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Abstract. We comparecouplednonlinearclimate models
andtheir simplified forced counterpartsvith respecto pre-
dictability andphasespaceopology Varioustypesof uncer
tainty plagueclimate changesimulation,which is, in turn,
acrucialelementof EarthSystemmodelling. Sincethe cur-
rently preferredstrateyy for simulatingtheclimatesystemor
theEarthSystematlarge,is thecouplingof sub-systenmod-
ules(representinge.g., atmospherepceans global vegeta-
tion), this paperexplicitly addressethe errorsandindeter
minaciesgeneratedy the couplingprocedure Thefocusis
on a comparisorof forceddynamicsasopposedo fully, i.e.
intrinsically, coupleddynamics.Theformerrepresenta par
ticular type of simulation,wherethe time behaiour of one
complex systemscomponenis prescribedby dataor some
otherexternalinformationsource.Sucha simplifying tech-
niqueis oftenemployedin EarthSystemmodelsin orderto
save computingresourcesin particularwhenmassve model
inter-comparisonsieedto be carriedout. Our contribution
to thedebatds basedn theinvestigationof two representa-
tive modelexamplesnamely(i) alow-dimensionatoupled
atmosphere-oceaimulator and(ii) areplica-like simulator
embracingcorrespondingomponents.

Whereasn generatheforcedversion(ii) is ableto mimic
its fully coupledcounterpari(i), we show in this paperthat
for a considerabldraction of parameter and state-space,
the two approachegjualitatively differ. Herewe take up a
phenomenoiconcerninghe predictabilityof coupledversus
forced modelsthat was reportedearlierin this journal: the
obsenationthatthetime seriesof theforcedversiondisplay
artificial predictive skill. We presentanexplanationin terms
of nonlineardynamicaltheory In particularwe obsene an
intermittent version of artificial predictive skill, which we
call on-off synchronizationandtraceit backto the appear
anceof unstableperiodic orbits. We alsofind it to be gov-
ernedby a scalinglaw that allows us to estimatethe prob-
ability of artificial predictive skill. In additionto artificial
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predictabilitywe find artificial bistability for the forcedver
sion,which hasnotbeenreportedsofar. Theresultssuggest
thatbistability andintermittentpredictability whenfoundin
aforcedmodelset-upshouldalwaysbe cross-alidatedwith
alternatve couplingdesignsbeforebeingtakenfor granted.

1 Introduction

In theclimatemodellingcommunityit is commonpracticeto
establisha modularstructure,consistingof ecospherebio-
sphereyegetation oceanatmospheregtc.,thatbuilds upan
EarthSystemModel (cf. the Climate SystemModel project
CSM (Boville andGent,1998)). Someof thesecomponents
are also modelledby external forcing, describedfrom ob-
sened data. This is donee.g. in the AtmosphericModel
IntercomparisorProject AMIP (Gateset al., 1992), where
an atmospherigyeneralcirculation model (AGCM) is con-
strainedby realisticseasurfacetemperaturendseaice and
the outputis usedfor diagnosticresearch Althoughthis ex-
perimentis not meantto be usedfor climatechangepredic-
tions, diagnosticsubprojectshave beenestablishedthough
it is not quite clearto whatextentthe forced AGCM output
is comparableo the systemwith complex ocean-atmosphere
feedbacks.Thesecoupledsystemsare investigatede.g. in
the CoupledModel IntercomparisorProject CMIP (Meehl
etal., 2000; Covey et al., 2003a). The comparisorof cou-
pled ocean-atmosphemodelswith simulationsusing pre-
scribedseasurfacetemperatureshows thatthereareindeed
someimportant differencesconcerninge.g. temperatures
nearthepoleandtropicalprecipitation(Covey etal., 2003b).
Otherpublicationamentiona strongeffectof the couplingon
the midlatitude variability of the ocean-atmosphergystem
(BarsugliandBattisti, 1998)or on the decadalariability of
oceanicvariablesn the North Pacific (Pierceetal., 2001).
Hencethesubjectbof investigations theeffectof prescrib-
ing a modulethroughdatainsteadof implementingthe dy-
namicalmodule. This hasalreadybeeninvestigatedy Wit-
tenbeg and Anderson(1998),but herewe will focuson po-



tential constraintgreventingthe consisteng of forcing and
coupling. With this paperwe wantto emphasizeéhatwhen
forcing one moduleby anotherinsteadof couplingthe two

componentspnehasto keepin mind thatinherentlynonlin-

earphenomena@anoccurthatleadto qualitatively different
featureghanexpected.This type of analysisthatwe areun-

dertakingcanbe assignedo mary othercaseof investigat-
ing forcedversuscoupledmodelruns.

For our studywe usea conceptuamodelthat, compared
to GCMs, hasthe advantagethatthe modelitself aswell as
the outputcanbe analysedalongthelines of dynamicalsys-
tems’theory This makesit easierto realizepathfollowing
of solutionsin parametespace.

The structureof the paperis as follows: The coupled
ocean-atmosphemnodel we are analysingis describedin
section2 and the phenomenorof locking for coupledand
forcedtrajectoriess presentedin section3 themathematical
backgroundor replicasystemss introducedIn sectiord we
investigatethe statisticsof the locking and deducea power
law scalingfor the lengthof the locking phases.In section
5 we analyseéhemodelin dependencenits parameterand
highlight somefundamentadifference$etweerforcingand
coupling. Therole of unstableperiodicorbitsconcerninghe
locking phenomenois alsoinvestigatedThe papemwill fin-
ishwith the conclusionsn section6.

2 Coupled and forced model

To investigatethe differencebetweena forced and a fully

coupledset-up,a coupledatmosphere-oceasystemis cho-
sen becausethe predictability of the Earth’s climate de-
pendsstronglyonthevariability inducedby theinteractionof
thesetwo componentsAs a very instructive exampleof the
coupledatmosphere-oceasystem,the following low-order
modelis examined:

i = —y* — 2% — ax + a(F + sin(277t)) (1)
y=xzy—cy —brz+G+ap (2)
Z2=2xz—cz+bxy +aq 3)
p=—wqg—Py “)
i=wp- B2 ©)

witha = 0.125, F = 3.5,¢ =05,b=4,a = 8 = 0.1,
G =0.25,v =10/365.25, w = 27y/4, wherey is ascaling
factorwith oneunit of systemstime referringto 10 days.
This model is taken from Wittenbeg and Anderson
(1998). The atmospheresystemmodel (Eq.(1)-(3)) is a
potentially chaotic Lorenz system(Lorenz,1984), that de-
scribesthe midlatitudequasi-geostrophifiow. While ¢ rep-
resentshetime, thevariablex representtheintensityof the
westerlywind currentor the meridionaltemperaturegradi-
ent. Thevariablesy andz aretheamplitudesof thesineand
cosinecomponentf a large travelling wave, which trans-
ports heatpolewvard. F' andG are forcing termsbasedon
the averagenorth-southtemperatureontrastandthe earth-
seatemperatureontrast,wherethe seasonavariationof F
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Fig. 1. Comparisorof thefully coupledsystem(top) andtheforced
system(bottom). A fully coupledrun is taken asreferencetrajec-
tory. Additional to the referencdrajectory in eachsubfigurethere
arerunsfrom slightly varyinginitial conditionsin atmospherico-
ordinates.In the upperfigure the curvesarefrom a fully coupled
run. In the lower figure, the trajectoriesare forced by the ocean
from the referencerajectory In this figure, we have reproducecd
majorfinding by Wittenbeg andAnderson(1998).

is expressedhroughthe sine. The oceansystemis a sim-
ple harmonicoscillator with an oscillation frequeny w of
four yearswherep andq represenzonalasymmetrien sea
surfacetemperatureThe couplingbetweeroceamandatmo-
sphergroceedshroughtheinteractionof theseasymmetries
with the modelatmospheraeddyfield (y andz).

Wittenbeg andAnderson(1998)carriedout two different
setsof simulations. One set of simulationsrepresentghe
outcomeof the fully coupledsystemwith little variationin
the initial statevectors. In the other setthe outputof the
oceanfrom onespecialrun is usedto force the atmosphere.
Againthisis undertalenfor slightly perturbednitial condi-
tions. Sotherearetwo ensemblesonefrom afully coupled
systemandonefrom a forcedsystemthatincludesno feed-
backfrom theatmosphere¢o the ocean.

As canbe seenfrom Fig. 1, which wasreproducedrom
Wittenbeg and Anderson(1998), the forced ensembleis
morecompactput doesnot mirror thetruesolution. Further
more,Wittenbeg andAnderson(1998)shawv thatthe statis-
tics of the forced variability, like spatialand temporaldis-
tributions, are significantly differentfrom thoseof coupled
variability. For modellingissueghis meanghata prescribed
forcing (e.g. prescribingthe seasurfacetemperaturetannot
emulatethe fully coupledsystem. The interestingeffect of
theforcing is thatall trajectoriessometimedock on thetrue
solutionfor a shorttime andthen separateagain,so partial
synchronizationcan be obsened. One can concludefrom
this that on the one handfully coupledandforced systems
donotshav the samebehaiour but onthe otherhandthatin
truly forcedsystemgheremayexist aregionin phasespace,
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where predictability is very high. The questionto be fol-
lowedis whatmechanisnis responsibldor thelocking phe-
nomenorandwhattypesof couplingshov suchbehaiour.

3 Mathematical framework

In orderto explain thelocking phenomenora stability anal-
ysis of the systemappearghe mostnaturalapproachlin the
traditionof Wittenbeg andAnderson(1998)andSmithetal.

(1999),0newould expectthatthe local linear stability prop-
ertiesgovernthe obsenedphenomenonin orderto establish
sucha link we derive the Jacobianl, of the driven atmo-
sphere For this, we considethe ODE system

%a = Fa(xa,p(t),q(t),t) and xa = (z,9,2)"  (6)

with Fo beingmadeup from Egs.(1)-(3). The Jacobian
readgWittenbeg andAnderson,1998)

—a -2y -2

F a Y

JAzzljl—A: y—bzzx—c —bx . (7
XA z+by bx z-—c

Notethatthe Jacobiardoesnot dependexplicitly ontime,
henceonecouldhopeto link lockingto certainregionsin the
phasespaceof x4 .

The Jacobiargovernsthe time evolution of an infinitesi-
mal perturbatiorof theatmospheritrajectorydxa :

0Xa = Ja(t)0Xa, (8)

wherebythe time-dependencef J4 is inducedby the dy-
namicsof the unperturbedrajectory Below it will prove
usefulto introducethe squarechormof the perturbation

A := (6xa,0%a), )

where“( ,)” denotegshe standardscalarproduct.

Traditionalstability analysisaddressesvo extremetypes
of stability: the(instantaneougjrowthrater(t) := dA/dt(t)
and the asymptotic behaiour of the perturbation,! :=
lim;, o A(t). If we requirethatat the beginning of a lock-
ing period,in (I) := [to, 1], theerror A needso shrink,and
lateron,in (II) := [t1, t2], A shouldatleastnot grow, thenit
is sufficientto askfor

Tnc—1/7 Veeq Alt) (to) €% and (10)
Viean A(t) (t1), (11)

whereT denoteghedurationof region (1).
For condition(11),it is sufficientto requirethat

< At
< At

Viean r(t) <0. (12)

3

For the corvergenceregion (1), the caseis slightly more
complicatedandwe will comebackto this below.

We areawareof thefactthattheabove sufficientcondition
for region (I) might be too restrictve aslocking is a time-
averagedphenomenoni.e., it would be enoughto require
thatthe error doesnot grow on average.If we followedthe
latter logic, however, we would refer to trajectory-specific
propertieswhile in the traditionalansatzhe first attemptis
to link phenomendo local, trajectory-independergroper
ties. This thennaturallyleadsto conserative conditionsof
thetypeEq.(12).

As is well known (Farrell and loannou,1996),r links to
theJacobianl, in thefollowing way:

_dA
T odt
= (5XA,J£(SXA) + (0Xa,JAadXa)
=2 (5XA,JSymm5XA)

r = (5XA,5XA) + (5XA,55(A)

(13)
. 1
With  Jsymm := - (Ja + 7).
AS Jgymm is symmetricy < 0 would beestablishedby the
requirementhat the largesteigervalue A of Jgymm is non-
positive. A simplecalculationtransfergheseideasalongthe

lines of Lyapunw theoryinto a practicalcounterparbf the
condition(10):

{ I c1/0m) Yie At) <X}
= {Viem Al) < A(ty) X 1)y

(14)
(15)

with A(t) againbeing the largesteigervalue of Jgymm (t).
Note that both equationscan be taken as counterpartsput
Eq. (15) followsfrom Eq. (14).

In summary the sufficient conditionsfor the regions (l)
and(ll) bothlink tothelargesteigervalueof thesymmetrised
Jacobiarwhich shallbe non-positve. Empirically, however,
we find the opposite:alook at Fig. 2(c) revealsthat \ is al-
wayspositive. Obviously, the above reasoningnvolvessuf-
ficientconditionswhich aretoo restrictive,i.e. too consera-
tive.

Often,shrinkingof errorshasbeenexplainedin linear, lo-
cal terms,but with respecto the eigervaluesof the original
Jacobian(seee.g. Holton (1992)), ratherthanto its sym-
metrisedcounterpar{Yanchuket al., 2001). For the system
consideredhere,in fact,a so-called'binding region” canbe
establishedn which all eigervaluesof the Jacobiarareneg-
ative. We find, however, that the existenceof sucha bind-
ing region doesnot correlatewith the particulartype of error
shrinking— locking — we are consideringhere, for several
reasons.

First, empirically, we find (seeFig. 2(b)) thatthelocking
periodby far exceedsthe typical residenceime of the sys-
tem’s trajectoryin the binding region. On the otherhand,
the systemmay visit the binding region without displaying
locking.
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Fig. 2. Eigervaluesof J4 andJ4 + J%. (a) Norm of the error
vectorbetweercoupledandforcedrun. (b) Eigervaluesof the Jaco-
bianmatrixJ 4. (c) Eigervaluesof thesymmetrisedacobiammatrix
Ja + J%. Thisfigure shavs thatthereareregionswhereall eigen-
valuesare negative but whereno locking canbe detected (For this
figuretheparameter is setto 0.09insteadof 0.125).

Secondto our knowledge,it is in generalnot possibleto
directly extractlocal andfinite-time stability propertiesfrom
the eigervaluesof the Jacobian. Ratherthe symmetrised
counterparts neededseeabove). Theeigervaluesof the Ja-
cobianaretypically employedto establishasymptoticprop-
ertieslike I = 0. Evenif onecould interpretlocking asa
time-asymptotiqproperty however, the Jacobianwould im-
plicatea stablesolutiononly if it wastime-independent-or
time-dependenfacobiandike in our caseone would still
comebackto the moredemandingcondition (14) involving
thesymmetrisedlacobian.

In summaryanapproachdifferentfrom localllinearstabil-
ity analysisis clearlyneeded We will relatethelocking pe-
riod to invariantmanifolds,emegingfrom thenon-lineardy-
namicsof the system.This will allow usto introducemean-
ingful time-averagedcharacteristicstill without having to
referto eachindividual masterrajectoryseparately

To frame a discussionof potential nonlinear causesof
locking, wefollow the concept®f PecoraandCarroll (1990)
and Pecoraet al. (1997). Differentfrom Fig. 1, wherewe
looked at a setof several forcedtrajectorieswe investigate
herejustthefully coupledrunandoneforcedrun. Theforced
systencanbewrittenasaso-calledeplicasystem(Pikovsky
et al., 2001), wherea replica of one or more equationsis
made. Togetherwith Egs. (1)-(5) we have areplicasystem
of thefollowing form:

z' = —y? — 2 — az' + a(F + sin(27w7t)) (16)
g = 'y —cy' —ba'2 + G +ap (17)
2 =2'2 —cz' +br'y + agq (18)
7 = —d - By 9
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Fig. 3. Norm of the errorvectoréx = |x — x'| betweenthe fully
coupledandtheforcedrun; (a = 0.09).

q =wp' — B2 (20)
wherethe primedsystemx’ = (2',y', 2',p',¢')T is identi-
cal to the original fully coupledsystemx = (z,y,z,p,q)T
exceptfor slightly differentinitial conditionsandthe substi-
tutedvariablesp andgq insteadof p' andq’, thatemulatethe
forcingthroughprescribedlata.In thissysteny’ andq’ have
no influenceon the dynamicsof the otherprimedvariables
andareonly introducedto allow for a closedmathematical
form. With this formalization“reality” - prescribedhrough
data- is beingrepresentethrougha perfectmodelscenario
in themodel-world.

In Fig. 3 the norm of the error vectordx = |x — x| is
plotted. Sometimeghe two systemssynchronizebut then
suddenlythe systemshaws long-lastingburstswherethetwo
trajectoriesseento evolve independently

Generallythistypeof couplingbetweertwo identicalsys-
temscanbewritten as
X = F(x)

X' = F(xX') + K(x = x'). (21)

whereK is the couplingfunction.

By transformingEqg. (21) to the transwersalcoordinates
X1 = X — x" and consideringonly small perturbationsso
thatx ~ x' andF(x') ~ F(x) + J(X)(x' — x) the equation
canbeapproximatedy
X, =F(X) — F(X) = K(x1) =~ J(x)x, —K(x1) (22)
whereJ(x) is the Jacobiammatrix of F evaluatedon the syn-
chronizationmanifold. A linearisationof the function K (x)
aroundzero, wherewe assumehatK (0) = 0 andneglect
higherordertermsof x , leadsto

X1~ (I(x) — K)xg, (23)
with
R=X (24)
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In our case wherewe have linear coupling, the matrix K
is
00000
000a0
0000«
00000
00000

A
I

(25)

To achieze completesynchronizationjt is requiredthat
for t — o0, X, goesto zero. From the linearisedequation
(23) onewould expectthatthetwo systemswill synchronize
if thetrans\erseLyapunw exponentsthatarethe Lyapuno
exponentsassociatedvith Eq. (23), are all negative. This
criterionwasfirst proposedy FujisakaandYamadg1983),
but in contrastto this, e.g. Gauthierand Bienfang (1996)
obsene only incompletesynchronizatiorin their modelin-
steadof the proposedull synchronizationwhenthelargest
trans\erseLyapunw exponentis smallerthanzero. Several
criteria for synchronizatiorwere developed(Blakely et al.,
2000),but it wasalsoshawn therethatfor their modelnone
of thesecriteriaexactly predictsthe rangeof the control pa-
rametemwherefull synchronizatiorcanbe obsened.

In our casethe largesttrans\erseLyapun exponentis
positive with A | = 0.084 but we alsoobsene partial syn-
chronization.Thetime ¢t* afterwhich all informationis lost
andthetwo trajectoriesaretotally independentieads

. 1. L
t ~

Nxmaﬁy (26)

where) is the Lyapunw exponent,. denoteghe character
istic lengthof theattractoranddz (0) theerrorthatcannotbe

dissoled by a given accurag (Argyris et al., 1995). Here
t* is foundto be aboutl.3 years. Neverthelesdocking can

be obsenedover muchlongertimescalesascanbededuced
from Fig. 3. This demonstratethatin the periodof locking,

a non-arerage non-standardituationis present.Below we

will link it to phase-spacstructuref low measureyetof a

noticeabledomainof attraction.

4 On-off Synchronization

Thealternatiorbetweerregions,wheretheerrorbetweerthe
forcedandcoupledtrajectoryis nearlyzero,andbetweerre-
gionswith large burstsasshown in Fig. 3, resemblehoseof

on-off intermittengy. On-off intermitteng, asintroducedby
Plattetal. (1993),refersto a situationwherethe variablesof

a chaoticdynamicalsystemexhibit two distinctstatesvhere
atthe“off” statethesystenis nearlyconstanbnaninvariant
manifold,andatthe“on” statelarge burstsfrom theselami-

narphase®ccur Thefrequeng of burstsis controlledby a
characteristiparameten of thesystemandapproachesero,
whenthe so-calledblowout bifurcation (Ott and Sommerer
1994)is reachedasa attainsa critical valuea.. To assign
the phenomenomf on-off intermittengy to our objectof in-

terestjntermitteny is notseemaslaminarphasesnterrupted
by turbulent burstsbut aslocking of the fully coupledand

0.12

0.1

0.08

0.06

probability p(t)

0.04

0.02

, Pl —

0.2 0.4 0.6 0.8 1
length of the locking region / yr

Fig. 4. Probabilitydistribution for the lengthof the locking region.
1,500locking phasesveretakeninto account.

Fig. 5. Probabilitydistribution of the lengthof the locking region.
Doublelogarithmicversionof Fig. 4 to calculatethe scalingcoefi-
cient.

the forcedtrajectorieqoff-state)interruptedby non-locking

(on-state),which we will call on-off synchronization. The

transferfrom on-off intermitteny to on-off synchronization
becomeglearewhenthedifferencebetweerx andx’ is un-

derstoodasanew variable.

Systemshat generateon-off intermitteny shov charac-
teristicscalinglaws for theintermittentphasegHeagyetal.,
1994; Lai, 1996), the distribution of the amplitudesof the
burstsandfor the power spectrunof thetrajectorieqseeref-
erencegited by Johnetal. (2002)). Heagyetal. (1994)in-
vestigatea certainclassof drivensystemsthat consistsof a
discretemap and a randomdriving variablewith a smooth
density They shaw thatfor theprobabilitydistribution of the
length of the laminarphaseg(T) a power law holds with
p(T) ~ T—7, whereT is the lengthof the laminar phases
and+ the scalingexponentthat attainsa universalvalue of
3/2in thevicinity of thethresholdfor on-off intermitteng.

This scalinglaw with the sameexponentcanalsobe ap-
provedfor our caseof on-off synchronizationascanbe con-
cludedfrom thelogarithmicscalingin Fig. 5, wheretheprob-
ability distribution p(7) of thelengthof thelocking region =
is plotted. The histogramfor 1,500locking phasess plotted
in Fig. 4, wherelocking is definedby the norm of the error
vectoréx = |x — x'| of thetwo trajectoriesx andx’ being



smallerthana critical thresholde. To determinethe statistic
alsofor the long laminar phasest is importantto choosea
thresholdk thatis nottoo small(Lai, 1996).For our analysis
wetooke = 0.01.

In this sectionwe have shavn thatthe scalinglaw for the
durationof the laminarphasesn systemswith on-off inter-
mitteng/ holdsalsofor a systemwith on-off synchronization
and could be extendedto continuoussystemswith a driv-
ing systemthatis not randombut chaotic. This meansthat
the power law scalingis moreuniversalthanproposedvhen
it wasintroduced. It canalsobe interpretedin this regard,
thatthe underlyingmechanism®f on-off intermitteny and
on-off synchronizatiomreanalogousAs intermitteng is of-
tentracedbackto the"almostexistence”of a stableperiodic
orbit, lateron our analysiswill concentraten stableandun-
stableperiodicorbitsaspotentialcausegor locking.

5 Comparison of forced and coupled system
5.1 Systemwithoutseasonatycle

An important structural difference between coupled and
forced systemswill be discussedn this chapter In order
to separatehetwo forcing effectsin this model,namelythe
ocearforcing throughthevariablesp andg andthe seasonal
forcing, themodelis firstly investigatedvithoutthe seasonal
cycle. We analysehedependencef therelative meanlock-
ing time <7> on the coupling strengtha, seeFig. 6(a),
where

_ tlocking
T = T
whereT is thelengthof thewholetime seriesandiqcking IS
the time, wherelocking canbe obsered. This is averaged
overseveralruns.

A significantdifferencein the relative meanlocking time
for a fully coupledrun and a forced run can be obsened.
Thefully coupledsystemconsistof two totally independent
systems< andx’, wherethe couplingmatrix K of Eq.(25)is
zero. Theforced systemis the 8-D combineddrive andre-
sponsesystem consistingof Eqgs.(1)-(5) and(16)-(18),the
Egs.(19) and(20) areneglectedin this caseasthey have no
influenceon the systems dynamics. Whereasin the fully
coupledsystemthe relatve meanlocking time <7>, asa
functionof «, is alwayszero(not plottedin the diagram),in
theforcedsystentherearesmallparameterangesvherethe
trajectoriesalways show locking (for @ € [0.1,0.177]), or
wherelocking never appearse.qg. for a € [0.277,0.4]. Ad-
ditionally, in theforcedsystemtherearealsoregionswhere
we obsenre on-off synchronizatiorasdefinedabove, e.g.for
a > 0.4 —like in the original systemwhich includesa sea-
sonalcycle. This suggestshatthe seasonaflorcing is notthe
main causeof the obsenedintermittentbehaviour.

In the remainingpart of this section,we empirically cor-
relate time-seriespropertiesand phase-spactopology To
get an impressionof the phasespacetopology of the sys-
temin dependencef the parameter, abifurcationanalysis

(27)
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Fig. 6. Relatve meanlocking time in relationto the mostdomi-
nantinvariantsets(periodicorbits) for the systemwithout seasonal
cycle (with @ = 0.12). (a) Relatve meanlocking time <7> (see
Eq. 27) in dependencef the couplingstrengtha. For every point
in this figuretheinitial conditionsfor x werechoserrandomlyand
thetrajectoriesvereintegratedover 500yearsaccordingo 730500
time stepsafterthey settleddown onanattractor Theforcedtrajec-
tory wasstartedntheattractomwith slightly perturbednitial condi-
tions,choserfrom a gaussiamistribution with a standardieviation
of 0.01. For every valueof the couplingstrengtha theintegration
wasperformedseveral times. As a meanlengthof zerocannotbe
depictedin alogarithmicplot, we addedan offsetof 10~; (b) Bi-
furcationdiagramfor the variablez of the five dimensional(5-D)
driving system;for the periodic orbits, just one point referringto
themaximumof theorbit is plotted;(c) Bifurcationdiagramfor the
variablez’ of the8-D combineddrive andresponssystem A filled
circlesymbolrepresenta saddlenodebifurcation,anunfilled circle
standdor atorusbifurcation,anupward-pointingtriangledenotes
perioddoublingbifurcationanda downward-pointingtrianglesym-
bolizesa branchpoint.
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Fig. 7. Bifurcation diagramfor z' in dependencef the coupling
strengtha in the systemwithout seasonatycle anda = 0.12.

is performedwith the bifurcation analysisprogramAUTO
(Doedel,1981). In Fig. 6(b) the bifurcationdiagramfor the



Knopf etal.: ForcedversusCoupledDynamics

variablex of thefully coupledsystemis plotted,in Fig. 6(c)
the sameis donefor the variablez’ of the 8-D combined
drive andresponsesystem.The differenceis amazing:both
variablesz and z’ are on a stable periodic orbit for the
sameparameterdyut partly stability switcheshebranch(for
a € [0.3,0.4]) or asecondstablebranchemepgesat the sad-
dle nodebifurcationfor « = 0.177. In thelatter situationit
dependon the initial conditionswhetherfull synchroniza-
tion canbe obsened; in the former casesynchronizatioris
impossible,which canalso be concludedfrom the relative
meanlocking time in Fig. 6(a). This meansthat for these
parametecombinationghe forcedsystemwill never mirror
the fully coupledsystem. Full synchronizatiorcanonly be
obsenedwhenz andz’ areonthesamestableperiodicorbit.

In Fig. 7 anotherbifurcation diagramfor z' is obtained
by numericalintegrationto capturethemovementon atorus,
thatcannotbedepictedn theotherdiagram.In fact,thetorus
bifurcationis found in the upperfigure Fig. 6(c) for a =
0.277, but the torus cannotbe followed with this method.
For eachparametewraluea we let the systemsettledown to
anattractorandthenplottedtheforcedvariablez’, whenthe
trajectorycrosseshey’ axisat0.5. Fromleft to right we see
againthe stableperiodicorbit andata = 0.177 the gener
ation of a secondorbit. From thesestableperiodicorbitsa
guasiperiodianotionon atorusemegesata = 0.277. The
dynamicson thetorusis sometimesadjournedby the stable
periodic orbit that can be found in Fig. 6(c) for o < 0.3.
Thetorusdisappearst o = 0.4 througha perioddoubling
bifurcationand passesnto chaoticmotion. For the driving
systemx no quasiperiodicdynamicsare found, so that for
a € [0.277,0.3], beforethebranchpointata. = 0.3 emeges,
thesystemshaws lockingwhenx’ is onthestablelimit cycle
or shavs nolockingwhenx’ is onthetorus. Which statewill
be adopteddependson the initial conditions. For « larger
thanthebifurcationvaluea = 0.3, thereis scarcelyary lock-
ing becausehe forced systemis on the torus andthe fully
coupledsystemon the stableperiodicorbit. An overview of
the differentclassificationsn dependencen the parameter
spacds givenin Tablel.

Sofar we canconcludethatif the systemis on the same
stableperiodic orbit for x andx’, we getfull synchroniza-
tion. Thiswill be analysedn detailin the next section.On
the otherhand,whenx runson a periodicorbit not concur
ring to the replicateof x’s periodicorbit, locking cannotbe
obsered. That meansthere can be intrinsic obstacleghat
a forced systemperformsasthe fully coupledsystem. For
modellingissuesthis is a crucial outcome,asfor more so-
phisticatedmodelsthe calculationof the statespaceof the
forcedandthecoupledmodelis very costlysothereis hardly
ary way to decideif forcing is suitable,above all because
normallythefully coupledmodelis notknown.

Despite these fundamental discrepanciesbetween the
forcedandfully coupledsystemjn thefollowing we will fo-
cusonthephenomenomf on-off synchronizatiorthatarises
for a > 0.4, whereno stableperiodicorbit is detected.

7
coupling x z’ locking?
strength
a €
[0.1,0.177] | SPO | SPO locking
[0.177, SPO | two SPOs locking, whenz andz’
0.277] are on the same PO;
elsenolocking
[0.277,0.3] | SPO | same SPO | locking, when z’ is
andtorus on the PO; no locking,
whenz' is onthetorus
[0.3,0.4] SPO | (differing) nolocking
SPO and
torus
[0.4,0.5] UPO | UPOs intermittent  locking
(on-of  synchroniza-
tion)

Table 1. Overview over the differentregionsin parametespace.
SPOstanddor stableperiodicorbit, UPOfor unstableperiodicor-
bit.

5.2 Therole of (un)stableperiodicorbits

Fromnow onwe will restrictoursehesto theregionsin pa-
rameterspacenvherex andx’ shav the samebifurcationdia-
gram. Fromthe obsenationsin the previous chaptemwe can
concludethatif the systemis in aregionwhereit is onasta-
ble periodic orbit, the forced systemshaws locking all the
time. Theargumentatiomeadsasfollows: astheorbit of the
8-D systemis stable,the trajectoriesof the driving system
andthedrivensystemendup on the sameperiodicorbit, but
they couldstill have aphaseshift. If therewereaphaseshift,
thenthis shift would also be seenin the oceancoordinates.
Butthisis excludedthroughthereplicaapproachwhereonly
the atmosphereoordinatesarevaried. Contraryto this, for
the coupledsystemthe oceancoordinatesrealsosubjectto
theperturbationhenceno synchronizinglriveis preseneind
nolockingwill occut

This emphasizethatfull synchronizatiorcanin this case
be explainedby a stableperiodic orbit (or a stableequilib-
rium point)thatdrivestheforcedsystento thesamedynamic
behaiour.

After the stability has beenlost in a bifurcation point,
the unstableperiodic orbit embeddednto the attractorin-
fluencesthe systemthroughthe oceanvariablesso that the
systemshaws locking evenin a region wherethe trans\er-
salLyapunw exponentis positive andno synchronizations
expected. Thereforethe conceptof (unstable)periodic or-
bits seemdo be crucialfor thelocking phenomenomndthe
lossof synchronizatiorcanbe tracedbackto the transition
from stableto unstableperiodic orbits. Ott and Sommerer
(1994) call this a nonhysteretic blowout bifurcation, where
for a < a. thesystemis onanattractorandfor a > a. on-off
intermitteny canbe detected.Therole of unstableperiodic
orbits(UPOs)for synchronizatioris alsopointedoutby Pazb
etal. (2003)andby Pikovsky etal. (1997).

The interpretationwith regardto UPOscan be stressed
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Fig. 8. Phasespaceof the full attractingset(non-lockingregion)
andof two exemplarylocking regions (1 and2), whereasherere-
gionrefersto aperiodin time. For comparisortheunstableperiodic
orbit for this parameteconstellationis plotted.

throughFig. 8, wherewe analysedthe phasespaceof the
locking regionsin comparisorto thefull attractingset. It can
clearlybeseerthatthelocking regionis in goodcoincidence
with the unstableperiodicorbit, whereaghe non-lockingre-
gion coversamuchlargerpartof thewhole phasespace.

Justbeyonda bifurcationpoint wherea periodicorbit has
becomeunstablethe Monodromymatrix of therelatedmap-
ping will displaya long timescaleon the unstablemanifold,
and genericallyshortertime-scaledor the remainingstable
manifold. Therefore,the unstableperiodic orbit still hasa
fair chanceto attracton the stablemanifoldandsynchronize
thetrajectory Thiswill revealitself aslocking. After awhile,
thelong timescaleon the unstablemanifold manifeststself,
andthetrajectorybecomesepelled reminiscenbf intermit-
teng. Hence we suggesthaton-off synchronizatiorcanbe
tracedbackto a co-existenceof two identicalunstableperi-
odicorbits,onein thefully coupledandonein thecombined
8D fully coupledandreplicasystem.

5.3 Systemwith seasonatycle

The assertiorof therole of stableandunstableperiodicor-
bits canalsobe endorsedy Fig. 9, wherethe systemwith
seasonatycle in dependencen the coupling strengtha is
analysedAs before thebifurcationdiagramandtherelative
meanlocking time are plotted. Again we can detecton-off
synchronizationasdefinedin section4, andit canbe seen
thatthereis a transitionfrom locking to intermittentlocking.
Thisis astrongargumentfor on-off intermitteny andon-off
synchronizatiorbecausehis transitionregion from laminar
to turbulentphasegin this casefrom lockingto non-locking)
nearthe bifurcationpoint is the key mechanisnassesseuh
all typesof intermitteng.

Fig. 9 makes it clear that the presumptionthat with
strongercoupling the two systemswill synchronize,s not
valid in this case.The systemneedsa stablemanifoldto be-
comefully synchronized.For modellingissuesthat means
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System with seasonal cycle
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Fig. 9. Variationof the couplingstrengtha in the systemwith sea-
sonalcycle with a = 0.27. (a) Relatve meanlocking time <>

(seeEq. 27) in dependencen the couplingstrengtha. Againwe

addedanoffsetof 10~ to depicta meanlengthof zero; (b) Bifur-

cationdiagramof the system. As for this parameteiconstellation
z andz’ shav the samebifurcation diagram,just one bifurcation
diagramis plotted.

thatit doesnotdepencdon the strengthof couplingbut onthe
statein the phasespacef forcing cansubstitutecoupling.

A significantdifferenceto the situationwithout seasonal
forcing is that here the fully coupledsystemshawvs lock-
ing whenthe systemis on a stablelimit cycle, seeFig. 9(a),
wheretherelative meanlocking time is 1 in the locking re-
gions,whichmeanghereis alwayslocking. On-off synchro-
nizationcanalsosometimese obsened but lessoftenthan
in the forcedsystem(Fig. 9(a)). This is dueto the seasonal
forcing, that determineghe frequeng of the periodicorbit,
sothislocking bearson anexternalforcing andnotonthein-
trinsic phenomenowf locking throughprescribedorcing by
variables But asthe seasonatycle is alsoa kind of forcing,
the chanceof locking throughan additional“synchronizer”
increases.

5.4 Influenceof thetypeof coupling

The systemanalysedsofar is a systemwith linearcoupling.
As this is a very specialcaseof couplingthatis not often
usedin truly coupledmodels,we analysea systemwithout
a seasonatycle andwith a nonlinearcouplingto determine
theinfluenceof the type of coupling. The couplinghasthe
following form:

(28)
(29)

insteadof Egs.(2)and(3). As p andq vary approximately
between-1 and 1, the introducedterm bearsstrongnonlin-
earity.

Insteadof analysingtheinfluenceof the couplingstrength
a, herewe focuson the effect of varying the paramete.

y=xy—cy—brz+ G+ ap’x
3 =gx2z —cz +bry + ag’x.
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, a) System with nonlinear coupling (without seasonal cycle)
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Fig. 10. Influenceof theparametes in thesystemwithoutseasonal
cycle andwith nonlinearcouplingasdescribedhroughEgs. (28)
and (29). (a) Relatve meanlocking time <7> (seeEq. 27)in
dependencef the parameter; (b) Bifurcation diagramof the 5-
D andthe 8-D system.Herex andz’ shav the samebifurcation
diagram.Theunfilled cycle standgor atorusbifurcation.

Again we have locking whenthe systemin on the samesta-
blelimit cyclefor z andz’, andtransitiongo on-off synchro-
nizationwhenanUPOQis reachedseeFig. 10. By varyingthe
couplingstrengtha in arangefrom 0.0to 0.65we discover
aregion of artificial bistability for ' (notshavn here)aswe
have seerbeforein the systemwith linearcoupling(Fig. 6).
Soall featuredoundin thelinearcoupledsystemcanalso
be discoveredin the systemwith nonlinearcoupling. This
demonstratethat the type of coupling(linear or nonlinear)
hasno decisve influenceon the locking phenomenonQuite
the contrary as periodic orbits appearfrequentlyin nonlin-
earsystemslocking mayoccurgenericallyin forcedsystems

andis muchlesslikely in their fully coupledcounterparts.

This stresseghatfor thelocking phenomenoialinearstabil-
ity analysisdoesnothold.

6 Conclusion

In this papemwe considetheeffectof modulecouplingonthe
overall dynamicaluncertaintyfor a paradigmatiaon-linear
atmosphere-oceasystem. We identify phasespaceaswell
astime-seriedeatureswith respecto which aforcedmodel
set-upqualitatively differsfromits fully coupledcounterpart,
for systematicdeasonsOnthe onehand,in accordancevith
the generabelief, the forcedandthe coupledmodelversion
coincidein variousmainfeaturesin particularin termsof av-
eragepredictive skill andthe existenceof the samedominant
periodicorbit.

Ontheotherhand,in factwe identify a considerabldrac-
tion in parametespacedor whichthe phasespace®f thetwo
modelversionsfundamentallydiffer: the phasespaceof the
fully coupledmodelis dominatedy a singlestableperiodic
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orbit, while the forced set-upallows for the existenceof an
additionalstableperiodicorbit. Sincethis kind of bistabil-
ity is notfoundin thefully coupledmodel,whichtheforced
set-upis supposedo emulate,we call it “artificial bistabil-
ity”. Thesefinding seemsto contradictcorventional wis-

domin the Earth Systemmodellingcommunitystatingthat
a fully coupledmodelis more a complicatedentity thana
forcedderivate,hencethe coupledversionis expectedo dis-

play morecomplicatedeatures However, in termsof replica
systems- a point of view we put forwardin this paper— we

arguethatin facttheforcedset-upis the morecomplex one:
its dynamicsare generatedn an eight-dimensiona(ocean-
dimensionplus two times the atmosphere-dimensiorsfate
space,while that of the coupledversionresidesin a five-

dimensionakpace.

Furthermorethe systematialiscrepanciesf thetwo mod-
elling versionsextend into the time-domain. At leastin-
termittently the forced set-updisplaysatrtificial predictive
skill. This is a direct consequencef the replica-natureof
the forced set-up: we perturbthe coordinatesof the replica
atmospherén orderto determinethe predictive skill. As the
perturbationcannotpropagateto the five-dimensionabkub-
systemdriving thereplicaatmospherethis five-dimensional
sub-systenpotentiallysenesasa synchronizerIn casethe
replicaatmospheré‘slave”) andthesynchronize(“master”)
runin the vicinity of anidentical periodicorbit which pos-
sesses stablemanifold, the ensemblewill tendto collapse
onto the mastertrajectory Hencewe identify the obsened
locking phenomenomsan almost-collapséo a periodicor-
bit. If the orbit is stable lockingwill continueforever. If the
orbit is unstablethetime-scaleof locking is setby the com-
petition of the stableandthe unstablemanifold of the peri-
odic orbit, giving rise to intermittentlocking. We obsere a
powerlaw for thedistribution of locking duration.Dueto the
phenomenologicahnalogyto on-off intermitteng, we call
intermittentlocking “on-off synchronization”.In ary case,
locking implies artificial predictive skill, which we explain
by the existenceof a partially attractinginvariantset.

All featurescanbe obsenedin the original systemwith
seasonaforcing andlinear coupling, in the systemwithout
seasondorcingandfinally in thesystemwith nonlinearcou-
pling. As we wereableto explain theseempiricalfindings
with a universaltheoreticalpatternthe ingredientsof which
justdraw on the nonlinearityof the systemwe suggesthat
on-off synchronizatiorandartificial bistability area general
characteristiof forced systemsratherthanbeingrestricted
to this particularmodelset-up.In thatsenseve advisethatit
is carefullychecledwith alternatve modelversionswhether
intermittent predictability and also bistability could not be
theresultof a forced— insteadof the full-fledgedcoupled—
set-up.
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