Climate Dynamics manuscript No.
(will be inserted by the editor)

A minimal model for wind- and mixing-driven overturning -

threshold behaviour for both driving mechanisms
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Abstract We present a minimal conceptual model different in physics and geometry. This analytical
for the Atlantic meridional overturning circulation approach also provides expressions for the critical
which incorporates the advection of salinity andfreshwater input marking the change in the dynam-
the basic dynamics of the oceanic pycnocline. Fouics of the system. Our analysis shows that includ-
tracer transport processes following Gnanadesikaing the pycnocline dynamics in a salt-advection
(1999) allow for a dynamical adjustment of the model causes a decrease in the freshwater sensi-
oceanic pycnocline which de nes the vertical ex- tivity of its northern sinking up to a threshold at
tent of a mid-latitudinal box. At the same time the which the circulation breaks down. Compared to
model captures the salt-advection feedback (Stomprevious studies the model is restricted to the es-
mel 1961). Due to its simplicity the model can be sential ingredients. Still, it exhibits a rich behavior
solved analytically in the purely wind- and purely which reaches beyond the scope of this study and
mixing-driven cases. We nd the possibility of abruphight be used as a paradigm for the qualitative be-
transition in response to surface freshwater forcinghaviour of the Atlantic overturning in the discus-

in both cases even though the circulations are vergion of driving mechanisms.
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high latitudes. A cessation of this circulation would (2006). But also some few models of intermediate
reduce temperatures regionally in the Nordic Seagomplexity are reported to lack multi-stability of
by up to 8C (Manabe and Stouffer 1988; Clark the AMOC (Prange et al 2003; Nof et al 2007).
et al 2002) with strong climatic implications world- In these studies, it has been speculated that ex-
wide (Laurian et al 2009). These include changesensive diapycnal mixing might be the reason for
in precipitation patterns (Vellinga and Wood 2002),multi-stability. Recently Hofmann and Rahmstorf
Atlantic ecosystems (Schmittner 2005; Kuhlbrodt(2009), showed that multi-stability is possible for a
et al 2009), sea level distribution (Levermann et alwind-driven overturning. They attributed the exis-
2005; Yin et al 2009), European climate (Lauriantence of multiple stable states to the Atlantic salin-
et al 2010), the El Niflo Souther Oscillation (Tim- ity distribution.
mermann et al 2005) and Asian monsoon systems The dispute about the physical mechanism pro-
(Goswami et al 2006). viding the necessary energy to sustain an overturn-
Since the initial study by Stommel (1961) the ing circulation (Kuhlbrodt et al 2007) is thus a cru-
discussion about past and future variations of thecial aspect in the stability analysis of the AMOC.
AMOC is linked to the existence of multiple stable The two main candidates for these so-called driv-
equilibria of the circulation. Across a large spec-ing mechanisms are diapyncal mixing (Jeffreys 1925;
trum of climate models, existence of multiple statesMunk and Wunsch 1998) and Southern Ocean wind
has been observed in conceptual models (Stomdivergence (Toggweiler and Samuels 1998; Gnanade-
mel 1961; Johnson et al 2007; Guan and Huangikan et al 2005). To sustain the global overturning
2008), ocean circulation models with idealised ge-circulation, the driving mechanisms need to power
ometry (Marotzke et al 1988; Marotzke and Wille- it by 2TW = 2 10'4V (Munk and Wunsch 1998).
brand 1991; Thual and McWilliams 1992; Rahm- In addition to characterising the driving mech-
storf 1995hb), various Earth system Models of In-anisms of the AMOC, other processes need to be
termediate Complexity (EMICs) (Manabe and Stoutensidered for its stability analysis. While surface
fer 1988; Rahmstorf et al 2005; Yin and Stouf- uxes of freshwater and heat alone can not sustain
fer 2007; Ashkenazy and Tziperman 2007) as wella deep overturning circulation (Sandstrom 1916;
as uncoupled oceanic general circulation model&uhlbrodt 2010), they are important to set the den-
(Rahmstorf 1996). While state-of-the-art coupledsity structure of the ocean. This density structure
climate models are too computationally demand-determines how much of the available energy is
ing to explore the full stability range of their circu- indeed directed into a basin wide overturning cir-
lation, no multi-stability under present day bound- culation (Schewe and Levermann 2010). We com-

ary conditions has yet been observed Stouffer et dbine thus the two main driving mechanisms of the



AMOC with two limiting processes not provid- for three instructive cases. This is followed by an
ing net energy to the system, but shaping its spaanalysis of the freshwater sensitivity of the north-
tial pattern following Gnanadesikan (1999). Theseern sinking (sec 4). A validation of our conceptual
four processes are complemented by the advectioapproach is conducted in section 5 using the model
of salinity and thereby a dynamical equation for of intermediate complexity CLIMBER-& (Mon-
the meridional density gradient. So far an analyt-toya et al 2005) for a qualitative intercomparison.
ically solvable model that comprises both driving We conclude in section 6
mechanisms of the overturning is missing. In con-
trast to Johnson et al (2007) who suggested a simi-
lar model, their focus was to study a inherent oscil—2 Model description
lation between Gnand oftstate of this circulation.
Here we aim to provide a minimal model that al- For a minimal model that comprises wind- and
lows to examine the éstate AMOC stability in a  mixing-induced overturning we propose a standard
wind- and mixing driven case. interhemispheric geometry as illustrated in gure 1.
Analytical solutions are derived for the purely It combines the four basic meridional tracer trans-
wind- and the purely mixing-driven circulation caseport processes associated with the overturning cir-
Our results reveal a threshold behaviour with re-culation (Gnanadesikan 1999) and thereby describes
spect to surface freshwater forcing that is inde-changes in the meridional density structure. Since
pendent of the mechanism powering the AMOC.we nd that changes in heat advection represent a
Compared to Stommel (1961) we nd a reducedsecond order effect compared to salt advection, we
sensitivity of the overturning circulation to fresh- keep oceanic temperatures xed. This enables an-
water uxes in the North Atlantic resulting from alytic solutions in a number of cases and captures
the compensating effect of the pycnocline dynam-signi cant atmospheric and oceanic feedbacks for
ics. the overturning circulation. In principle the model
The paper is structured as follows: the modelcan be easily generalized to account for the ad-
design and its idealised components are presentecection of temperature. As surface boundary con-
in section 2. In this context the necessity of tracerditions for salinity we apply constant freshwater
advection (see Stommel (1961)) in the approachuxes with global zero mean. This is represented
of Gnanadesikan (1999) as already proposed by two freshwater bridges from the upper mid-latitude
Levermann et al (2005) and Levermann and Firsbox (subscript U) to the southeifis and north-
(2010) is emphasised. The main results are introernFy box denoted by subscripts S and N, respec-

duced in section 3, where the model is analysedively.
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Fig. 1: Schematic depiction of the conceptual

model. The depth of the pycnoclir@ is deter- evant (Fyfe etal 2007; Toggweiler and Russell 2008)
mined by the balance between northern deep Wagj not be captured by our model. Since there is
ter formationmy, mixing driven upwelling in the

low latitudesmy, Ekman upwellingny and eddy- no dependency on the oceans density strati cation
in_duced return owmg. Salinity is advected a!ong we substitute this ux by a constafy = my for

with these transport processes and determines to- _

gether with a xed temperature distribution, the simplicity in later calculations. The eddy return
density difference between the northern and upper,

/ w mg is parameterised following Gent and McWilliams
low-latitude boxDr .

(1990) using a thickness diffusivitiigm

2.1 Pycnocline dynamics

:BAGMD:CE D
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The representation of the dynamics of the oceanic Ly

pycnocline follows Gnanadesikan (1999). Here we

. . This uxis proportional to the meridional slope
assume that the oceanic pycnocline ddpik rep- brop P

fthei Iswhichii i he ra-
resented by the vertical extent of the mid—latitude0 the isopycnals which is approximated by the ra

. L tio of the meridional extent of outcropping and
box. Its time evolution is given by four tracer trans- PP mj

port processes the pycnocline deptid. The constants are again
comprised withinCg to enhance legibility. Note
that Levermann and Furst (2010) recently showed

D that for capturing the AMOC changes undera CO2
BlLy ﬁ =my+my Mg Ny (1) P 9 9
increase scenarilq? would need to be varied. For

HereB is the average, zonal extent of the Atlantic these kind of changes in the geometry of the ow
ocean basinly is the meridional extent of the apartfrom changesin, additional equations would
tropical boxes (between latitude$80 ). Using Ek-  be needed. Here we keeﬁconstant. The mixing-

man boundary layer theory, the wind driven vol- driven low-latitudinal upwelling is described by a
ume transport is predicted via a scale analysis ofrertical advection-diffusion balance. Assuming an

the equation of motion. exponential density pro le in the vertical yields



Variable Name Value  Unit Description
Geometry
H 4100 m Average depth of the Atlantic ocean basin
B 1100 m Average width of the Atlantic ocean basin
Ln 334 1° m Meridional extent of the northern box
Ly 890 1° m Meridional extent of the tropical box
Ls 334100 m Meridional extent of the southern box
Strati cation
ro 1027 kg=m® Average density of the Atlantic ocean
S 35 psu Average salinity in the Atlantic ocean
LS 15 10° m Meridional extent of the southern outcropping
Lf)l' 15 10° m Meridional extent of the northern outcropping
Acm 10°  né=s Thickness diffusivity
k 4105 nP=s Background vertical diffusivity
ar 21104 1=C Thermal expansion coef cient for isobars
bs 8 10 1=psu Haline expansion coef cient for isobars
C 0:1 Constant accounting for geometry and strati cation

External Forcing

bn 2101 1x(mg Coef cient for b-plane approximation in the North Atlantic
for 7510 % 1=s Coriolis parameter in the Drake Passage

tor 1:0 N= Average zonal wind stress in the Drake Passage

F 02 Sv Northern meridional atmospheric freshwater transport
an 50 C Temperature of the Northern box

qu 125 C Temperature of the tropical surface box

an 50 C Temperature of the southern box

Table 1: Physical parameters used in our conceptual model

generic density distribution in the Atlantic. This

allows to substitute the zonal density difference

my =B Ly Q)

ol x
o|©

in the geostrophic equation with a meridional one

(Marotzke 1997). Ab-plane approximation nally

wherek is the vertical diffusivity. This approach gives

is frequently applied for the mixing induced up-
welling in the ocean interior (e.g. Munk and Wun-

sch (1998) and references in Kuhlbrodtetal (2007)I)T'N -c_9 Dr D2 CyDr D? @)
bNL{)‘ ro

Parameterisations of northern sinking have been
derived following numerous approaches summarised The constan€C is given by the current geom-
in Appendix A (Robinson 1960; Marotzke 1997; etry and characteristics of the density distribution.
Gnanadesikan 1999; Johnson and Marshall 2002Again all quantities except fdd andDr are com-
Guan and Huang 2008). In our model, the scalingprised in a constarnty. We assume that the rel-

is adopted from Marotzke (1997) who assumes avant density difference for the northern sinking



Variable Name  Value  Unit Variable Name Value Unit
N 3492 psu nmy 147 Sv
S 3539 psu ny 58 Sv
S 3494 psu My 130 Sv
S 3505 psu M 4.1 Sv
D 613 m i) 5.0 C
Dr 1:23  kg=m®

Table 2: Equilibrium state obtained after 40000 model yéargquations (1) and (5) with parameters from table 1. The
northern sinking is mainly fed by the Southern Ocean Ekmansport with some contribution from low-latidudinal up-
welling. In the notation of (Rahmstorf 1996), the state isghuthermal, since the surface freshwater uxes where ehos
such that salinity reduces northern sinking.

is to be taken between the northern and the uppédack of data. The quadratic dependence on the pyc-
low-latitudinal boxeDr rny  ry. This choice  nocline depth originates from a vertical integration
represents the most direct interpretation of the asef the scaled geostrophic balance which is linear in
sumptions entering the derivation by Marotzke (19%rhy use of the hydrostatic equation.

In its nal form equation (4) can furthermore be

motivated in a more heuristic way: Currently ma-

jor northern sinking occurs in the Nordic Seas. Thus

its volume transport is mainly de ned by the North

Atlantic Current crossing the ocean basin from West

to East. This ow is geostrophically balanced by a

meridional difference in sea surface elevation which

is observed in ocean models of varying resolutionz'2 Salinity dynamics
(Levermann et al 2005; Landerer et al 2007; Vel-
linga and Wood 2007; Schlesinger et al 2006). Dugn order to capture the salt-advection feedback deemed
to the existence of a level of no motion the searesponsible for a possible multistability of the over-
surface elevation difference must be counteractedurning circulation (Stommel 1961; Rahmstorf 1996),
by a density difference in the upper levels (e.g.salinity advectionisincorporated. Salinity changes
Griesel and Morales-Maqueda (2006)). This den-are then linked to the pycnocline dynamics of sec-

sity difference is apparentin oceanic reanalysis dation 2.1 through the meridional density difference
(Levitus 1982) though the scaling of the overturn-Dr  rn  ry. For simplicity a linear equation of

ing circulation needs to be taken from the geostrophitateDr = ro(bsDS arDq) is assumed, where
argument and can not be directly observed due t@t and bs are the thermal and haline expansion

coef cients. The time evolution for salinity then



reads 2.4 Parental models

li

ﬁ(VNSN) =m(S ) SR Let us shortly recap how the two parental mod-
i M) = My SS+mu S (Mu+ me) Sy els emerge from the current one. In Gnanadesikan
Tt

1999) the north-south density differenbe is a
+So(Fu+ F9) ) (1999 Y

7 constant and thus independent of the vertical den-
(WD) =my S+me S (mu+mw) S
i

sity structure represented by the pycnocih&qua-
ll
T (VsS)= mw (S S+ me(U &) SFst  tion (1) is the same as the one used by Ghanade-

. ikan (1999). However, the prognostic salinity equa-
The volumes of the different boxes are computedSI ( )- Howev prog I Nty equ

viaV\N\=B H Ln; =B D Ly;Wb=B (H
D) Ly; Vs= B H Lg, whereH is the depth of the

tions ( 5) need to be omitted. Gnanadesikan (1999)
justi ed the use of a constarDr assuming that
surface properties of the ocean are determined by
ocean.

dominant restoring to the atmosphere. In order to
estimate the in uence of changes r on the

northern sinking, we consider the derivative

Ty _ 2 b .
W—CND +2CNDrDW (6)

2.3 Model Equilibrium For the parameter set of table finn=7Dr varies
between 5S\=(0:1kg=n) at a density difference
Basing our model on equation (1) and (5) with of Dr = 1:5kg=m®and 303Sv=(0:1kg=m°) atDr =
parameters chosen from table 1 we can numeri0:1kg=m?®. Figure 2a depicts the relative change of
cally determine the equilibrium solution. The re- my as a response to an increaseldf by 20%.
sulting circulation found after 40000 model years Though this deviation ofiy does not exceed 10%
(table 2) shows a mainly wind-driven northern sink-away from the singularity foDr ( g. 2a), the sig-
ing (my = 13:0 Sv) with some contribution of low- ni cance of the density difference lies in its impact
latitudinal upwelling tny = 5:8 Sv).The salinity on the stability behaviour of the system.
distribution shows a southward salinity gradient. ~ Stommel (1961)'s original model is restricted
This means in the notation of Rahmstorf (1996) weto the advection of salt. Rahmstorf (1996) showed
are in a purely thermal state with salinity reducingthat no conceptual difference emerges if temper-
northern sinking. This is due to the positive north- ature advection is included together with surface
ern freshwater bridge which will become evidentrestoring. In these models the size of the boxes

in section 3. is prescribed, which can be interpreted as a xed



to be the one between the northern and the low-

10
a
\ latitude box. Consequently, the relevant freshwa-

ter bridge for the bistability ofny is the one in

0 0.5 1 15 the North not in the South. Note that tBéommel

Density Difference [kg/m 2 .
Y [k ] model does not capture any process in the South-

100
b . . . .
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changes irstommeés approach can be inferred from
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Fig. 2: Relative response of northern sinking due D 2onDrb+ CuD
to an added density deviation of 20% in the
Gnanadesikan (1999) limit (a) and due to a 20%This derivative is positive and varies froml&w=(100m)
change in the pycnocline depth in the Stom-
mel (1961) limit (b). The lack of the dynamics
in one variable reduces the applicability of these1000m. The relative response afiy for a 20%
two limit cases. For our parameter set, B@m-
melcase has no real solution when the pycnoclin

depth falls below 5281 (see equ. (7)). effect is one order of magnitude higher than in

101

D ®)

atD = 550mup to 104Sv=(100m) for largeD =
eincrease in the pycnocline depth reveals that this

Gnanadesikan'dimit for analog changes iDr
pycnocline depttD. Consequently equation 1 is (cf. g. 2a and b). Thus, the effect any are of the
omitted. The Stommel (1961) equation is then quickbne order as its absolute value, which stresses the
derived by substitutin@S= SFv=mn (equ. (9))  importance of changes iD. Thus the lack in the
in the scaling for the northern sinking (equ. (4)). dynamics of one of the two essential variabBs,

The resulting quadratic equationtny represents or Dr, con nes the physical applicability of both

the bistability of the Atlantic overturning circula- parental models.
tion found in a number of coarse resolution mod-
els (e.g. Manabe and Stouffer (1988); Rahmstorf
(1995a); Rahmstorf et al (2005)). In the present

formulation the relevant solution reads 3 Governing equation for equilibrium
s I
2 . .
My = CuDroariDa 4 4PN yyging the salinity balance equations (5) in steady
2 CnroD2a2Dg?

) state we eliminate the meridional density differ-
enceDr from equation (1) in order to obtain a
In contrast to Rahmstorf (1996) the relevant den-governing equation for the oceanic pycnocline that

sity difference for the northern sinking is chosenallows for a salt-advection feedback. The salinity



balance of the northern box yields

F F '
DS= Sofn _ SoFn ) )
mN Cy=D+Cy CeD g !
which links the salinity differencBS Sy Sy to g gt
the pycnocline depth. Substitution in equation (4) g o
S ——full
in combination with equation (1) yields the full g / ___\:ind
governing equation of the model expresse®in ' mxing | ‘ .
-1000 -500 0 500 1000 1500 2000

Pycnocline Depth [m]
D® CnroCearDq
P Fig. 3: Governing polynomials for each subcase
+ D" Cg+ CnroGwarDg+ CnrobsSoFn of the model, where the equilibrium stat&sis
determined by the zero transitions of the graphs.
3
+ D (GyrouarDg 2CeCw) The horizontal dotted line marks the zero, while

+D? C2, 204Ce the grey shaded area indicates negabvevith-
out physical relevance. The polynomial of degree
+ D 2C, Gy ve (orange line) represents the entire model with
5 its standard parameters. Only two of its roots are
+ =0 (10) positive and thus have a physical meaning. The

smaller one aD = 613 m denotes the stable state
Since the temperature difference between low-latitudiie the larger root, ab = 1713 m, must be an
unstable solution. The polynomial of degree three
(blue line), representing the wind-driven case, has
negative for any realistic situation, our analysis ofalso two relevant solution® = 542 m andD =
1394 m. In addition, the mixing-driven case is de-
picted by the fourth order polynomial (green line).
Only two real solutions are detected, a stable one

The governing polynomial has ve mathemati- &P = 526 m and an unstable onelat 909 m.

and high northern latituded®q gn  qu will be

the equation will be restricted g < 0.

cal roots forD (see g. 3, orange line), each repre-

senting an equilibrium state of our model. Since®f D = 613 (see table 2). Since adjacent solu-
negative or imaginary pycnocline depths do notlions cannot share the same stability properties the
have an interpretation in our model set-up, onlyOther zero transition in gure 3 witl> = 1713n

the positive roots are of interest. Among this phys-"€Presents an unstable solution.

ical solutions, some might be unstable under the A more robust argument for the stability prop-
time-dependent dynamics of the model. We will erties is obtained by the sign of the governing poly-
not explicitly compute the Lyapunov-exponents of nomial. For positiveD (and as long ab < (Gy+

the system, but let the numerical integration de—q C\%,+ 4 CeCy)=(2Cg) = 2191m), the polyno-
termine the stability. The parameter choice of ta-mial is proportional to the time derivative §D=1t.

ble 1 yields a stable state with a pycnocline depthThus an initial value oD = Om would augment
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because the polynomial is positive. But when theorder polynomial in the mixing limit
rstrootis exceeded d = 613m, the polynomial
. 4 3,02 -0
and thusD=1t become negative ardldecreases. CnrobsSFn D+ CnroCuarDg D+ Gj = 0:
Consequently this root represents a stable steady (13)
state. The corresponding solutions for the salinity
: . . The functional form of the left hand side is de-
equations are separately presented in appendix D.
picted in gure 3 (green dashed-dotted line) to-
gether with the general case. UsiBg= Cy=my,
3.1 Mixing-driven overturning expression (13) can be rewritten in terms of the

volume transport
First consider a purely mixing-driven case, where

SO Ekman transport and eddy return ow are ne'mﬁ, CNroCﬁ arjDg my+ CNrOCﬁ bsSyFw = O:
glected, Ce = 0 andCy = 0. The governing equa-

tion (1) reduces here oy = my and the pycno- -

cline consequently reads Both equations can be solved analytically. We omit
c 1=3 the complicated functional form here and rather

D= CnDr : (11) provide expressions for conceptually interesting char-

. . . . . __acteristics of the solution.
Moreover this provides a simple scaling relation

for the northern sinking. As shown in gure 4 no real positive solution

for the oceanic pycnocline exists for northern fresh-
1=3
my= CiCnDr (12)  water uxes beyond a critical valug,,. This ux

is de ned by the zero transition of the determinant

SinceCy is linear in the vertical mixing coef - . . ) L
(gure 4a, vertical light black line) which is de-

cientk, we reproduce the classical scalinmg o ) i
ned by the polynomial in equation (13). The dis-

kZ2Dr= introduced by Robinson (1960) and Bryan, . _ _ _ _
criminant is presented in appendix B.1 and its root

(1987) (see gure 4f). But an important difference . »
yields an equation for the critical freshwater ux

is the existence of a minim@r beyond which
1=3 ~2=3 _4=3
no physical solution exists. It is derived from the ¢ _ 3(2Cnro) "Gy "ar iDGi%3 (15)
M 8b5&) J qJ "

governing equation (10) which reduces to a fourth

1T o ) X In contrast to the Rahmstorf (1996) model which
Since the southern box is now disconnected from the

other basins, the corresponding salinity equation (5) re-yjelds a quadratic dependence of the critical fresh-
quires zero southern freshwater Uss= 0 in order to ob-

tain an equilibrium solution.Obviously this does not affec water ux on the north-south temperature differ-
the pycnocline deptb (cp. egn. 10), nor the volume trans-

ports. It only has an impact on the various box salinities. enceF = ka2Dqg?=(4bsS), the pycnocline dy-
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Fig. 4. Purely mixing-driven case: dependence of the dguilm solution on the northern freshwater
input Fy. Grey shaded areas indicate negative values eithé farmy. The stable branch for the pycn-
ocline depth &, black heavy line) is in correspondence with the solutiomgimre 3. The unstable branch
(a, dashed black heavy line) shows a pole with a change in sigio fteshwater ux. This panel also
shows the real part of imaginary solutiorgs (lark grey lines) to give an impression of the distribution
of the solutions. Surpassing a certain freshwater ux, nggitally meaningful solution can be obtained.
This point is marked by the change of sign in the determinasg plack light line). In panellf), the
behaviour of the northern sinking (stable and unstabledirgis depicted, clarifying the abrupt change
from one regime to the other. The other panelf)(give an overview of the characteristics of the stable
solution. Remarkable are the identfy = S (b), the existence of a minimal density difference and the
scaling of the northern sinking witB r 1=3(f).
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namics in our model reduce this sensiti¢itthe 3.2 Wind-driven overturning
derivative {D=1Fy is in nite at F, for the stable

physical solution (see appendix B.1 and g. 4a),

which provides an additional equation to determiné\IEXt’ we considerthe purely wind-driven caSg,=

further properties of the critical point. 0. In this limit, equation (1) reduces to a quadratic

equation inD and provides a relation between the

1=3

Du = %ﬂm (16) pycnocline depth and the density difference. The
(v = CEICI\ZOaT iDa 1=3 a7) only physical soSIution is '

Ce AC\CwDr
Equations (12) and (17) give the critical density D = 2CNDr + T 1
difference
Insertion into equation (4) yields

Dry = %joqj = 0:40%: (18) L s !
Despite the different scaling d%, in Rahmstorf (19)

(1996), the critical density difference scales linear

with Dg in both models. The decline d with  The relation betweemy and the density differ-
increasingD q results in a weaker dependence of ence is very different from the mixing case. While
the critical northern sinking o g compared to g power law exists for the entire range®df, the
the linear dependence in Rahmstorf (1996). northern sinking approaches the (constant) strength
A qualitative difference to the wind-driven case of the southern ocean upwellingy = Gy, for in-
(subsection 3.2) emerges in the limit of highly neg-creasing density differend2r. On the other hand,
ative northern freshwater uxes. Dividing the gov- for a vanishing density difference, the northern sink-
erning equation (13) by and taking the limit ing tends to the unphysical limity ! ¥ (see
! ¥ shows that the overturning circulation equ. (19)). The crucial question is if the variable
grows without bounds. The reasons are the idenDr canindeed become arbitrarily small in the wind-
tity my = my = Cy=D in the mixing case and the driven case. For this, s€y = 0 in the full govern-
fact that an in nite freshwater ux causes the py- ing equation 10 to obtain the complete equilibrium
cnocline depth to vanish. This is not the case for adynamics.

purely wind-driven overturning. 3
+ D? CnroCeatrDq

2 Herek is a positive constant which might depend ona + D?  CZ+ CnroGwar Dg+ CnrobsSoFn
prescribed pycnocline depth but not Brgy. In our model k
is quadratic in the pycnocline depth. D 2CeCy+ C3 =0 (20)
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Fig. 5: Dependence of the equilibrium solution for the wihden case on the northern freshwater input
Fn. Grey shaded areas indicate negative values either forytbeopline or the northern sinking. The
stable branch for the pycnocline depty black heavy line) is in correspondence with the solution in
gure 3. The negative solutions fdd are assumed to have no physical relevance. Neverthelegseano
positive unstableg, dashed black heavy line) and the real part of an imaginaamndir &, dark grey
line) are depicted to give an impression of the structuréefsolutions. Exceeding a speci ¢ freshwater
ux Fy, no physical meaningful solution can be found. This pointisrked by the change of sign in
the determinantg-g, vertical black light line). In panekd, the behaviour of the northern sinking (stable
and unstable branch) is depicted, clarifying the abrupnhgkarom on regime to the other. A solely
wind-driven overturning imposes an upper bound on the eontkinking. The other panels-f) give an
overview of the characteristics of the stable solution dh@xhibits the existence of a minimal density
differenceDr,.
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UsingD = (Cy my)=Ce we can transform this

—full

equation into an expression for the northern sink- ;
251 —wind
ing = mixing
(23
z 2K
+ my CnroCibsSoFn Els
il
+my CE 2CnroCwarDg+ CnrobsSoFn 8
w 1t
®
+ my CnGwro(GwarDg  2bsSFw) g
0.5
+ CnCwroatDg= 0: (21)
%% 2 20 15 10 5 o0
Both equations for the wind-driven case show a Temperature Difference [ °C]

third order polynomial which can be solved an- Fig. 6: Critical freshwater uxF as a function

of the meridional temperature differené¥g for

the mixing-driven, wind-driven and full problem.
cal solution exists up to a critical threshold of the In the wind-driven case the sensitivity aDq
can be conveniently approximated by the value of
the derivativefR,=7Dg at minus in nity (blue

e, light vertical line). This critical freshwater ux dashed). This slope is again retrieved by approx-
imating the full problem (blue dashed), but in ad-
dition the offset can be determined (equ. (25)).

alytically. As in the mixing case a stable physi-
northern freshwater uxy < Fy (see gure 5a-

Fy is determined by the only real root of the cor-
respondent discriminant which shows a third or-
der in Fy (cp. appendix B.2). Since the analytic
solution is complicated it is only depicted in g-

ure (6). As an alternative to analyse the full so- . ) ,
guasi-linear for large temperature differences. Fig-

lutions, we focus on the sensitivit on the L ) ) )
Y By ure 6 indicates that it also is a good approxima-

North-South temperature difference retrieved by . . o
P yt|on for realistic Dq. Moreover, it is shown that

the derivative of the discriminant with respect to L .
atCy=(bsS) jDgj is an upper constraint for

Dq (see appendix B.2). This derivative can suit- " -
a( PP ) the actual critical freshwater us,, for realistic

ably be approximated for realistic temperature dif-
y PP P temperature differences (see appendix B.2).

ferences from the limiDg! ¥

m lim ﬂFW _ aTQN

i — = 22 i |
fDqg pd" ¥ TDg bsSo (22) In the present case, the linfif; ! ¥ causes
for iDai C,% the pycnocline deptD and consequently the eddy
orjbq ;
CnroGwar return ow me to vanish (see equ. (20)). Thus, in

which is given as a slope in addition to the full de- contrast to the mixing case where northern sinking
pendence in gure 6 (dashed blue line). This nd- diverges, here the northern sinking approaches the

ing comprises that the functidfy, (Dq) becomes  constant southern upwellingy.
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3.3 Full problem the full problem therefore always exhibits a criti-
cal freshwater uxF:. This value can now be esti-
Though no complete analytic solution can be ob-mated by using the linearised model equation (23).
tained for the full model (equ. (10)), some analytic The discriminant of this second order polynomial
insight can be gained. A formal expansion of thej, p provides a second order polynomial to be solved

steady state pycnocline dynamics with respect tgqr One of the two solution is physically

F(appn-
the parameter s¢Cg;Cy) aroundmy = My, i.e.  interesting and yields the approximated critical fresh-
(Ce;Cu) =(0;0), yields water ux
s s
Cw Dr
(1) _ Gw CnDro F = == 04 a1Dg (25)
md = + 23 F(appn)
N CV\I CNDrO CE O\/\/ CU ( ) O bSS) qro 1 )
+ 2+ 4
with Dry = @ G qCW_ CEOUA
2 Ry
— Sofn
Drg ij(o;o) = ro bs Cwv +arDq (24) = 0:29% (26)

Each of the three terms in (23) can be understoodrhis relation rst of all con rms that linearity of
in light of the former limits of purely wind-driven the critical freshwater ux inDqis not merely re-
and mixing-driven circulations. The rst term is stricted to the wind driven case, but also serves
the Southern Ocean upwelling which serves as afvell to approximate the full problem. In both cases
off-set to the northern sinking. Itis reduced by thewe nd the same proportionality constant. More-
eddy return ow represented by the second term.over, this approximation also provides an estimate
An additional contribution emerges through the lowfor the offset of this linear relation. This offset is
latitudinal upwelling of the third term. This ap- proportionalto the criticaDr , whichin rst-order
proximation holds reasonably well for the param-is independent of the meridional temperature gra-
eter set of table 1 for a realistic range of densitydient and totally determined by the respective trans-
differences ( gure 7f, light line). port parameters. Equation (25) captures the depen-
For the full problem, an analytic treatment of deéncy ofFz on Dg reasonably (g. 6). Another
the critical freshwater ux- is not possible since interesting detail is that the critical freshwater ux
the discriminant (equ. (58))is a fth order poly- ©f the full problemF exceeds the ones from the
nomial in Fy (cf. appendix B.3). However, the in- wind- and the mixing-driven cases. This gives rise
termediate value theorem states, that a fth ordert© @ discussion for the freshwater sensitivity of the
polynomial has at least one real root. For a physi-model.

cal choice of parameters (positi€R; Cg; Cw; Cu),
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Fig. 7: Dependence of the equilibrium solution for the fulbplem on the northern freshwater ing.
Grey shaded areas indicate negative values either for ttr@ogline or the northern sinking. The stable
branch for the pycnocline depth,(black heavy line) is in correspondence with the solutiorgire 3.

The negative solutions fdD is assumed to have no physical relevance. To give an impres$ihow
the solutions are distributed in the phase space, pahall$o shows a positive unstable (dashed black
heavy line) and the real part of imaginary branches (darl fines). Surpassing a speci ¢ freshwater
ux Fy, no physical meaningful solution can be found. This poimharked by the change of sign in the
determinantd, black light line). In the middle left panel, the behavioditiee northern sinking (stable
and unstable branch) is depicted, clarifying the abruphgkdrom one regime to the other. Beside the
other characteristicdfe), the complete solutiorf(heavy line) shows a scaling whose major shape can
be adequately described via a Taylor expansiplight black line).
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4 Overturning sensitivity to freshwater For our parameters, the right hand side has a
value of 5641 m. Choosing a smalldDs, shifts the

The derivativemy = TFy gives a mathematical meapole of theStommemodelFg to a lower position
sure for the sensitivity of the northern sinking,  than the one for the mixing-driven cag. Study-
to changes in the intensity of the northern freshwading the wind-driven case and the full problem, we
ter ux Fy. This derivative can be determined for Nnd that considering some additional constraints
the Stommel (1961) model and for all our subcase$n the parameter space, their respective pgjgs
but not for the approach of Gnanadesikan (1999)andF: are located at higher positions than that of
Fn is here implicitly included via the parameter the mixing-driven cas& (cp. g. 6 and app. C).
Dr and one would need an extra equation to link These constraints are not violated by our parame-
them. However, for the mixing- and wind-driven ter set (see table 1).
case as well as for the full problem, the deriva-
tive fmy =TFy is a function with a pole of order
one inFy (see appendix C). In tHetommeimodel,
the derivative is obtained from equation (7) show-
ing a pole of orde%. In order to determine which
model has the highest sensitivity to freshwater in-
put in the North Atlantic, it is necessary to align
the positions of the respective poles.

Since the pycnocline deptbs is a parame-

) _Fig. 8: Sensitivity of northern sinking to changes
ter in the Stommel (1961) model, we choose itj gyrface freshwater ux: In th&tommemodel

such that the pole of th8tommemodel is at the ~ (black line) the sensitivity ofny to changes in
freshwater uxFy is higher than in our model with

same position as the pole of the mixing-driven Cas§arying pycnocline. Thus independent of the phys-

(g. 8). This is motivated by the resemblance of ical driving process, the pycnocline stabilises the
) ) } ) overturning circulation up to the critical threshold
the circulation described in tr&ommeodeland  \yhere no solution exists. In addition, considering

in our mixing-driven case. Both exhibit only one all the subcases of our model, the mixing-driven
. . . . ) _case is most sensitive.
mixing-driven circulation cell connecting the vari-

ous boxes. This approach (cf. appendix C) yields )
Assuming the found sequeneg F, < Fy

andF, < F= , we now focus on the freshwater

o_ Cu 1=3 sensitivity ofmy. Itis possible to show (appendix C)

Ds= 3 —— : (27)

2CnroarDgq that the Stommel (1961) model exhibits a higher
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sensitivity compared to the mixing case (also sees Comparison with comprehensive ocean
g. 8), as long asDs ful lls a slightly more strin-  model

gent constraintDs  5584m. This reducesg by
merely 46 10 3Sv Thus, this new constraint is For a brief validation of the qualitative behaviour

well approximated by the more intuitive one of Of Our conceptual approach, experiments with a
equ. (27). However, even Ry slightly surpasses model of intermediate complexity were carried out
this constraint (same order of magnitude 18), varying vertical diffusivity and SO wind forcing.
the sensitivity of the Stommel (1961) model would All results are based on simulation with CLIMBER-
exceed that of the mixing-driven case below a fresh3@. described by Montoya et al (2005). It includes
water input in a close vicinity of,, ( g. 8 and ap- modules describing the atmosphere, land-surface
pendix C). In order to mutually compare the fresh-Scheme as well as sea-ice. The three-dimensional
water sensitivities of the different cases in our mod@c€anic component (MOM-3) has a horizontal res-
the implicit expressions of the derivativBsw=1Fy olutionof 375 3:75 and 24 non-uniformly spaced
are used. Appendix C reveals that some additiond€Ve!S covering the vertical extent.
parameter constraints grant that the freshwater sen- The rst set of steady state experiments inves-
sitivity of my in the mixing-driven case is higher tigates the in uence of vertical background diffu-
than that for the wind-driven case and the full prob-sivity in the ocean, analoguous to (Mignot et al
lem (also see g. 8). These new constraints are2006). Three experiments with vertical diffusiv-
again not violated by our parameter set. Thus, in4ty of 0:3;0:4 to 10 10 “m?=swere conducted.
dependent of the predominant driving mechanismThe second set of experiments follow Schewe and
the dynamics of the model pycnocline stabilisesLevermann (2010) and analyse the in uence of the
the Stommebverturning up to the critical thresh- zonal wind stress in the Drake Passage on the MOC.
old. The model can even bear a lower density dif-An ampli cation of the zonal wind eld was ap-
ference Dry, = 0:40kg=m*andDrg  0:2%g=n7’). plied in a latitudinal band between 25 S and
In correspondence with the nding that the wind- 30 Swith factors ofa = 0:5;1:0;1:5 and 2. Both
driven overturning is limited b@y, this case shows experiments are closely linked to one of the two
the lowest freshwater sensitivity below a small pos-upwelling mechanisms powering the AMOC. The
itive Fy. wind experiments directly affect the rate of Ekman

pumping in the SO, while changeskrexcert con-

trol on the low-latitudinal upwelling. The values

forD, Dr, my andmy mg are determined as de-

scribed in Levermann and Furst (2010).
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For appropriate parameters, our conceptual magddbund for the wind- and for the mixing-driven
captures the qualitative response of CLIMBER-3 case (see section 3). In the mixing-driven case, it
to changes in the magnitude of the two driving reproduces the classical scaling of the northern sink-
mechanisms ( g. 9). Thisis nottrivial since CLIMBERy with k22D r 1= introduced by Bryan (1987).
3a allows for many more complex feedback mech-Set by the SO winds, the purely wind-driven over-
anisms than the conceptual model. This con rmsturning imposes an upper bound for the northern
the choice for the central transport processes tsinking. For an overturning circulation, which is
be feasible and supports that the dynamics of th@powered by both driving mechanisms, a correspond-
AMOC is well described by variations in both the ing approximation of the northern sinking is found.
pycnocline depth and the meridional density gra-This scaling relation (see equ. 23) provides an in-
dient. structive equation for the respective in uences of
the two driving mechanisms and the SO eddy trans-
6 Discussion and conclusion port. This comprehensive case and the purely wind-

driven one exhibit no simple power law for the en-
In this study we address the question on whethetire range ofDr.
and to what extent the stability properties of the  One of the main results is the existence of a
AMOC depends on its driving processes that arecritical threshold beyond that no AMOC can be
associated with the upwelling branches of the oversustained, i.e. no physical solution exists in our
turning (Kuhlbrodt et al 2007). At the momenttwo model. The existence of an off-states for a wind-
mechanisms are under discussion: upwelling in thelriven overturning was already suggested by John-
low latitudes induced by turbulent mixing across son et al (2007) in a similar but slightly more com-
isopycnals and an ascent of water masses in thprehensive model than presented here. They com-
latitudinal band of the Drake Passage due to diputed the off-state by setting the northern sink-
verging westerly winds. We present a conceptualng to zero. It should however be noted that their
model which comprises both processes in addimodel as well as the one presented here are de-
tion to the salt-advection feedback considered asigned for a situation with a functioning overturn-
the heart of an AMOC instability. The strength of ing. While it is possible to determine the point at
our model lies in the possibility of studying qual- which solutions cease to exists, it is not obvious
itative differences between a mixing- or a wind- that these models can be used to compute the off-
driven overturning. state in any realistic way. In a G99 set-up an off-

First and foremost, considering the conceptualktate requires that SO upwelling is compensated

model to be in steady state, an analytic descriptiorby eddy return ow in the Southern Ocean. While
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Fig. 9: Solutions to the governing equation 10 as a functiohe Southern Ocean wind stress and the
vertical diffusivity. Results from CLIMBER-8 are superimposed assymbols. The panels depia)(
the pycnocline depth (in metersh)(the Northern sinkingny (in Sv), (€) the meridional density gradient
(in kg=m?) and @) the transport ef ciency. This quantity determines thecfian of the Northern sinking
supplied by the Southern Ocemy mg)=my.



21

it is clear that the tracer budget of heat and salin-  The sensitivity of the overturning to changesin
ity can be closed in this fashion, it is not obvi- freshwater uxes in the North Atlantic below the
ous whether the same holds for the momentuncritical threshold also depends on the main driv-
balance. For this, eddies would need to transporing mechanism.(section 4). Setting the pycnocline
signi cant amount of momentum. At present such depth in theStommemodel to a certain valuBg
a mechanism is not incorporated in most oceani@allows the sensitivity comparison to our model. This
general circulation models. is done by setting the critical freshwater input of
the Stommel (1961) model to the same position
Our conceptual model makes it however possi-as the threshold of the mixing-driven case. Under
ble to explore the existence and the position of thethis parameter constraint, the freshwater sensitiv-
critical freshwater threshold. The dependences ofty of the northern sinking is less pronounced in
this critical freshwater ux are crucially dependent the mixing-driven case than in Stommeimodel.
on the involved transport processes and can be exdnder further parameter constraints, we were able
press as a function of the meridional temperaturéo show that a mixing-driven overturning is more
difference. In our model relevant density and thussensitive to freshwater perturbations than an AMOC
temperature differences are taken between low andriven by SO winds. One can thus conclude that
high latitudes. Due to polar ampli cation this tem- the pycnocline dynamics stabilises the northern sink-
perature difference is likely to decrease under fu-ing under changes in the northern freshwater ux.
ture warming (e.g. Cai and Lu (2007)). We nd This might pose a problem for AMOC monitor-
that the sensitivity of the critical freshwater uxto ing since the threshold is not easily detected by
the meridional temperature difference is reduced signi cant, preceding slow-down (cp. gures 4.
from a quadratic dependence irséommemodel 5 and 7). It should be noted that the model pre-
(Rahmstorf 1996) to one of the power3lin the sented here was designed as a minimal model that
mixing-driven case and to 1 when SO wind forcing captures the salt-advection feedback in combina-
is included. Physically this means that the dynam-ion with a representation of both AMOC driving
ics of the pycnocline depth causes the overturnmechanisms. Levermann and First (2010) recently
ing to be more robust under atmospheric tempershowed that in order to capture the behaviour of
ature forcing. In addition, an overturning partially the coupled climate model CLIMBER&3under
or exclusively powered by SO winds is able to bearglobal warming an additional dynamical equation
higher freshwater uxes than a purely mixing-driverior the geometry of isopycnal out-cropping in the
circulation (with parameters chosen from table 1SO is necessary.

one ndsF, = 0:23Svcomparedtd- 0:60SV).
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Appendix Since we seek an expression for the Atlantic overturn-
ing, an integration over the zonal extént and the vertical

. o extentL of the ow is conducted. This gives the classical
A Scaling of the Northern Sinking ) o
scaling for the northern sinking

This section briey presents ve different approaches to

formulate scaling laws for the northern sinking. For each gD L

N=V L Lp=Cyz———" L% (31)

approach, a short derivation is given, which identi es the m froly

main assumptions and discusses their validity. In this con-

. . ) which is proportional to the meridional density gradi-
text, the difference between two vertical scales is empha- prop vy

. . . ent, to the ratio between zonal and meridional length scales
sised, the pycnocline depf and the level of no motion g

L Lm=Ly and to the square of the level of no motibn The

s . theoretical basis for this estimate constrains its spafal
1. The rst description fromRobinson (1960) also papal

. . . licability to (1) the geostrophic assumption which is not
called the classical scaling, assumes the meridional overp yto @) g P P

. . . . . . valid near continental boundaries and to (2) the ad-hostran
turning circulation to be in geostrophic balance. The verti

. L formation from zonal to meridional density gradients.
cal derivative of the momentum equation in the steady state

2. Gnanadesikan (19993uggests that a western bound-

yields
ary current exerts control on the northern sinking. Neglect
ing the velocity component perpendicular to the boundary,
w_ g Ir. (28)  arelation between the meridional pressure gradient and the
1z Ix’

meridional velocity is derived

when the hydrostatic equation is applied. Herde-
notes the meridional velocity, is the ocean density eld 1 1p ) g2
andg is the gravitational constant. oty nRPy = N’ (32)
Two scales, one for the meridional velocity elland one
for the characterisitic depth of the vertical pro le of hor- whereN? is the Laplacian andh is the dynamic vis-
izontal velocities, are introduced. The second is identi e Cosity in the boundary current. For the second equality it
with the level of no motion, where the mean meridional iS assumed that the zonal change in meridional velocity ex-
velocities vanish. Additionally using a scale for the zonal ceeds the changes in vertical and meridional direction by
density gradienf,r occurring over a length scalg gives ~ several orders of magnitude (Montoya et al 2005).

A scale analysis analogue to the previous paragraph pro-

vides
ghr L
V=>— —: 29
f ro LX ( )
In order to transform the zonal density gradient into ”iz = ceggi% = %999%2- (33)
L ro L ro Ly’
a meridional onelyr, the zonal and meridional velocity m o o
scales are linked. Albeit a radical generalisation, a @ost where the constaggg accounts for any effects of ge-
ratioV = CyU is assumed. ometry and boundary layer structure. For the second equal-

ity, where the hydrostatic equation is employed, a new ver-

tical scale heighD is introduced. This height represents the

_~ 90 L
V=Cir—— — (30) density strati cation of the ocean and is referred to as the
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pycnocline deptiD. where hg; hy are the layer depth at the eastern and
Integration yields another scaling law for the northerrksin  western boundary, respectively. The third step impliesdoh

ing son's rede nition of the pycnocline deptl (Johnson et al
2007).
The main difference to previous scalings is a dependence
my=V L Lp= CGQQ%Q/—: t—';DL : (34) on a density gradien®,r in the vertical direction. In addi-

tion this approach sees the reason for the geostrophic ow

In analogy with the classical scaling law, we again nd in a zonal tilt of the pycnocline depth. However, it is argued
proportionality to a meridional density difference. Howev  that an outcropping of the pycnocline occurs at the western
the relation between the Coriolis frequentyis replaced  boundary, while at the eastern boundary the pycnocline is
by the inverse of the zonal viscosity time scale in the west-equal toD (Johnson et al 2007).
ern boundary currerit?=n. Another even more important 4. A fundamentally different approach is provided by
change is the proportionality to the product of the pycno- Guan and Huang (2008)who introduce an energy con-
cline depthD and the level of no motioh . straint, instead of the well known buoyancy constraint.
This approach is drawn from the assumption that a merid-The idea is that the energy supply is used for diapycnal mix-
ional pressure gradient causes a frictional western baynda ing, which is described by a vertical advection-diffusion
current which limits the deep water formation in the Nordic balance. Using a scale for the vertical density difference
Seas. Dy,r, the scale of its vertical chang®g,(D,r) and another

3. In contrast to thisJohnson and Marshall (2002)  for the pycnocline deptiD, the equation can be rewritten
base their scaling of the northern sinking on an ocean modefor a constant diapycnal diffusiviti
of reduced gravity. It is built up by a surface layer of depth
hand an in nitely deep and motionless lower layer of xed
density. In this set-up, the level of no motion is implicitly WDzl = gDz(Dzr)3 (38)
equal to the pycnocline depth.

Assuming a geostrophic ow in the interior of the surface Assuming an exponential density pro le, the propor-

ocean basin to provide the water needed for the northerfionality D(D.r)  Der becomes valid.

sinkingmy, the meridional velocity becomes The gravitational potential energy (GPE) in a two-layer box

model, with a vertical density differend&r , increases due
to vertical mixing with a rate of gkD,r (per unit area).

g Dr 77_h (35) Thus, meridional and zonal integration over a range of re-
fro 7x’

spectivelylL,, andB yields

where D,r is the vertical density difference between

the two layers. Since the deplttis a function ofx, a zonal

integration from the western to the eastern boundary lead§pot = 9K LnB = gD, WDLyB: (39)
to
Rearranging the equation and integrating over the same
horizontal plane, a new scaling of the northern sinkingearis

%% or oo

my = hvdx= -— hg h§ (36)
Xw 2f ro
0 =5, _ Epot .
= 37 = : 40
2fro o ST gD,r D (40)
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It is obvious that this approach diametrically opposes are determined at opposite edges of the North Atlantic basin
the ones above, because the northern sinkiqgis now  respectively in meridional and zonal directions. Since the
inversely proportional to the vertical density gradiéht dependence on latitude is not the main focus here, the lati-
andD. This discrepancy is caused by its fundamentally dif- tudinal maximum for the equation is used, which is attained
ferent assumptions. Unlike in the others, an energy sourceity = %Ly.
for the circulation is included, which maintains diapycnal Inserting in the meridional geostrophic equation and apply
diffusion and therefore produces available potentialg@ner ing a scale analysis yields
Epot for the northern sinking.

5. Marotzke (1997)introduces a scaling law similar to
the classical approach. The difference lies in a convincing\f/ = CMaQ Or1. (42)

f ro L ’
transformation from a zonal density gradient into a merid- g

ional one. Marotzke links them by using several assump- whereCya is a constant accounting for geometry.
tions about the density strati cation of the ocean: Integrating twice in vertical direction from the surface to

1. The density of the ocean surface is solely a linear func-tn€ level of no motion gives

tion of latitude and the properties of the deep ocean are
given by the surface water of highest density.
my = cMa%%"fT L2 (43)
2. The western boundary water is supposed to be stably
strati ed, following an exponential density pro le. In correspondence to the classical scaling law, this one
also predicts a proportionality of the northern sinking to
3. The occurrence of Kelvin and Rossby waves in equato-a meridional density differencgyr of the ocean surface
rial regions eliminates all zonal isopycnal slopes exceptlayer, and to the square of the level of no motlon
for the western boundary current. Apart from geostrophy, itis the four assumptions from above
which should be evaluated to judge the validity of this scal-
4. At the eastern boundary, a well mixed surface layering. Marotzke argues that the rst three have already been
down to a xed deptle, is assumed. This depth is pre- used successfully and therefore are generally accepted. Th
scribed in equatorial regions up to a speci ¢ latitude, last one for the eastern boundary layer is based on model

where it becomes zero. This means that the isopycnapbservations (Marotzke 1997).

that separates the surface layer from the abyssal ocean, | this work, the decision fell on the approach of Marotzke
outcrops at a de ned latitude. (1997), because it combines the idea of a geostrophic cur-
rent and a boundary layer theory. In this way, the zonal pres-
sure gradient is convincingly converted into a meridional

This idealised strati cation provides a linear relation
one.

between zonal and meridional density differences
Note that although the level of no motidn and the pyc-
nocline depthD are physically different, these two scales
Dir(yiz) = Dr(vz)(1 y=Ly) y=Ly; (41) cannot be seen as independent from each other. The level
of no motion de nitely separates two water bodies whose
calculated at a speci ¢ deptha, with Ly being the merid-  dynamics brings water from spatially separated areas. But

ional extent of the basin. The density differend&s ; B, r this also creates a signi cant difference in the salinitglan
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temperature characteristics, which gives rise to strorag-st the two roots are imaginary or real. For cubic polynomials

i cation. ps,i [ps] < O signi es three real rootg, [ps] = 0 one real
root and; [ps] > O two imaginary and one real root. For
polynomials of degre@ 4, the connection between the

B Discriminants sign of the discriminant and the characteristics of thesoot

becomes more elaborate and will not be used later.

This section deals with the derivation of the discriminants In general, we assume that all volume ux constants

for the various model subcases. They contain all informa—CN.CU.CW.CE the mean density , the average salinity

tion needed to characterise the transition of the model besm the expansion coef cienta ; bs, the freshwater bridges

tween different dynamic regimes. Fu;Fs and the pycnocline depth are positive. In addition

A polynomial p, of degreen in one variablex2 Cis  the pole to equator temperature differeri2g can only be
described via its roots negative. This de nes the physical parameter space, which
we are going to adopt in the following discussion.

Pn(X) = anCB)(x aj) = A a X; (44)
i=1 i=0

) B.1 Mixing-Driven Case
whereaj;ap;:::;an are the roots op, and a, is the

coefcient of the highest order term. One general form to Instead of explicitly calculating the discriminant of thevg
determine its discriminant is erning polynomial of the mixing-driven case (equ. (13)), a
mathematical tool from number theory has been used (Leut-

D o X ) becher 1996, p.225), since it provides a simple way to com-
ilpl=n"C D7z ay" “Ofa a)°: (45) . I .

i< pute it. A so-called resolvent function is determined by the
original polynomial of degree four. On one hand, this new

Given a concrete polynomigh(x) with 2, & 0, then function is a polynomial whose order is reduced by one

i [pa] = Oifand only if py has a double root (Gelfand et al and its discriminant equals that of the governing polyno-

1994, Mathematics: Theory & ApplicatiorBiscriminants, mial (equ. (13)). It allows thus to calculate the discrinmiha

Resultants and multidimensional Determinapt404). This . . . .
via a polynomial of degree 3, which yields

can directly be deduced by applying the de nition of the

discriminant. It implies that a change in the amount of real

roots is indicated by the roots of the discriminant, whic ar iv= 2563 r3h3SF3CE  27ChricatDdt: @7

a function of the coef cientsy. If the sign of the discrimi-

nant; [pn] changes, it has drastic implications for the roots  ts zero transitions determine a critical value, where the

of the polynomialpy. This is best illustrated by a quadratic gynamic of the model changes. The root of the discriminant

polynomial pz, whose roots are found at reads, with respect to the freshwater ux,
3(20nr0) G Car e
q SR Fy = DG (48)
ar a2 dayag 8bsS
2

In order to compute the critical pycnocline depth and
The discriminant is the negative term within the square the corresponding northern sinking, an additional equatio

root j [p2] = 4axag af and its sign determines whether for the critical value is needed. A lemma from Galois theory
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states that the discriminant of a classical polynompjdk) B.2 Wind-Driven Case

in one variablex can be determined via the rst derivative

of the polynomialpd(x). We have The discriminant for the governing equation of the wind-
driven case (equ. (20)) is calculated in a straightforward
manner (Gelfand et al 1994, p.405)

im=malt O pm); (49)
g nl(9=0 (
iw = 4 Ciricyaipg

wheren is the maximal order of the polynomial al
oo v CRricRCl+ XAraChbsSRy afDeP
the coef cient of the highest order term (Gelfand et al 1994, 4
3, 3+~3 222 2, 2~2~3
p.404). If the discriminant is zero for a critical choice of + 3C{riCHbESHRS 5 r§CECH bsSoF aTD‘;

coef cients, at least one root of the polynomig| coincides
polynomiay +Cnr oCECly bsSoFn + 2G5 r §CECH bESHFRG + CRr §C b3S
with one root of its rst derivativepC.

The derivative of the governing polynomial of the mix-

ing case (equ. (13)) with respectfq yields This is a third order polynomial iffy and, in general,

there are three roots that determine the critical freshwa-
ter input. For our parameter set, only one real root can be

D beSyD* found, which we refer to aB,,. In general i, denotes the

ey 4bsSFD3+ 3a1DCy D2’ (50)

largest possible critical freshwater input. Although its s
lution can be analytically determined, it shows a lack of
while the denominator is the derivative of the same lucidity and therefore an approximation is presented. It is
possible to deduce that the derivative iy with respect
¥. To show this,

polynomial with respect td. Using the lemma, the dis-
criminant vanishes at the critical poiRj; and, consequently, 0 D@ is constant in the limiDgq !
the rst D-derivative of the polynomial shows a root. Since the discriminanw is divided by Dg®. Considering both

this derivative appears in the denominatorf@=17F, it  the temperature difference limit and thgf vanishes at the

diverges atF,. In addition, there is only one real value Critical point, yield that only a linear term remains. Witho
for Fy where the denominator crosses zero and thus thdhe offset, the linear approximation reads
derivative 1D =1Fy is positive for physicaD as long as

theFy < Fy. Finally, by inserting the critical valuig, into

Cw .
the derivative of the polynomial with respect By an ad-  (Fw)appr EaTDCI- (52)
ditional equation is obtained that permits the determamati
of the critical pycnocline deptb,, It is the temperature difference between the North At-

lantic and the equator in combination with the SO winds
that create a non-zero critical freshwater ux. The linear

4c, 1=3 estimate forF,, approximates the slope of the analytic so-
Dy = : (51)

CnroarjDq lution fairly well as long as

The relatiormy = % provides the key to nd the crit- 2
£

ical northern sinking. iDgi CuroCmar - 05 C: (53)



27

This expression is deduced frofffs,, = 7D g, which is which implies that is negative. Furthermore, is pos-
obtained by theD g-derivative of the discriminant &, . itive forall Dg 0, because the constarisare all positive
Knowing that the maximal dependenceRyf on Dqis lin- and terms with odd exponents are without exception mul-

ear (fact of the approximation), a comparison of the termstiplied by 1. Thus, ifz would be positive then the sum

in the resulting expression gives this restriction to the ap of the two cube roots is negative, because one substracts

plicability of the linearisation. the root of the sum of andp ¢ from the root of their dif-
Besides, using the same line of argument as in the preference. Howeverz s a polynomial of degree two with

vious section (Gelfand et al 1994, p.404), iralerivative exclusively positive constants with zeros at

of the governing polynomial of the wind-driven case (eq0))2

is zero atRy. This provides, on one hand, the information

that 7D =1Fy is positive forkRy < F,, (if there are more 10 zp 3 c2

than one real roots fdf, choose the smallest), and on the Do, = 27 "9 m : 7
other, it provides an additional equation to determine the

critical pycnocline depth. Inserting the linear approxima

tion for F, yields For our parameters, this implies that below a value of

Dg= 0:4 Courapproximation provides an upper bound-

ary for the critical freshwater ux. Observed ocean temper-

q
cz Ct 6CnroCiCwar Dq o ature differences between the North Atlantic and the equa-
3CnroCearDq ' 64) tor Dq differ considerably from zero and are likely on the

order of several degrees.
The linear approximation without the offs,elﬁ,\,)appr

exhibits an additional feature: it serves as an upper bound-
ary for R, for negativeD g. The complete analytic solution

for Ky as the root of w has the following structure

n p (o]
Fy = x Dg+ h+ z(Dg)+ c¢(Dq) (55)

n p 031=3
z(Dg+  c(Dqg)

Sincex is the same constant which was already found
in our approximation, the other terms must sum up to a neg-
ative value, if the approximation should serve as an upper

boundary. The respective terms are calculated via

B.3 Full Problem

- 2 _CG

3 CnrobsS
z=2 DF+2z Dq 2 (56)  For the full problem, the discriminant for the normalised
c=cs DG c3 DF+cy; DF ¢ Dg; form of the governing equation (10) is
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discriminant;  is a polynomial of degree ve itfy. More-

over, such a polynomial has at least one real root.
i = a* 27d*+ l44ad’e 12&%¢° 192dé

+2a  2c%d%+ 8c'e 40bPde 3b’de
18d% 80Me’ + 9bcd’ + 72h%ce? + 80cd & C Sensitivity to Fy
+a%  6c%d®+ 24c3de 27m*¢?  500%€?

The fundamental idea is to show that B®mmemodel is

3.3 3 4
+200@e’  4b°d®+ 18b°cde+ 144nd more sensitive to a change in the freshwater Fgxthan our

74@cle+ 5602 + b?cPd?  4b’cle model. This is done by analysing the derivativengf with
+1020%d€ + a 24b3d2e respect td in the steady state. Again the set of parameters

6303 + 18b3d2  72bcte+ 160bdPe is chosen to be physical (see appendix B). The analysis,

presented here, can be reduced to the following problem.
205(Mcd€  80b%cd® + 3580%c*de _ .
Given two functions

225M%e®  19cd*+ 1026%d%e  900:3€?

25000 +  27c*d?+ 256d°

f;g: R7! R

1=2
p _
T x g(x) = X0

+10&%e 160@¢d’e+ 108°€? + 22502de?
+256°e® + 312%* + 16b*d®  72b'cde f(x) =

+144d°  63mccde+ 200(bd’e?  375Mce ) o
with x2 R andp;q;r 2 R*. The real functiors is re-

2 14 2.2 2.2

128"d* + 560’ cd’e+ 8250°c’e” ferred to as the pole function.

4p3c?d? + 160%c%e  90M3dE The intersectiong; of these two functiong (x;) = g(x;) are

determined via the following equation
with the following de nitions
r
_ 2o r2.

X=sx) oo o P skt

2 2p p
£+ CnroarDg+ CyrobsSFy

CnroCearDq If the expression within the root is negative, then there
b= CvroCuarDg  2CeCw ist exclusively imaginan. This implies that if the bol
CuroCearDq exist exclusively imaginary;. This implies that if the pole
.- C2, 2G,CE =8) of function f at g has a smaller value than that gfat
CnroCearDg s(x), and their difference is larger thaR=(4p), then the
d= _ LG two functions do not cross for < ¢. Assumeq < §(x)
CnroCearDq o
c2 r<=(4p), then
c= ——:
CNrOCEaTDq
Analogous to the previous cases, the derivative of theg(x)  f(X) T x2R:f(x) O;

polynomial (equ. (10)) is zero for the critical freshwater

input (Gelfand et al 1994, p.404). Although this provides The crucial question is which restriction fois de ned
the additional equation to determine the critical pycreeli by the conditiorg < s(X)  r2=(4p).

depth, the required is not available in an analytic form The derivativeffmy = TFy is chosen to measure the sen-

(only one reaF¢ is observed for our parameter set), as the sitivity of the various subcases and they are associatdd wit
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f andg (x stands forFy). In the Stommelcase, the ana-

approximative upper boundary fStommel'prescribed py-

lytic function for my is available (compare section 3) and cnocline deptiDg

its derivative with respect tBy is a function of the fornt.

On the other hand, we nd for each subcase of our model

an implicit form of the functionfmy =7Fy which is rep-
resented by typg. Rearranging the speci c volume ux
balance (equ. (1)) gives an expression figy. The func-

tion Tmy =TFy is calculated using thEy-derivative of the

associated governing equation. The mathematical corsidewgiving constraints of 79m  Dg

1=3

P2 Cu

pmax
S 3 2CnroatD q (63)

which has, in our framework (see table 1), a value of
564:1m. The exact solution can also be analytically derived
5584m= DI* The

ations reveal that the pole functions for all subcases of oulower analytic bound, is not physical because it causes a

model must exceed that of tlBtommektase by more than

negative expression under the square root in equation (7).

r2=(4p), in order to show that the Stommel (1961) model is The upper analytic bound is lower than our approximative

more sensitive téy.

P = 2 S 2uroarDaD} (59)
Fpole = %agsg)q (60)
REE = 30290y am+ TEM D) (g
FFpole _ abTSg)q My ng+ %TIJ (62)

m dmemy+ 30, memy+ gmymw
CnrobsSD? '

At rst, the pole of the mixing-driven cas&?°'® is
compared to the constant one of tBommekcaseF .
Since the derivative afiy with respect tdy in the mixing-
driven case is negative as longkgsis smaller thark,, (cf.
function g), my decreases strictly monotonic wiky (see
g. 4). For Fy = F”® this derivative diverges and, con-
sequently, the smallest value fo is reached. This min-

imal value equals the critical freshwater ingty; (cf. ap-

value for all physical parameter sets and is in good agree-
ment with the approximation. The analytic constraint isenor
stringent and therefore also guarantees that the Stommel
(1961) model's critical freshwater inp@°'® does not ex-
ceed that of our mixing-driven cas&l®®. As long as this
criteria for theStommetase is valid, it is suf cient to show
that the poles for the wind-driven ca&@®® and the full
problemF"°'® surpass the critical value of the mixing-driven
casefr,. ThenStommel'snodel would be more sensitive to

a change in freshwater uky than our conceptual frame-

work.

Starting with the wind-driven case, the conditlﬁﬁ"e

Fy yields a polynomial of degree two

arDq >, CeCw (o3
0 6 Ce D+ 64
bsS - CnrobsS CnrobsS ®4)
arbg 1, 13 .
+ bS 3(4CUCNr0aTDq) 4Gy D;

whose two real roots have opposite signs for a physical

pendix B) which provides an analytic expression. Note thatchoice of parameters. This conclusion can be made by com-

solutions forky > F, are not physical (see section 3.1). All
in all, the position of the pole in th8tommetaseF"'® has
to undercut the minimal value fd&)! corrected by the re-
spectiver?=(4p) in order to be more sensitive. Sinc&e(4p)

is in the order of 103Sy it will for the moment be ne-

paring the signs of the different factors in the formula for
the roots (not shown). The positive zero is an upper bound-
ary toD in the wind-driven cas®[J®= 913m. Figure 5a
illustrates that for our parameter set, the stable branch of

the pycnocline depth does not reach this critical value. The

glected, to get a useful qualitative expression. We nd anfound constraint is merely implicit because all parameters
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must be set to determine the variablelt actually indicates  reasonable positiv€g only one zero exists,w is nega-
a direct restriction on the parameter space. tive up to this roolCI'®* = 1:2 10 2S\=m. This does not

A more rigorous approach makes use of the discrimi-seem to be a severe criterion, because it lies one orders of

nantjw (equ. (52)). magnitude above the used value (cf. table 1). Under this

In order to check the sign of the discriminant, the freshwa- condition,F, is bigger than that of the mixing-driven case

ter ux Fy is substituted by the critical value of the mixing- Fy. Since the functiorRj*"® is strictly monotonic decreas-
pole

driven casd. As long as it is negative, three solutions for ing with Fy (seen from its derivative)fy, ™ is larger than

the wind-driven case exist. This is associated to a freshwathe maximalRy. In other wordsFy, Ry, R{*® This

ter input, which is smaller than the maximal critical value ensures that the wind-driven case is overall less sensitive

for Ry (see appendix B.2). The discrimingny basically ~ to a change in freshwater than Stommel (1961). To claim

reads that the wind-driven case is less sensitive than the mixing-
driven case, it is necessary to compare their two derivative
my =TFRy directly. For that the analytic solutions of the

iw = S4 Cé + S5 Cé + So; (65) pycnocline depth in the two cases are needed, which would
give a rather complex mathematical constraint. Therefore

while s;j are parameter dependent constants @ndé  the analytic form of this constraint is omitted here but it is

positive (cf. appendix B.2).w is a polynomial of degree in principle depicted in gure 8. This gure indicates that

four inCg with even exponents which makes it axially sym- for our parameter set the derivative in the mixing-driven

metric around the ordinate. In general, four zeros are decase is higher than the one in the wind-driven case.

ned by For the full problem an analytic constraint for the pa-

rameter set is not possible but an implicit one for the vari-

ableD can be provided. A polynomial of degree four arises

p_— 1=2
Celros = @ (@ &) (66)  from the conditiorFP'®
with
0 D* 5nCg + (68)
Cnro + D% 4nCy 4R, 2nCE +
&7 bR
1 o + D? (3nCy + 3 nCeCy)
— 2 52 2
e = ;ChafDe + SCyarDabsSFy  2b3Sj(Fy)167) + D 2C G n
1 3
& = EQ‘,‘\,a{}Dq“ EQ%&?DquSSOF,\,ﬁ nGwCu :

+Cga2Dq?b2Sh(Fy)? 320warDgBES(Fy)®:

with the positive constants

Excluding negative and imaginary values €@, only

one positive zero remains, becauseis positive and the

difference betweer, and” & is negative. The second con- M= arbg (69)
: 4bsS
clusion is based on the fact that from the rst termén  p = (2CyrobsS) *: (70)
something is subtracted, while to the rst terménsome-
thing is added - as long a3q is negative. The graph of For our set of parameters, two positive real roots are

iw has a lower boundary, becausgis positive. Since for  found, along with a pair of negative roots. To ensure that the
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inequality holds, the positive roots are the upper and lower It is furthermore notable, that a direct in uence of the
limit for the pycnocline depth of the full case 361 D entire model geometry is only noticed in the absolute salin-
1329m. The upper constraint is out of the range of the ob-ities. Their relative differences are only dependentDyn
served values, while the lower one is identi ed with a large which is a function of the widtlB and the meridional ex-
negative freshwater input in the North Atlantic (cf. g. 7). tent of the low-latitudinal box . The relative values of the

If these constraints for the variablzare ful lled, the pole  salinities are derived from the system of equations for the
function of the full problenFFpOIe is smaller than the mini-  equilibrium salinities (see equ. (5)). A brief overview for
mal one of the mixing-driven casg,. For the full problem  the different subcases is given.

to be less sensitive than the mixing-driven case additional

constraints must hold. They emanate from the direct com-

parison of their respective derivativsw =Ry, whichin-  Mixing Driven Case

clude the full analytic solutions fdD in both subcases. We
omit the complex, analytic form of the constraint since we

FuD

= + — 72

nd that our parameter set does not violate it (cf. g. 8). & Cu S (72)
Altogether, it can be concluded that if the Stommel =S 73)

(1961) model uses a pycnocline depttibgf 5584m, then

) o . . In this special case the southern ocean box is discon-

its northern sinking is more sensitive to a changByjrthan

. ) . . nected from the others. Its salini§ is therefore indepen-
in our model. In other words, if the critical freshwater impu

o 3 dent and is only determined by the average ocean salinity.
of theStommeinodel is slightly lower (10°Sy) than that of
the mixing-driven case, then our model is less sensitive to a
change in freshwater ux - if constraints on the parameter i )

_ _ » o D.1 Wind Driven Case
choice are considered. Under further conditions, it is edgu

that the mixing-driven case is less sensitive than the wind-

driven case or even the full problem. All these constraintsg, = g+ % S (74)
are ful lled for our physical set of parameters. . CeD . Fy Fy+ Fs . 5
Cv Gw CeD Cw
v FRutFs
= + 76

S= S Cw CD G S (76)
D Salinity Equations
Here we presents the equilibrium solutions for the box salin D.2 Full Problem
ities with respect to the determined pycnocline ddptiAll
box salinities are given in reference to that of the northern Fa

__— = St (77)

box Sy. The system gets consistent if an average salinity H+Cy CeD
for all boxes ofS is prescribed, which gives the additional o s CeD CeDFRy % +Cy CeD FS/
equation to determingy %U +GCy CeD %UCW+ Qﬁﬁ CeCy {

1]
%+ Gy CeDRv F+Gwv CeD Fs’

S = Su+
Y+0nv CeD  FOwrCGhrCQy

MW+W+W+Vs) =W SN+W S+Ww H+Vs St

(71) Acknowledgements
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