oneDyr , the zonal and meridional velocity

scales are linked. Albeit a radical generalisation, a constant

ratioV = CclU is assumed.

V = Ccl
g
f

Dyr
r 0

�
L
Ly

(30)

Since we seek an expression for the Atlantic overturn-

ing, an integration over the zonal extentLm and the vertical

extentL of the �ow is conducted. This gives the classical

scaling for the northern sinking

mN = V � L � Lm = Ccl
g
f

Dyr
r 0

Lm

Ly
� L 2 ; (31)

which is proportional to the meridional density gradi-

ent, to the ratio between zonal and meridional length scales

Lm=Ly and to the square of the level of no motionL . The

theoretical basis for this estimate constrains its spatialap-

plicability to (1) the geostrophic assumption which is not

valid near continental boundaries and to (2) the ad-hoc trans-

formation from zonal to meridional density gradients.

2. Gnanadesikan (1999)suggests that a western bound-

ary current exerts control on the northern sinking. Neglect-

ing the velocity component perpendicular to the boundary,

a relation between the meridional pressure gradient and the

meridional velocity is derived

1
r 0

¶ p
¶y

= nÑ2v = n
¶2v
¶x2 ; (32)

whereÑ2 is the Laplacian andn is the dynamic vis-

cosity in the boundary current. For the second equality it

is assumed that the zonal change in meridional velocity ex-

ceeds the changes in vertical and meridional direction by

several orders of magnitude (Montoya et al 2005).

A scale analysis analogue to the previous paragraph pro-

vides

n
V
L2

m
= CG99

1
r 0

Dyp
Ly

= � CG99g
Dyr
r 0

D
Ly

; (33)

where the constantCG99 accounts for any effects of ge-

ometry and boundary layer structure. For the second equal-

ity, where the hydrostatic equation is employed, a new ver-

tical scale heightD is introduced. This height represents the

density strati�cation of the ocean and is referred to as the
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pycnocline depthD.

Integration yields another scaling law for the northern sink-

ing

mN = V � L � Lm = CG99
gL2

m

n
Dyr
r 0

Lm

Ly
DL : (34)

In analogy with the classical scaling law, we again �nd

proportionality to a meridional density difference. However

the relation between the Coriolis frequencyf is replaced

by the inverse of the zonal viscosity time scale in the west-

ern boundary currentL2
m=n. Another even more important

change is the proportionality to the product of the pycno-

cline depthD and the level of no motionL .

This approach is drawn from the assumption that a merid-

ional pressure gradient causes a frictional western boundary

current which limits the deep water formation in the Nordic

Seas.

3. In contrast to this,Johnson and Marshall (2002)

base their scaling of the northern sinking on an ocean model

of reduced gravity. It is built up by a surface layer of depth

h and an in�nitely deep and motionless lower layer of �xed

density. In this set-up, the level of no motion is implicitly

equal to the pycnocline depth.

Assuming a geostrophic �ow in the interior of the surface

ocean basin to provide the water needed for the northern

sinkingmN, the meridional velocity becomes

v = �
g
f

Dzr
r 0

�
¶h
¶x

; (35)

whereDzr is the vertical density difference between

the two layers. Since the depthh is a function ofx, a zonal

integration from the western to the eastern boundary leads

to

mN =
Z xe

xw

hvdx=
gDzr
2f r 0

�
�
h2

E � h2
W

�
(36)

=
gDzr
2f r 0

� D̃2 ; (37)

where hE;hW are the layer depth at the eastern and

western boundary, respectively. The third step implies John-

son's rede�nition of the pycnocline depth̃D (Johnson et al

2007).

The main difference to previous scalings is a dependence

on a density gradientDzr in the vertical direction. In addi-

tion this approach sees the reason for the geostrophic �ow

in a zonal tilt of the pycnocline depth. However, it is argued

that an outcropping of the pycnocline occurs at the western

boundary, while at the eastern boundary the pycnocline is

equal toD (Johnson et al 2007).

4. A fundamentally different approach is provided by

Guan and Huang (2008)who introduce an energy con-

straint, instead of the well known buoyancy constraint.

The idea is that the energy supply is used for diapycnal mix-

ing, which is described by a vertical advection-diffusion

balance. Using a scale for the vertical density difference

Dzr , the scale of its vertical changeDz(Dzr ) and another

for the pycnocline depthD, the equation can be rewritten

for a constant diapycnal diffusivityk

wDzr =
k
D

Dz(Dzr ) : (38)

Assuming an exponential density pro�le, the propor-

tionality Dz(Dzr ) � Dzr becomes valid.

The gravitational potential energy (GPE) in a two-layer box

model, with a vertical density differenceDzr , increases due

to vertical mixing with a rate of� gkDzr (per unit area).

Thus, meridional and zonal integration over a range of re-

spectivelyLm andB yields

Epot = � gDzrk LmB = � gDzr wDLmB: (39)

Rearranging the equation and integrating over the same

horizontal plane, a new scaling of the northern sinking arises

mN = �
Epot

gDzr D
: (40)
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It is obvious that this approach diametrically opposes

the ones above, because the northern sinkingmN is now

inversely proportional to the vertical density gradientDzr

andD. This discrepancy is caused by its fundamentally dif-

ferent assumptions. Unlike in the others, an energy source

for the circulation is included, which maintains diapycnal

diffusion and therefore produces available potential energy

Epot for the northern sinking.

5. Marotzke (1997)introduces a scaling law similar to

the classical approach. The difference lies in a convincing

transformation from a zonal density gradient into a merid-

ional one. Marotzke links them by using several assump-

tions about the density strati�cation of the ocean:

1. The density of the ocean surface is solely a linear func-

tion of latitude and the properties of the deep ocean are

given by the surface water of highest density.

2. The western boundary water is supposed to be stably

strati�ed, following an exponential density pro�le.

3. The occurrence of Kelvin and Rossby waves in equato-

rial regions eliminates all zonal isopycnal slopes except

for the western boundary current.

4. At the eastern boundary, a well mixed surface layer

down to a �xed depthzr is assumed. This depth is pre-

scribed in equatorial regions up to a speci�c latitude,

where it becomes zero. This means that the isopycnal

that separates the surface layer from the abyssal ocean,

outcrops at a de�ned latitude.

This idealised strati�cation provides a linear relation

between zonal and meridional density differences

Dxr (y;zr ) = Dyr (y;zr ) (1� y=Ly) � y=Ly ; (41)

calculated at a speci�c depthzr , with Ly being the merid-

ional extent of the basin. The density differencesDxr ;Dyr

are determined at opposite edges of the North Atlantic basin,

respectively in meridional and zonal directions. Since the

dependence on latitude is not the main focus here, the lati-

tudinal maximum for the equation is used, which is attained

at y = 1
2Ly.

Inserting in the meridional geostrophic equation and apply-

ing a scale analysis yields

V
L

= CMa
g
f

Dyr
r 0

1
Lx

; (42)

whereCMa is a constant accounting for geometry.

Integrating twice in vertical direction from the surface to

the level of no motion gives

mN = CMa
g
f

Dyr
r 0

Lm

Lx
� L 2 : (43)

In correspondence to the classical scaling law, this one

also predicts a proportionality of the northern sinking to

a meridional density differenceDyr of the ocean surface

layer, and to the square of the level of no motionL .

Apart from geostrophy, it is the four assumptions from above

which should be evaluated to judge the validity of this scal-

ing. Marotzke argues that the �rst three have already been

used successfully and therefore are generally accepted. The

last one for the eastern boundary layer is based on model

observations (Marotzke 1997).

In this work, the decision fell on the approach of Marotzke

(1997), because it combines the idea of a geostrophic cur-

rent and a boundary layer theory. In this way, the zonal pres-

sure gradient is convincingly converted into a meridional

one.

Note that although the level of no motionL and the pyc-

nocline depthD are physically different, these two scales

cannot be seen as independent from each other. The level

of no motion de�nitely separates two water bodies whose

dynamics brings water from spatially separated areas. But

this also creates a signi�cant difference in the salinity and
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temperature characteristics, which gives rise to strong strat-

i�cation.

B Discriminants

This section deals with the derivation of the discriminants

for the various model subcases. They contain all informa-

tion needed to characterise the transition of the model be-

tween different dynamic regimes.

A polynomial pn of degreen in one variablex 2 C is

described via its roots

pn(x) = an

n

Õ
i= 1

(x� a i) =
n

å
i= 0

ai � xi ; (44)

wherea1;a2; :::;an are the roots ofpn and an is the

coef�cient of the highest order term. One general form to

determine its discriminant is

¡ [pn] := nn(� 1)
n(n� 1)

2 a2n� 2
n Õ

i< j
(a i � a j )

2 : (45)

Given a concrete polynomialpn(x) with an 6= 0, then

¡ [pn] = 0 if and only if pn has a double root (Gelfand et al

1994, Mathematics: Theory & Applications,Discriminants,

Resultants and multidimensional Determinants, p.404). This

can directly be deduced by applying the de�nition of the

discriminant. It implies that a change in the amount of real

roots is indicated by the roots of the discriminant, which are

a function of the coef�cientsai . If the sign of the discrimi-

nant¡ [pn] changes, it has drastic implications for the roots

of the polynomialpn. This is best illustrated by a quadratic

polynomialp2, whose roots are found at

a1=2 =
� a1 �

q
a2

1 � 4a2a0

2a2
: (46)

The discriminant is the negative term within the square

root ¡ [p2] = 4a2a0 � a2
1 and its sign determines whether

the two roots are imaginary or real. For cubic polynomials

p3, ¡ [p3] < 0 signi�es three real roots,¡ [p3] = 0 one real

root and¡ [p3] > 0 two imaginary and one real root. For

polynomials of degreen � 4, the connection between the

sign of the discriminant and the characteristics of the roots

becomes more elaborate and will not be used later.

In general, we assume that all volume �ux constants

CN;CU ;CW;CE, the mean densityr , the average salinity

S0, the expansion coef�cientsaT ;bS, the freshwater bridges

FN;FS and the pycnocline depthD are positive. In addition

the pole to equator temperature differenceDq can only be

negative. This de�nes the physical parameter space, which

we are going to adopt in the following discussion.

B.1 Mixing-Driven Case

Instead of explicitly calculating the discriminant of the gov-

erning polynomial of the mixing-driven case (equ. (13)), a

mathematical tool from number theory has been used (Leut-

becher 1996, p.225), since it provides a simple way to com-

pute it. A so-called resolvent function is determined by the

original polynomial of degree four. On one hand, this new

function is a polynomial whose order is reduced by one

and its discriminant equals that of the governing polyno-

mial (equ. (13)). It allows thus to calculate the discriminant

via a polynomial of degree 3, which yields

¡ M = 256C3
Nr 3

0b 3
SS3

0F3
NC6

U � 27C4
Nr 4

0C8
U a 4

TDq4 : (47)

Its zero transitions determine a critical value, where the

dynamic of the model changes. The root of the discriminant

reads, with respect to the freshwater �ux,

F �
M =

3(2CNr 0)1=3C2=3
U a 4=3

T

8bSS0
jDqj4=3 : (48)

In order to compute the critical pycnocline depth and

the corresponding northern sinking, an additional equation

for the critical value is needed. A lemma from Galois theory
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states that the discriminant of a classical polynomialpn(x)

in one variablex can be determined via the �rst derivative

of the polynomialp0
n(x). We have

¡ [p] = nnan� 1
n Õ

g: p0
n(g)= 0

pn(g) ; (49)

wheren is the maximal order of the polynomial andan

the coef�cient of the highest order term (Gelfand et al 1994,

p.404). If the discriminant is zero for a critical choice of

coef�cients, at least one root of the polynomialpn coincides

with one root of its �rst derivativep0
n.

The derivative of the governing polynomial of the mix-

ing case (equ. (13)) with respect toFN yields

¶D
¶FN

= �
bSS0D4

4bSS0FND3 + 3aTDqCU D2 ; (50)

while the denominator is the derivative of the same

polynomial with respect toD. Using the lemma, the dis-

criminant vanishes at the critical pointF �
M and, consequently,

the �rst D-derivative of the polynomial shows a root. Since

this derivative appears in the denominator of¶D=¶FN, it

diverges atF �
M . In addition, there is only one real value

for FN where the denominator crosses zero and thus the

derivative¶D=¶FN is positive for physicalD as long as

theFN < F �
M . Finally, by inserting the critical valueF �

M into

the derivative of the polynomial with respect toD, an ad-

ditional equation is obtained that permits the determination

of the critical pycnocline depthD�
M

D�
M =

�
4CU

CNr 0aT jDqj

� 1=3

: (51)

The relationmN = CU
D provides the key to �nd the crit-

ical northern sinking.

B.2 Wind-Driven Case

The discriminant for the governing equation of the wind-

driven case (equ. (20)) is calculated in a straightforward

manner (Gelfand et al 1994, p.405)

¡ W = 4

(

C3
Nr 3

0C5
Wa 3

TDq3

+
�

�
1
4

C2
Nr 2

0C2
EC4

W + 3C3
Nr 3

0C4
WbSS0FN

�
a 2

TDq2

+
�

3C3
Nr 3

0C3
Wb 2

SS2
0F2

N � 5C2
Nr 2

0C2
EC3

WbSS0FN

�
aTDq

+CNr 0C4
EC2

WbSS0FN + 2C2
Nr 2

0C2
EC2

Wb 2
SS2

0F2
N + C3

Nr 3
0C2

Wb 3
SS3

0F3
N

)

This is a third order polynomial inFN and, in general,

there are three roots that determine the critical freshwa-

ter input. For our parameter set, only one real root can be

found, which we refer to asF �
W. In general,F �

W denotes the

largest possible critical freshwater input. Although its so-

lution can be analytically determined, it shows a lack of

lucidity and therefore an approximation is presented. It is

possible to deduce that the derivative ofF �
W with respect

to Dq is constant in the limitDq �! � ¥ . To show this,

the discriminant¡ W is divided byDq3. Considering both

the temperature difference limit and that¡ W vanishes at the

critical point, yield that only a linear term remains. Without

the offset, the linear approximation reads

(F �
W)appr � �

CW

bSS0
aTDq : (52)

It is the temperature difference between the North At-

lantic and the equator in combination with the SO winds

that create a non-zero critical freshwater �ux. The linear

estimate forF �
W approximates the slope of the analytic so-

lution fairly well as long as

jDqj �
C2

E

CNr 0CWaT
= 0:5� C: (53)
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This expression is deduced from¶F �
W = ¶Dq, which is

obtained by theDq-derivative of the discriminant atF �
W.

Knowing that the maximal dependence ofF �
W on Dq is lin-

ear (fact of the approximation), a comparison of the terms

in the resulting expression gives this restriction to the ap-

plicability of the linearisation.

Besides, using the same line of argument as in the pre-

vious section (Gelfand et al 1994, p.404), theD-derivative

of the governing polynomial of the wind-driven case (equ. (20))

is zero atF �
W. This provides, on one hand, the information

that ¶D=¶FN is positive forFN < F �
W (if there are more

than one real roots forF �
W choose the smallest), and on the

other, it provides an additional equation to determine the

critical pycnocline depth. Inserting the linear approxima-

tion for F �
W yields

D�
W �

C2
E �

q
C4

E � 6CNr 0C2
ECWaTDq

3CNr 0CEaTDq
: (54)

The linear approximation without the offset(F �
W)appr

exhibits an additional feature: it serves as an upper bound-

ary forF �
W for negativeDq. The complete analytic solution

for F �
W as the root of¡ W has the following structure

F �
W = x � Dq+ h +

n
� z (Dq)+

p
c (Dq)

o1=3
(55)

�
n

z (Dq)+
p

c (Dq)
o1=3

:

Sincex is the same constant which was already found

in our approximation, the other terms must sum up to a neg-

ative value, if the approximation should serve as an upper

boundary. The respective terms are calculated via

h = �
2
3

�
C2

E

CNr 0bSS0

z = z2 � Dq2 + z1 � Dq � z0 (56)

c = c4 � Dq4 � c3 � Dq3 + c2 � Dq2 � c1 � Dq;

which implies thath is negative. Furthermore,c is pos-

itive for all Dq � 0, because the constantsc i are all positive

and terms with odd exponents are without exception mul-

tiplied by � 1. Thus, ifz would be positive then the sum

of the two cube roots is negative, because one substracts

the root of the sum ofz and
p

c from the root of their dif-

ference. However,z is a polynomial of degree two with

exclusively positive constantszi with zeros at

Dq1=2 =
�
�

10
27

�
2
p

3
9

�
�

C2
E

CNr 0CWaT
: (57)

For our parameters, this implies that below a value of

Dq = � 0:4� C our approximation provides an upper bound-

ary for the critical freshwater �ux. Observed ocean temper-

ature differences between the North Atlantic and the equa-

tor Dq differ considerably from zero and are likely on the

order of several degrees.

B.3 Full Problem

For the full problem, the discriminant for the normalised

form of the governing equation (10) is
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¡ F = a4
�

� 27d4 + 144cd2e� 128c2e2 � 192bde2
�

+ 2a3
�

� 2c3d2 + 8c4e� 40bc2de� 3b2d2e

� 18d3e� 800be3 + 9bcd3 + 72b2ce2 + 80cde2
�

+ a2
�

� 6c2d3 + 24c3de� 27b4e2 � 50d2e2

+ 2000ce3 � 4b3d3 + 18b3cde+ 144bd4

� 746bcd2e+ 560bc2e2 + b2c2d2 � 4b2c3e

+ 1020b2de2
�

+ a
�

24b3d2e

� 630b3ce2 + 18bc3d2 � 72bc4e+ 160bd3e

� 2050bcde2 � 80b2cd3 + 356b2c2de

� 2250b2e3 � 192cd4 + 1020c2d2e� 900c3e2

� 2500de3
�

+
�

� 27c4d2 + 256d5

+ 108c5e� 1600cd3e+ 108b5e2 + 2250c2de2

+ 256a5e3 + 3125e4 + 16b4d3 � 72b4cde

+ 144bc2d3 � 630bc3de+ 2000bd2e2 � 3750bce3

� 128b2d4 + 560b2cd2e+ 825b2c2e2

� 4b3c2d2 + 16b3c3e� 900b3de2
�

;

with the following de�nitions

a = �
C2

E + CNr 0aTDq+ CNr 0bSS0FN

CNr 0CEaTDq

b = �
CNr 0CU aTDq � 2CECW

CNr 0CEaTDq

c = �
C2

W � 2CUCE
CNr 0CEaTDq

(58)

d = �
2CUCW

CNr 0CEaTDq

c = �
C2

U

CNr 0CEaTDq
:

Analogous to the previous cases, the derivative of the

polynomial (equ. (10)) is zero for the critical freshwater

input (Gelfand et al 1994, p.404). Although this provides

the additional equation to determine the critical pycnocline

depth, the requiredF �
F is not available in an analytic form

(only one realF �
F is observed for our parameter set), as the

discriminant¡ F is a polynomial of degree �ve inFN. More-

over, such a polynomial has at least one real root.

C Sensitivity to FN

The fundamental idea is to show that theStommelmodel is

more sensitive to a change in the freshwater �uxFN than our

model. This is done by analysing the derivative ofmN with

respect toFN in the steady state. Again the set of parameters

is chosen to be physical (see appendix B). The analysis,

presented here, can be reduced to the following problem.

Given two functions

f ;g : R 7�! R

f (x) = �
�

p
q� x

� 1=2

g(x) =
r

x� s(x)
;

with x 2 R andp;q; r 2 R+ . The real functions is re-

ferred to as the pole function.

The intersectionsxi of these two functionsf (xi) = g(xi ) are

determined via the following equation

xi = s(xi ) �
r2

2p
�

r
p

r

p� (q� s(xi ))+
r2

4
:

If the expression within the root is negative, then there

exist exclusively imaginaryxi . This implies that if the pole

of function f at q has a smaller value than that ofg at

s(x), and their difference is larger thanr2=(4p), then the

two functions do not cross forx < q. Assumeq < s(x) �

r2=(4p), then

g(x) � f (x)
_

x 2 R : f (x) � 0;

The crucial question is which restriction forx is de�ned

by the conditionq < s(x) � r2=(4p).

The derivative¶mN =¶FN is chosen to measure the sen-

sitivity of the various subcases and they are associated with
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f and g (x stands forFN). In the Stommelcase, the ana-

lytic function for mN is available (compare section 3) and

its derivative with respect toFN is a function of the formf .

On the other hand, we �nd for each subcase of our model

an implicit form of the function¶mN =¶FN which is rep-

resented by typeg. Rearranging the speci�c volume �ux

balance (equ. (1)) gives an expression formN. The func-

tion ¶mN =¶FN is calculated using theFN-derivative of the

associated governing equation. The mathematical consider-

ations reveal that the pole functions for all subcases of our

model must exceed that of theStommelcase by more than

r2=(4p), in order to show that the Stommel (1961) model is

more sensitive toFN.

F pole
S =

1
4

aTDq
bSS0

CNr 0aTDqD2
S � F �

S (59)

F pole
M = �

3
4

aTDq
bSS0

mU (60)

F pole
W = �

1
2

aTDq
bSS0

(2mW � 3mE)+
mE (mW � mE)
CNr 0bSS0D2 (61)

F pole
F = �

aTDq
bSS0

�
mW �

5
4

mE +
3
4

mU

�
(62)

�
m2

E � 3
2mEmW + 1

2m2
W � mEmU + 1

2mU mW

CNr 0bSS0D2 :

At �rst, the pole of the mixing-driven caseF pole
M is

compared to the constant one of theStommelcaseF pole
S .

Since the derivative ofmN with respect toFN in the mixing-

driven case is negative as long asFN is smaller thanF �
M (cf.

function g), mN decreases strictly monotonic withFN (see

�g. 4). For FN = F pole
M , this derivative diverges and, con-

sequently, the smallest value formN is reached. This min-

imal value equals the critical freshwater inputF �
M (cf. ap-

pendix B) which provides an analytic expression. Note that

solutions forFN > F �
M are not physical (see section 3.1). All

in all, the position of the pole in theStommelcaseF pole
S has

to undercut the minimal value forFM
N corrected by the re-

spectiver2=(4p) in order to be more sensitive. Sincer2=(4p)

is in the order of 10� 3 Sv, it will for the moment be ne-

glected, to get a useful qualitative expression. We �nd an

approximative upper boundary forStommel'sprescribed py-

cnocline depthDS

Dmax
S �

p
3�

�
�

CU

2CNr 0aTDq

� 1=3

; (63)

which has, in our framework (see table 1), a value of

564:1m. The exact solution can also be analytically derived

giving constraints of 79:7m � DS � 558:4m = Dmax
S . The

lower analytic bound, is not physical because it causes a

negative expression under the square root in equation (7).

The upper analytic bound is lower than our approximative

value for all physical parameter sets and is in good agree-

ment with the approximation. The analytic constraint is more

stringent and therefore also guarantees that the Stommel

(1961) model's critical freshwater inputF pole
S does not ex-

ceed that of our mixing-driven caseF pole
M . As long as this

criteria for theStommelcase is valid, it is suf�cient to show

that the poles for the wind-driven caseF pole
W and the full

problemF pole
F surpass the critical value of the mixing-driven

caseF �
M. ThenStommel'smodel would be more sensitive to

a change in freshwater �uxFN than our conceptual frame-

work.

Starting with the wind-driven case, the conditionF pole
W �

F �
M yields a polynomial of degree two

0 � 6
aTDq
bSS0

CE � D2 +
CECW

CNr 0bSS0
+

�
�

C2
E

CNr 0bSS0
(64)

+
aTDq
bSS0

�
3(

1
4

C2
UCNr 0aTDq)1=3 � 4CW

��
� D;

whose two real roots have opposite signs for a physical

choice of parameters. This conclusion can be made by com-

paring the signs of the different factors in the formula for

the roots (not shown). The positive zero is an upper bound-

ary to D in the wind-driven caseDmax
W = 913m. Figure 5a

illustrates that for our parameter set, the stable branch of

the pycnocline depth does not reach this critical value. The

found constraint is merely implicit because all parameters



30

must be set to determine the variableD. It actually indicates

a direct restriction on the parameter space.

A more rigorous approach makes use of the discrimi-

nant¡ W (equ. (52)).

In order to check the sign of the discriminant, the freshwa-

ter �ux FN is substituted by the critical value of the mixing-

driven caseF �
M . As long as it is negative, three solutions for

the wind-driven case exist. This is associated to a freshwa-

ter input, which is smaller than the maximal critical value

for F �
W (see appendix B.2). The discriminant¡ W basically

reads

¡ W = s4 �C4
E + s2 �C2

E + s0 ; (65)

while s i are parameter dependent constants ands4 is

positive (cf. appendix B.2).¡ W is a polynomial of degree

four inCE with even exponents which makes it axially sym-

metric around the ordinate. In general, four zeros are de-

�ned by

(CE)1=2=3=4 = �
�

e1 � (e2 �
p

e3)
� 1=2

; (66)

with

e1 =
CNr 0

2bSS0F �
M

e2 =
1
4

C2
Wa 2

TDq2 + 5CWaTDqbSS0F �
M � 2b 2

SS2
0(F �

M )2(67)

e3 =
1
16

C4
Wa 4

TDq4 �
3
2

C3
Wa 3

TDq3bSS0F �
M +

+C2
Wa 2

TDq2b 2
SS2

0(F �
M)2 � 32CWaTDqb3

SS3
0(F �

M )3 :

Excluding negative and imaginary values forCE , only

one positive zero remains, becausee1 is positive and the

difference betweene2 and
p

e3 is negative. The second con-

clusion is based on the fact that from the �rst term ine2

something is subtracted, while to the �rst term ine3 some-

thing is added - as long asDq is negative. The graph of

¡ W has a lower boundary, becauses4 is positive. Since for

reasonable positiveCE only one zero exists,¡ W is nega-

tive up to this rootCmax
E = 1:2� 10� 2Sv=m. This does not

seem to be a severe criterion, because it lies one orders of

magnitude above the used value (cf. table 1). Under this

condition,F �
W is bigger than that of the mixing-driven case

F �
M . Since the functionF pole

W is strictly monotonic decreas-

ing with FN (seen from its derivative),F pole
W is larger than

the maximalF �
W. In other wordsF �

M � F �
W � F pole

W . This

ensures that the wind-driven case is overall less sensitive

to a change in freshwater than Stommel (1961). To claim

that the wind-driven case is less sensitive than the mixing-

driven case, it is necessary to compare their two derivatives

¶mN =¶FN directly. For that the analytic solutions of the

pycnocline depth in the two cases are needed, which would

give a rather complex mathematical constraint. Therefore

the analytic form of this constraint is omitted here but it is

in principle depicted in �gure 8. This �gure indicates that

for our parameter set the derivative in the mixing-driven

case is higher than the one in the wind-driven case.

For the full problem an analytic constraint for the pa-

rameter set is not possible but an implicit one for the vari-

ableD can be provided. A polynomial of degree four arises

from the conditionF pole
F � F �

M

0 � � D4� 5mCE + (68)

+ D3�
�
4mCW � 4F �

M � 2nC2
E

�
+

+ D2� (3mCU + 3� nCECW)

+ D�
�
2CUCE � C2

W
�

n

� nCWCU ;

with the positive constants

m = �
aTDq
4bSS0

(69)

n = ( 2CNr 0bSS0) � 1 : (70)

For our set of parameters, two positive real roots are

found, along with a pair of negative roots. To ensure that the
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inequality holds, the positive roots are the upper and lower

limit for the pycnocline depth of the full case 351m� D �

1329m. The upper constraint is out of the range of the ob-

served values, while the lower one is identi�ed with a large

negative freshwater input in the North Atlantic (cf. �g. 7).

If these constraints for the variableD are ful�lled, the pole

function of the full problemF pole
F is smaller than the mini-

mal one of the mixing-driven caseF �
M. For the full problem

to be less sensitive than the mixing-driven case additional

constraints must hold. They emanate from the direct com-

parison of their respective derivatives¶mN =¶FN, which in-

clude the full analytic solutions forD in both subcases. We

omit the complex, analytic form of the constraint since we

�nd that our parameter set does not violate it (cf. �g. 8).

Altogether, it can be concluded that if the Stommel

(1961) model uses a pycnocline depth ofDS � 558:4m, then

its northern sinking is more sensitive to a change inFN than

in our model. In other words, if the critical freshwater input

of theStommelmodel is slightly lower (10� 3Sv) than that of

the mixing-driven case, then our model is less sensitive to a

change in freshwater �ux - if constraints on the parameter

choice are considered. Under further conditions, it is argued

that the mixing-driven case is less sensitive than the wind-

driven case or even the full problem. All these constraints

are ful�lled for our physical set of parameters.

D Salinity Equations

Here we presents the equilibrium solutions for the box salin-

ities with respect to the determined pycnocline depthD. All

box salinities are given in reference to that of the northern

box SN. The system gets consistent if an average salinity

for all boxes ofS0 is prescribed, which gives the additional

equation to determineSN

(VN + VU + VD + VS) �S0 = VN �SN + VU �SU + VD �SD + VS�SS:

(71)

It is furthermore notable, that a direct in�uence of the

entire model geometry is only noticed in the absolute salin-

ities. Their relative differences are only dependent onD,

which is a function of the widthB and the meridional ex-

tent of the low-latitudinal boxLU . The relative values of the

salinities are derived from the system of equations for the

equilibrium salinities (see equ. (5)). A brief overview for

the different subcases is given.

Mixing Driven Case

SU = SN +
FND
CU

S0 (72)

SD = SN (73)

In this special case the southern ocean box is discon-

nected from the others. Its salinitySS is therefore indepen-

dent and is only determined by the average ocean salinity.

D.1 Wind Driven Case

SU = SN +
FN

CW � CED
� S0 (74)

SD = SN +
CED
CW

�
FN

CW � CED
�

FN + FS

CW

�
� S0 (75)

SS = SN +
�

FN

CW � CED
�

FN + FS

CW

�
� S0 (76)

D.2 Full Problem

SU = SN +
FN

CU
D + CW � CED

� S0 (77)

SD = SN +
CED

CU
D + CW � CED

�
CEDFN �

�
CU
D + CW � CED

�
FS

CU
D CW + C2

W + CECU
� S0(78)

SS = SN +
CU
D + CW

CU
D + CW � CED

�
CEDFN �

�
CU
D + CW � CED

�
FS

CU
D CW + C2

W + CECU
� S0(79)
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