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Motivation

Wavelet Spectrum of NINO3 time series (Gu & Philander 1995)
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Motivation

Wavelet Spectrum of White Noise Realization
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Motivation

Question1
What are the effects of multiple testing and how

can they be taken into account?

Multiple Testing:

If a signi�cance level of, e.g. 95 % is chosen, 1000 realizations
would by de�nition yield on average 50 false positive results.

The wavelet spectrum signi�cance test is applied to every po int in
time and scale (i.e. pointwise) and thus by de�nition should lead to
false positive results.
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Motivation

Wavelet Cross Spectrum of NAO and NINO3 time series
(Huang 1998)
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Motivation

Wavelet Cross Spectrum of White Noise Realization and Sine Wave
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Motivation

Question2
How do cross wavelet measures have to be

interpreted?
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Motivation

Questions arising:

� Multiple testing effects

� Interpretation of wavelet measures

Closely related are:

� Speci�city of signi�cance tests

� Sensitivity, i.e. the power of signi�cance tests
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Wavelet Transformation

Continuous Wavelet Transformation

Given a time series s( t ) , then its CWT with respect to the wavelet g
at scale a and time b reads

W g s( t )[ b; a] =
Z

dt
1

a
�g

 
t � b

a

!

s( t )

Inverse Transformation

Given a wavelet transformation r (b; a) , then a possible inverse
transformation with respect to the reconstruction wavelet h at time t
reads

M h r (b; a)[ t ] =
Z

H

db da

a
r (b; a)

1

a
h

 
t � b

a

!
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Wavelet Transformation

Properties of the Continuous Wavelet Transformation

� Reproducing kernel

r (b; a) is a wavelet transformation, if and only if

r (b; a) =
Z 1

0

da 0

a0

Z 1

0
db0 1

a0
Pg;h

�
b � b0

a0
;

a

a0

�
r (b0; a 0)

with Pg;h (b; a) = W g h( t )

Any time/frequency resolved methods are subject to a
time/frequency uncertainty relation. This causes internal
correlations, given by the reproducing kernel.
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Wavelet Transformation

Internal Correlations
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Wavelet Transformation

Internal Correlations

Wavelet Spectrum of White Noise Realization
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Wavelet Transformation

Properties of the Continuous Wavelet Transformation

Reproducing kernel of the morlet wavelet at scales 4, 16, 64.
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Part I
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Measures I

Wavelet Spectrum

WPS g (b; a) = hjW g s( t ) j2 i

WCP 1;2
g (b; a) = hW gs1 ( t )W �

g s2 ( t ) i = A 1;2
g (b; a)ei � 1 ; 2

g ( b;a )

WCO 1;2
g (b; a) =

jWCP 1;2
g (b; a) j

(WPS 1
g (b; a)WPS 2

g (b; a)) 1=2

The spectrum WPS (b; a) denotes the variance at scale a and time
b.
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Measures I

Wavelet Cross Spectrum

WPS g (b; a) = hjW g s( t ) j2 i

WCP 1;2
g (b; a) = hW gs1 ( t )W �

g s2 ( t ) i = A 1;2
g (b; a)ei � 1 ; 2

g ( b;a )

WCO 1;2
g (b; a) =

jWCP 1;2
g (b; a) j

(WPS 1
g (b; a)WPS 2

g (b; a)) 1=2

The cross spectrum WCS (b; a) denotes the fraction of covariance
at scale a and time b. The phase spectrum �( a; b) denotes the
phase difference between the processes at scale a and time b.
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Measures I

Wavelet Coherency

WPS g (b; a) = hjW g s( t ) j2 i

WCP 1;2
g (b; a) = hW gs1 ( t )W �

g s2 ( t ) i = A 1;2
g (b; a)ei � 1 ; 2

g ( b;a )

WCO 1;2
g (b; a) =

jWCP 1;2
g (b; a) j

(WPS 1
g (b; a)WPS 2

g (b; a)) 1=2

The coherency is de�ned as the normalized modulus of the cros s
spectrum, i.e. a value between 0 and 1, giving the degree of a linear
relationship between the two processes at scale a and time b.
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Measures I

Wavelet Coherency

WPS g (b; a) = hjW g s( t ) j2 i

WCP 1;2
g (b; a) = hW gs1 ( t )W �

g s2 ( t ) i = A 1;2
g (b; a)ei � 1 ; 2

g ( b;a )

WCO 1;2
g (b; a) =

jWCP 1;2
g (b; a) j

(WPS 1
g (b; a)WPS 2

g (b; a)) 1=2

These measures

� depend on the wavelet used for the analysis,

� are de�ned by time series, not by processes.
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Estimation I

Ideal setting to study an estimator:

Process with known
properties

direct problem

w
w
w
w
•

~
w
w
w
w

inverse problem

Realization
(i.e. time series)
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Estimation I

Actual setting in wavelet spectral analysis:

Process with unknown
properties

direct problem

w
w
w
w
•

~
w
w
w
w

inverse problem

Realization
(i.e. time series)
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Estimation I

Actual setting in wavelet spectral analysis:

Process with unknown
properties

direct problem

w
w
w
w
•

~
w
w
w
w

inverse problem

Realization
(i.e. time series)

+

What do wavelet spectra estimated from time
series represent?
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Part II
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Measures II

For the study of wavelet spectral
estimators, we suggest to utilize

nonstationary stochastic processes
with known wavelet spectra
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Measures II

A class of nonstationary stochastic processes

Characterize a process in wavelet domain by
wavelet multipliers m (b; a)

Realization in the time domain by �ltering white noise:

s( t ) = M h m (b; a)W g � ( t )

with � ( t ) � N (0 ; 1) and h� ( t 1 ) � ( t 2 ) i = � ( t 1 � t 2 ) .

Dec. 13th 2005 { p.20/54



Measures II

Equivalence class of processes

� Spectrum

S(b; a) = jm (b; a) j2

� Cross Spectrum

CS (b; a) = m 1 (b; a)m �
2 (b; a)

� Coherency

COH (b; a) =
jm 1 (b; a)m �

2 (b; a) j

[( jm 1 j2 + jm 1;i j2 )( jm 2 j2 + jm 2;i j2 )] 1=2
;

where m 1;i and m 2;i denote fractions of independent power.
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Measures II

Estimators

� Spectrum

Ŝg (b; a) = A (ajW gs( t ) j2 )

� Cross Spectrum

ĈS
1;2
g (b; a) = A (aW g s1 ( t )W �

g s2 ( t ))

� Coherency

^COH
1;2
g (b; a) =

jĈS
1;2
g (b; a) j

( Ŝ1
g (b; a) Ŝ2

g (b; a)) 1=2

(A(.) denotes an averaging operator)
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Measures II : Example

Example: Stochastic Chirp

Spectrum S(b; a) = jm (a; b) j2
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Measures II : Example

Time

S
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Typical realization (spectral estimate and time series)
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Measures II : Example

Spectrum estimated from 1000 realizations
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Estimation II : Variance

Smoothing to reduce the variance

Recalling the reproducing kernel I.
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Estimation II : Variance

Smoothing to reduce the variance (Maraun & Kurths, 2004)

moving average over
scale windows in
logarithmic scales

moving average over
time windows proportio-
nal to scales
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Estimation II : Signi�cance Testing

Sensitivity: low � -error

Every time the null hypothesis is wrong,
the test detects it.

Speci�city: low � -error

Only if the null hypothesis is wrong,
the test detects it.
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Estimation II : Signi�cance Testing

Sensitivity: low � -error

Every time the null hypothesis is wrong,
the test detects it.

Speci�city: low � -error

Only if the null hypothesis is wrong,
the test detects it.

A test can never be perfectly sensitive and speci�c.
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Estimation II : Signi�cance Testing

Sensitivity: low � -error

Every time the null hypothesis is wrong,
the test detects it.

Speci�city: low � -error

Only if the null hypothesis is wrong,
the test detects it.

A test can never be perfectly sensitive and speci�c.

� In alerting systems, high sensitivity is required
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Estimation II : Signi�cance Testing

Sensitivity: low � -error

Every time the null hypothesis is wrong,
the test detects it.

Speci�city: low � -error

Only if the null hypothesis is wrong,
the test detects it.

A test can never be perfectly sensitive and speci�c.

� In alerting systems, high sensitivity is required

� In science, high speci�city is desired to obtain robust resu lts
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Estimation II : Signi�cance Testing : Pointwise

Wavelet spectrum jm (b; a) j2

Given a process X (t ) and a realization x ( t ) . A pointwise test
against a red background spectrum can be performed as follows:
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Estimation II : Signi�cance Testing : Pointwise

Wavelet spectrum jm (b; a) j2

Given a process X (t ) and a realization x ( t ) . A pointwise test
against a red background spectrum can be performed as follows:

� de�ne a signi�cance level 1 � �
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Estimation II : Signi�cance Testing : Pointwise

Wavelet spectrum jm (b; a) j2

Given a process X (t ) and a realization x ( t ) . A pointwise test
against a red background spectrum can be performed as follows:

� de�ne a signi�cance level 1 � �

� �t AR1-model to the data

� Perform MC-simulations with this model to estimate the
AR1-spectrum to derive critical values as a function of scale.
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Estimation II : Signi�cance Testing : Pointwise

Wavelet spectrum jm (b; a) j2

Given a process X (t ) and a realization x ( t ) . A pointwise test
against a red background spectrum can be performed as follows:

� de�ne a signi�cance level 1 � �

� �t AR1-model to the data

� Perform MC-simulations with this model to estimate the
AR1-spectrum to derive critical values as a function of scale.

� Pointwise comparison of wavelet spectrum and critical values.
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Estimation II : Signi�cance Testing : Pointwise

Wavelet spectrum jm (b; a) j2

Given a process X (t ) and a realization x ( t ) . A pointwise test
against a red background spectrum can be performed as follows:

� de�ne a signi�cance level 1 � �

� �t AR1-model to the data

� Perform MC-simulations with this model to estimate the
AR1-spectrum to derive critical values as a function of scale.

� Pointwise comparison of wavelet spectrum and critical values.

This test does not account for multiple
testing, i.e the test is highly unspeci�c !
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Estimation II : Signi�cance Testing : Pointwise

Wavelet Spectrum of NINO3 time series [Gu & Philander 1995]
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Estimation II : Signi�cance Testing : Pointwise

Wavelet Spectrum of White Noise Realization
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Estimation II : Signi�cance Testing : Pointwise

Wavelet cross spectrum m 1 (b; a)m �
2 (b; a)
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Estimation II : Signi�cance Testing : Pointwise

Wavelet cross spectrum m 1 (b; a)m �
2 (b; a)

No signi�cance test is possible!
(Maraun & Kurths 2004)

Dec. 13th 2005 { p.32/54



Estimation II : Signi�cance Testing : Pointwise

Wavelet cross spectrum m 1 (b; a)m �
2 (b; a)

No signi�cance test is possible!
(Maraun & Kurths 2004)

Given two processes X (t ) and Y (t ) and two realizations x ( t ) and
y ( t ) .

� The true wavelet cross spectrum (WCS) measures the
covarying power. For uncorrelated processes, the WCS is
zero, for correlated processes different from zero.
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Estimation II : Signi�cance Testing : Pointwise

Wavelet cross spectrum m 1 (b; a)m �
2 (b; a)

No signi�cance test is possible!
(Maraun & Kurths 2004)

Given two processes X (t ) and Y (t ) and two realizations x ( t ) and
y ( t ) .

� The true wavelet cross spectrum (WCS) measures the
covarying power. For uncorrelated processes, the WCS is
zero, for correlated processes different from zero.

� The WCS-estimator is always different from zero. Since WCS
is a non-normalized measure, it is not possible to decide,
whether a large deviation from zero is due to high power in one
or the other of the processes, or because of covarying power.
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Estimation II : Signi�cance Testing : Pointwise

Wavelet Cross Spectrum of White Noise Realization and Sine Wave
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Estimation II : Signi�cance Testing : Pointwise

Wavelet coherency

Given two processes X (t ) and Y (t ) and two realizations x ( t ) and
y ( t ) . A pointwise test might be performed as follows:
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Estimation II : Signi�cance Testing : Pointwise

Wavelet coherency

Given two processes X (t ) and Y (t ) and two realizations x ( t ) and
y ( t ) . A pointwise test might be performed as follows:

� Similar to wavelet spectrum, but because of the normalization
the critical values are constant in scale and independent of the
processes to be analyzed (Maraun & Kurths, 2004)!
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Estimation II : Signi�cance Testing : Pointwise

Wavelet coherency

Given two processes X (t ) and Y (t ) and two realizations x ( t ) and
y ( t ) . A pointwise test might be performed as follows:

� Similar to wavelet spectrum, but because of the normalization
the critical values are constant in scale and independent of the
processes to be analyzed (Maraun & Kurths, 2004)!

This test does not account for multiple
testing, i.e the test is highly unspeci�c !
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

Pointwise tests are highly unspeci�c
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

Pointwise tests are highly unspeci�c

General problem of time series analysis:
Due to multiple testing, spurious results occur.

Speci�c problem of continuous wavelet analysis:
Due to internal correlations, the spurious results appear as patches.
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Pointwise tests are highly unspeci�c

General problem of time series analysis:
Due to multiple testing, spurious results occur.

Speci�c problem of continuous wavelet analysis:
Due to internal correlations, the spurious results appear as patches.

but:

Speci�c advantage of continuous wavelet analysis:
Due to internal correlations, spurious patches have characteristic
sizes depending on scale.
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

Pointwise tests are highly unspeci�c

General problem of time series analysis:
Due to multiple testing, spurious results occur.

Speci�c problem of continuous wavelet analysis:
Due to internal correlations, the spurious results appear as patches.

but:

Speci�c advantage of continuous wavelet analysis:
Due to internal correlations, spurious patches have characteristic
sizes depending on scale.

Idea:
Use the internal correlations to decide,

whether a patch is signi�cant or not.
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Estimation II : Signi�cance Testing : Globally

Recalling the reproducing kernel II

The area of spurious patches is given by the reproducing Kernel.
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

1. Estimate the patchsize-distribution:
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

1. Estimate the patchsize-distribution:

� Perform MC-simulations of a background model.

� Apply pointwise statistical test on each realization.

� Estimate distribution of the size of “signi�cant” patches.

� Choose a speci�c quantile for signi�cance.
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Estimation II : Signi�cance Testing : Globally
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Estimation II : Signi�cance Testing : Globally

Global tests for wavelet spectrum and coherency

1. Estimate the patchsize-distribution:

� Perform MC-simulations of a background model.

� Apply pointwise statistical test on each realization.

� Estimate distribution of the size of “signi�cant” patches.

� Choose a speci�c quantile for signi�cance.

2. Global testing of a speci�c time series:

� Apply pointwise test on the time series.

� Check for every patch, if its size exceeds the quantile.
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Estimation II : Signi�cance Testing : Globally

Examples revised

Wavelet Spectrum of NINO3 time series
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Estimation II : Signi�cance Testing : Globally

Examples revised

Wavelet Spectrum of White Noise

Dec. 13th 2005 { p.39/54



Estimation II : Signi�cance Testing : Globally

Examples revised

Wavelet Coherency of NAO and NINO3
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Estimation II : Signi�cance Testing : Globally

A speci�city study

Given a stationary white noise spectrum, is
the test speci�c to identify that all patches

are spurious?
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Estimation II : Signi�cance Testing : Globally

A speci�city study

Given a stationary white noise spectrum, is
the test speci�c to identify that all patches

are spurious?

Idea:

� simulate N realizations of gaussian white noise

� count the number of false positive patches in relation to the
rejected patches.
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Estimation II : Signi�cance Testing : Globally

A speci�city study

Given a stationary white noise spectrum, is
the test speci�c to identify that all patches

are spurious?

Idea:

� simulate N realizations of gaussian white noise

� count the number of false positive patches in relation to the
rejected patches.

Result:

About 7% of the patches are spuriously
detected to be signi�cant, i.e. 93% of the

false positive patches are sorted out.
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Estimation II : Signi�cance Testing : Globally

A sensitivity study

Given a spectrum af a certain size in the
time/frequency domain superimposed by
noise, is the signi�cance test sensitive to

detect it?

Idea:

� simulate N realizations of a gaussian bump of different sizes
and background noise levels

� check whether the signi�cance test detects the bump

� the ratio between the number N p =N of positive tests versus
total realizations gives the power of the test
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Estimation II : Signi�cance Testing : Globally

m(a,b), bumpwidth � = 2
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Estimation II : Signi�cance Testing : Globally

m(a,b), bumpwidth � = 4

Dec. 13th 2005 { p.43/54



Estimation II : Signi�cance Testing : Globally

m(a,b), bumpwidth � = 12
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Estimation II : Signi�cance Testing : Globally

m(a,b), bumpwidth � = 20
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Estimation II : Signi�cance Testing : Globally

bumpwidth � = 4 , noiselevel=0.1
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Estimation II : Signi�cance Testing : Globally

bumpwidth � = 4 , noiselevel=1
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Estimation II : Signi�cance Testing : Globally

bumpwidth � = 12 , noiselevel=0.1
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Estimation II : Signi�cance Testing : Globally

Time

0 20 40 60 80 100

-2
0

2
4

bumpwidth � = 12 , noiselevel=1
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Estimation II : Signi�cance Testing : Globally

Noiselevel
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In how many of the simulations were more than 0, 33, 50, 66% of
the bump-area estimated to be signi�cant?
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Summary

Summary

� We evaluated wavelet spectral analyses and pointed out
typical pitfalls

� We de�ned an equivalence class of stochasic processes in the
wavelet domain

� We utilized the reproducing kernel to develope a global
signi�cance test for wavelet spectral analyses.

� We tested speci�city and sensitivity of this test.

Software

� An R-package for wavelet analysis may be downloaded from
http://www.agnld.uni-potsdam.de/� maraun/wavelets
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Thank you for your attention!

Dec. 13th 2005 { p.47/54



Estimation II : Variance

� The wavelet scalogram is � 2 -distributed with 2 degrees of
freedom.
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Estimation II : Variance

� The wavelet scalogram is � 2 -distributed with 2 degrees of
freedom.

� The variance might be reduced by smoothing in time and scale
direction (accepting an increasing bias). As neigbouring
wavelet coef�cients are not uncorrelated, the result is no
longer � 2 -distributed (Maraun & Kurths 2004).
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Estimation II : Variance

� The wavelet scalogram is � 2 -distributed with 2 degrees of
freedom.

� The variance might be reduced by smoothing in time and scale
direction (accepting an increasing bias). As neigbouring
wavelet coef�cients are not uncorrelated, the result is no
longer � 2 -distributed (Maraun & Kurths 2004).

� The smoothing length has to take into account the internal
correlations to average an identical amount of “information”.
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Estimation II : Variance

Smoothing to reduce the variance

Recalling the reproducing kernel I.
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Estimation II : Variance

Smoothing to reduce the variance (Maraun & Kurths, 2004)

moving average over
scale windows in
logarithmic scales

moving average over
time windows proportio-
nal to scales
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Estimation II : Variance

Smoothing in scale direction
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Estimation II : Variance

Smoothing in time direction
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Discussion

Hannover Rainfall vs. NAO

Wavelet Cross Spectrum (after Markovic 2005)
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Discussion

Hannover Rainfall vs. NAO

Wavelet Coherency
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